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20.  Abstract  (Cont'd) 
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" for  which  they  are  valid. N 

From  the  illumination  shed  by  the  general  solution,  new  insights  and 
(extended)  solutions  are  obtained  for  the  important  broadband  form  of  the 
stochastic  wave  equation. 


1 

c2(r,t) 


s. 


of  which  the  usual  narrowband  form  is  a special  case.  Operational  (feedback) 
solutions  not  only  yield  exact  solutions  for  arbitrary  or  stochastic  media 
with  boundaries  (moving  and  stochastic),  but  also  provide  new  insight  into  the 
convergence  of  the  series  solutions.  As  applied  to  moments,  moreover,  these 
solutions  allow  definition  of  "equivalent  moment  media."  Dyson's  equation  is 
^one  example. 

N. 

^ As  ar  further^ illustration  of  the  power  of  these  methods,  solutions  for 
scattering  from  interfaces  (and  particularly  the  ocean  surface)  are  obtained 
which  agree  with  and  extend  the  classical  solutions.  As  one  specific  exten- 
sion, it  is  found  that  for  many  circumstances  the  interactive  scattering  be- 
tween surface  and  volume  amounts  to  less  than  40  dB  of  the  non-interacting 
scattering. 


The  report  also  establishes  specific  and  applied  connections  between  the 
study  of  acoustic  propagation  and  such  other  disciplines  as  filter  and  control 
theory  and  statistical  communication  theory  from  the  viewpoint  of  modeling  the 
medium  as  a statistical,  physical  (distributed)  channel.  ^ 

This  report  is  taken  from  and  reproduces  almost  exactly  the  author's 
doctoral  dissertation  of  the  same  title,  published  by  the  University  of  Rhode 
Island  in  1977.  Professor  David  Middleton  acted  as  advisor. 
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SUMMARY 

Sound,  so  immediate  and  general  in  our  experience,  lends  itself 
as  immediately  and  generally  to  direct  experimentation.  By  sound,  we 
communicate,  detect  dangers,  are  annoyed,  are  delighted,  recognize  and 
are  recognized.  Indeed  we  learn,  through  experimentation,  an  entire 
dimension  of  life.  It  is  hardly  surprising  then,  that  so  basic  an 
experience  should  influence  the  science  of  sound,  acoustics. 

But  the  experiments  of  acoustics  have  not  been  sure  guides.  Now, 
one  result  is  obtained  where  before,  another,  perhaps  very  different, 
was  obtained.  This  fits  our  experience  well,  but  it  has  hampered  the 
science  of  acoustics.  We  are  accustomed  to  raising  our  voice  against  a 
stiff  breeze;  but  where  is  the  "breeze"  in  acoustical  theory? 

Classical  acoustics,  finding  no  solutions  to  the  equations  of 

continuum  mechanics,  approximated  these  to  obtain  the  wave  equation, 

1 32 

v2  - p = 0,  solutions  of  which  are  available.  The  approxi- 

c2  3t2 

mation  has  proven  remarkably  successful  in  many  situations.  But  not, 
of  course,  for  many  others.  More  recently,  the  wave  equation  has  been 
expanded  and  so  the  expansion  has  covered  many  more  experimental  situa- 
tions. But,  of  course,  many  experiments  still  deviate  substantially 
from  predicted  results. 

A.  General  Aims  of  the  Report 

This  background  has  set  the  general  purpose  of  this  report:  to 
produce  a general  theory  which  explains  the  validity  of  previous  formu- 
lations and  which  can  set  circumstances  for  which  these  models  can  be 
used  reasonably.  Chapters  I and  II  are  devoted  to  this  purpose. 
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Let  us  be  precise  In  our  terms.  A theory  we  take  to  be  a logically 
consistent  elaboration  of  a set  of  axioms.  The  theory  of  numbers,  of 
measure,  provide  Illustrations.  A model  in  contrast  is  a mathematical 
construction  (not  necessarily  logically  consistent)  to  suit  a utilitar- 
ian purpose.  Because  any  approximation  implies  logical  inconsistencies, 
formulations  using  approximations  must  necessarily  be  classed  as  models 
rather  than  theory.  So  it  is  that  the  boundary  of  a theory  are  its 
axioms,  whereas  the  boundary  of  a model  are  its  approximations.  The 
formulations  of  classical  acoustics  fall,  without  exception,  into  the 
class  of  models,  rather  than  of  theory. 

The  model  approximations  may  be  classified  into  four  generic 
types:  hydrodynamic  (I);  differential  (II);  truncat ■on/selection  (III); 
and  analytical  (IV).  By  the  hydrodynamic  approximation  is  meant  a 
(deliberate)  misinterpretation  of  the  hydrodynamic  derivatives;  by  dif- 
ferential, the  exclusion  of  terms  in  the  governing  differential  equa- 
tion; by  truncation/selection,  the  approximation  of  exact  solutions  by 
various  canonical  forms;  by  analytical,  the  use  of  approximations 
usually  required  to  obtain  closed  form  solutions.  These  approximations 
are  generic  in  the  sense  that  they  may  be  made  independently.  Available 
solutions  in  the  literature  of  random  scattering  usually  contain  ele- 
ments of  I - IV.  Solutions  by  ray  tracing  certainly  contain  I,  II. 
Diagramatically,  we  have  Figure  P-1. 


Fio.  P-1  - Approximations  in  Acoustics 
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Within  each  class,  a subclass  of  solutions  may  be  exact.  For  instance, 
within  the  class  I II,  the  plane  wave  solution  p = p0e^wt  " ^ is  an 

exact  solution  of  the  wave  equation.  The  general  theory  should  exhibit 
the  class  I and  II  approximations  which  keep  the  plane  wave  solution 
from  being  exact  physically. 

But  of  a proper  acoustical  theory  more  can  be  expected  than  merely 
ordering  the  rationalizations  of  a set  of  models.  We  can  expect  the 
theory  to  produce  Insights  and  methods  of  manipulating  the  models.  So 
this  thesis  is  a thesis  of  foundations  --  It  opens  lines  of  investiga- 
tion into  standard  problems,  suggests  extensions,  and  especially  con- 
nections with  other  disciplines.  The  latter  part  of  the  Thesis, 

Chapters  V - VII,  are  devoted  to  this  purpose.  For  example  in  Chapter 
VI,  we  set  ourselves  to  determine  the  effect  of  coupled  surface  and 
volume  scattering. 

We  state  the  acoustic  problem  as  follows:  a physical  medium, 
perhaps  in  motion,  Is  driven  by  a source,  s,  located  in  a region  (r^ T • 

The  acoustic  pressure,  p,  at  some  point,  r_,  is  required.  In  the  general 
theory,  the  answer  is  given  In  terms  of  the  source,  the  initial  state 
of  the  medium,  Its  subsequent  state,  and  Interfering  sources. 

But  a complete  description  of  these  latter  Is  scarcely  ever  avail- 
able. So  the  answer  generates  a second  question:  What  Information,  H, 
is  required  to  control  the  error  In  p;  or  stated  otherwise,  with  fixed 
information,  H,  of  the  medium  (et  £l_. ),  what  error  in  p can  be  expected? 
Such  questions  point  to  relevant  experiments  and  techniques  which, 
though  not  a primary  aim  of  this  report,  are  occasionally  sketched  con- 
cisely where  appropriate. 
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These  considerations  suggest  a stochastic  treatment  of  the  relevant 
equations.  The  governing  differential  equations  may  be  so  treated 
(i_.e. , as  Langevin  equations)  in  the  general  case.  Particular  models 
are  the  subject  of  much  recent  study.  Individual  solutions  of  these 
equations  can  be  considered  realizations  from  an  event  space  whose 
importance  depends  on  their  measure  (often  zero).  Solution  in  terms  of 
moments  provides  a meaningful  approach. 

Our  method  of  proceeding  is  as  follows.  To  classify  and  order  the 
approximations  of  the  literature  we  develop  the  adiabatic  hydrodynamic 
equations.  This  procedure  reveals  type  I and  II  approximations.  More- 
over, this  procedure  makes  apparent  the  utility  of  the  stochastic  view- 
point, which  is  again  underscored  by  the  treatment  of  solutions  in 
Chapters  III  and  IV.  Type  III  and  IV  approximations  are  more  clearly 
revealed  in  Chapters  V - VII,  which  deal  with  solutions  to  the  stochastic 
wave  equations.  In  Chapter  III  we  give  the  general  solution  to  acoustic 
propagation.  From  the  solution,  especially  in  the  "feedback"  form,  we 
gain  new  methods  and  insights  for  manipulating  the  usual  models  and 
understand  more  readily  connections  with  other  disciplines  (Chapter 
VII). 

In  terms  of  the  extended  literature1  on  this  subject  (which  in- 
cludes electromagnetic  (EM)  propagation),  our  methods  are  oriented  more 

JA  recent  paper  [95]  summarizes  the  EM  effort  mostly  and  dwells  on 
transport  theory.  According  to  its  author,  "analytical  theory  ...  is 
mathematically  rigorous  In  the  sense  that  In  principle  all  the  multiple 
scattering,  diffraction  and  interference  effects  can  be  Included.  In 
practice,  however,  ...  various  theories  which  yield  useful  solutions  are 
all  approximate  ...  . Transport  theory,  on  the  other  hand,  ...  is 
heuristic  and  it  may  lack  the  mathematical  rigor  of  the  analytical 
theory."  p.  1033.  P.  Ishlmaru  will  soon  have  published  Wave  Propaga- 
tion and  Scattering  in  Random  Media,  New  York:  Academic  Press. 

j 
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to  the  "multiple  scattering"  or  "analytical"  approach  than  to  "radiative- 
transfer"  or  "transport  theory." 

B.  New  Results 

The  originality  of  the  Thesis  comes  first  from  its  statement  of 
the  general  adiabatic  acoustic  case  and  its  solution.  We  note  the 
following  important  new  results: 

1 . The  general  solution  of  adiabatic  acoustic  propagation 
(Chp.  Ill) 

a)  The  general  solution  in  transforms  (Sec.  3.2.2) 

b)  The  exact,  closed  solutions  of  plane  acoustic  isothermal 
transmission  in  a physically  homogeneous  medium.  This 
shows  real  propagation  to  be  non-linear  even  in  the 
simplest  cases.  The  physical  error  of  the  classical  plane 
wave  solution.  (Appendix  A) 

c)  The  propagation  of  non-acoustic  fields  (Sec.  1.4) 

2.  The  operational  form  of  the  general  solution  (Sec.  3.1) 

a)  The  general  feed- forward  operator  (Eq.  3.44) 

b)  The  specific  structure  of  the  space/time  filter  charac- 
terizing acoustic  transmission  (Eq.  3.42) 

3.  The  place  of  generalized  functions  and  the  extended  divergence 
theorem  in  acoustic  theory  The  results  are  used  to  solve  the 
stochastic  boundary  problem,  using  a method  previously  advo- 
cated by  Middleton  [136].  (Sec.  1.2. 1.2) 

4.  The  distinction  between  hydrodynamic  and  partial  derivatives 
(Sec.  1.2.1) 

Secondly,  new  results  have  been  obtained  by  comparing  the  general 
situation  with  specific  models.  We  indicate  here: 
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5.  A complete  listing  of  conditions  and  circumstances  for  the 
validity  of  the  usual  models  of  the  literature  (Chp.  II) 

a)  "Global"  effects  (Chp.  II) 

b)  The  acoustical  effect  of  gravity,  with  possible  meteoro- 
logical implications  (Fig.  2-2) 

c)  A new  relaxation  effect  in  air  at  high  acoustic  intensity 
( Fig.  2-1 ) 

d)  Some  suggested  new  experiments  (Sec.  2.6) 

e)  The  effective  versus  true  propagation  velocity  (Sec.  2.4) 

6.  The  limitations  of  beam  patterns,  wave  structure  and  similar 
notions  (Sec.  1.6,  Table  2-2) 

Finally,  new  results  have  been  obtained  for  a specific  model,  the 
stochastic  wave  equation.  We  signal  the  following: 

7.  The  exact  operational  solution;  its  advantages  over  closed 
forms  (Sec.  5.1 .2) 

a)  Separation  of  the  operational  solution  into  purely 
geometrical  and  medium  operators  (Sec.  5.1.2) 

(1)  Definition  of  moment-equivalent  media  (Sec.  5.1.2) 

(2)  An  operational  solution  for  Q,  the  mass  operator 

(Eq.  7.23) 

(3)  Application  of  system  identification  techniques  to 
propagation  (Sec.  7.2) 

b)  The  feed- forward  operator  G (Sec.  5.2.1) 

-Jk0p 

(1)  The  distinction  between  (v2  + kQ2)e  /4ttp  and 
fi(o)  (Appendix  H) 

(2)  Definition  of  G'  which  allows  operator  commutation. 
(Eq.  5.54) 
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c)  Feed-forward  and  feed-backward  analogies  in  <p>  (Sec.  7.1) 

(1)  Taylor's  approximation  in  operational  form  (Figs.  7-8, 
7-9) 

8.  The  broadband  solution;  explicit  solutions  for  the  first, 
second,  third  and  fourth  moments  (Eq.  55,  Sec.  5.5.2) 

a)  The  general  solution  to  the  simple  refraction  problem 

(deterministic)  with  boundary  (Eq.  6.97) 

b)  A canonical  decomposition  of  approximations  (B) 

(Sec.  5. 2. 2. 2) 

(1)  The  Born  solution  with  interfaces  (Sec.  5.3.1) 

(2)  A criterion  for  the  validity  of  the  first  Born  approxi- 
mation B(ll)  (Sec.  5. 3. 2.1) 

(3)  A convergent  series  for  the  mass  operator,  Q 
(Sec.  5. 3. 2. 2) 

(4)  Feynman  diagrams  which  include  interfaces  (Fig.  5-5) 

(5)  A new  category  of  approximations:  first  order  inde- 
pendent B(  21)  (Sec.  5. 3. 2.1) 

(6)  Generalization  of  the  Bourret  solution  (Sec.  5. 3.2. 2) 

(7)  A new  canonical  form  for  second  moments  which  gen- 
eralizes to  higher  moments  (Sec.  5. 1.1. 2) 

(8)  The  recognition  that  hiqher  moments  accumulate  the 
errors  made  in  approximating  lower  orders  (Sec.  5.2.2) 

(9)  An  approximation  for  hiqher  order  moments  (Eq.  5.123) 

(10)  Comparison  of  approximations:  relative  errors  (Sec. 
5.3.3) 

(11)  The  differential  equation  for  the  moments  (Sec.  5.1.3) 
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(12)  The  recognition  that  the  stochastic  wave  equation  is 
a "noise-free"  case  and  considerations  in  generaliza- 
tion to  the  noisy  case  (Sec.  5.1  and  Sec.  7.3) 

9.  A criterion  for  surface- volume  interactions  (Eqs.  6.106,  6.107, 
6.110-6.112) 

a)  The  condition  for  non-interaction  of  interfaces  and  volume 
for  the  first  Born  approximation  B ( 1 1 ) (Sec.  5.3.1,  6.3.1) 

b)  A volume  reverberation  model  with  frequency  dependent  loss 
(Sec.  6.2) 

c)  The  global  filter  decomposition  into  surface  and  volume 
subfilters  (Sec.  6.3.3) 

10.  The  classical  acoustic  channel  characterization  as  linear, 
having  memory,  noiseless,  which  affects  phase  variation,  and 
which  does  not  preserve  measure.  These  come  from  considering 
the  distributed  nature  of  the  channel.  (Sec.  7.4) 

a)  The  linear  filter  of  the  stochastic  channel  and  its  impulse 
function  (Eq.  7.26) 

b)  Formulation  of  the  "decoding"  problem  of  acoustic  trans- 
mission (Sec.  7.4) 

The  Thesis  turns  on  two  hinges:  1)  the  development  of  the 
general  solution  and  2)  the  operational  solutions  (feedback1  forms). 

From  the  first,  the  conditions  for  the  validity  of  the  usual  models  are 
obtained.  From  the  second  we  develop  new  insights  and  methods  of 

^he  feedback  forms  are  explicit,  new  algorithms  which  have  been 
recently  called  field  feed-back  theorems  (FF-BT).  An  initial  exposure 
has  been  given  in  the  1977  International  Symposium  on  Information 
Theory,  David  Middleton  and  J.  R.  Breton,  "Stochastic  Channels  as  Gen- 
eralized Communication  Networks,"  IEEE  Catalog  No.  77CH  1277-3  IT 
Session  DI,  October  10-14,  1977,  Ithaca,  NY. 
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extending  the  classical  solutions  of  the  stochastic  wave  equation  to 
the  broadband  case  and  to  bounded  media  (including  moving  and  random 
surfaces) . 

Remembering  that  the  medium  (here  the  ocean  or  atmosphere)  is 
necessarily  regarded  as  a communication  channel,  we  note  at  once  that 
our  propagation  results  apply  to  a wide  variety  of  traditional  subjects 
in  the  general  discipline  of  electrical  engineering,  among  others,  tele- 
communication, detection  and  associated  classification  problems,  local- 
ization, remote  sensing,  etc.  In  addition,  it  is  well  known  that  physi- 
cal channels  through  which  information  is  passed  can  be  regarded  as 
space-time  filters,  or  generalized  networks,  analogous  to  the  temporal 
filters  or  networks  of  conventional  circuit  and  control  theory.  This 
Thesis  presents  quantitatively  the  beginning  of  an  analogous  theory  for 
such  distributed  filters  or  networks,  specifically  taking  into  account 
the  physical  (and  distributed)  nature  of  the  acoustic  channels. 

Finally,  to  the  extent  that  electromagnetic  propagation  may  be 
modeled  in  scalar  form,  it  also  can  be  described  by  the  broadband 
propagation  and  scattering  models  developed  here,  particularly  in 
Chapters  V - VII. 
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LIST  OF  ABBREVIATIONS  AND  SYftftOLS 

scalar  parameters  or  functions  defined  in  context 

vector  or  vectorial  functions  defined  in  context 

second  moment  equivalent  medium;  canonical  approximation 

ratio  of  dynamic  material  pressure  to  dynamic  material  density 

channel  capacity 

scatterer;  differential  element 

differential  operator 

deformation  tensor 

body  force/unit  mass 

any  function;  a probability  density  function 

Fourier  transform 

Operators 

the  system  function;  the  medium;  information 
an  index 

an  index;  imaginary  number  (0,1) 

Jacobian;  dilatation 

wave  mjnber 

a linear  operator 

mass;  an  index;  moment;  criterion 

normal  unit  vector 

an  index;  J v^n  dS 
s 

dynamic  pressure  (acoustic) 
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LIST  OF  ABBREVIATIONS  AND  SYMBOLS  (Cont'd) 

p0  background  pressure 

Pj  turbulent  pressure 

p2  total  pressure 

p^  unscattered  pressure  (wave) 

p^  scattered  pressure  (wave) 

Q first  moment  equivalent  medium 

r particle  position,  (position  vector) 

r surface  vector 

-s 

r-  mean  surface  vector 

-s 

R correlation 

s acoustic  source 

S surface 

t time 

T stress  tensor;  third  order  equivalent  medium;  a communications 

channel 

u -{pc2(v*v)  + v? • ( o0  + Pi)  + ^ ((Po  + P x > I r ) } » waveform 

v particle  velocity 

V volume 

W fourth  order  equivalent  medium 

x rest  position  of  particle;  particle 

% 

z surface  deviation  from  mean 

A increment 

K random  variable  (operator) 

A impulse  function,  delay 

e angle 

X wave  length 
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LIST  OF  ABBREVIATIONS  AND  SYMBOLS  (Cont'd) 

0 angle;  phase 

p density 

t time  delay;  temperature 

gj  radian 

(•)  operator,  unit  vector 

(•)•(•)  dot  product 

( * ) x(  • ) cross  product,  (•)  x (•) 

dn 

— — C ( * ) I x]  - material  derivative  (Lagrangian) 
dtn 

dn 

— C( • ) | r]  - fixed  space  derivative  (Eulerian) 
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I.  HYDRODYNAMIC  AND  WAVE  EQUATIONS 


1 .0  Introduction 

The  study  of  sound  propagation  in  real  media  may  properly  be  said 
to  have  begun  with  Christian  Huygens  in  1678  [94].  Huygens'  work, 
resting  on  an  Aristolelian  concept  of  motion,  created  considerable 
controversy,  an  attribute  which  has  persisted  with  this  subject  to  the 
present.1  [24,  185,  170,  48,  168] 

The  reasons  for  the  controversy  can  be  partly  explained  by  the 
numerous  and  diverse  assumptions  made.  We  shall  see  that  much  of  the 
literature  presumes  a perfect  fluid;  practically  all  of  it  presumes  a 
Navier-Stokes  fluid. 

It  is  not  a little  disconcerting  then  to  find  an  authority  like 
Truesdell  [48,  p.  iv]  writing,  "...the  inability  of  the  Navier-Stokes 
fluid  to  support  wave  motions  merely  illustrates  its  exceptional  char- 
acter, untypical  of  real  fluid  behavior."  Yet  much  of  the  theory  is 
solidly  useful;  certainly  many  real  media  over  a fairly  broad  range  of 
circumstances  permit  more  or  less  accurate  representation  by  the  models 
in  current  use.  It  is  in  judging  the  limits  and  accuracy  of  applica- 
bility that  we  ent?r  into  difficulties  and  controversy. 

It  Is  one  cardinal  objective  of  this  report  to  examine  basic 
assumptions  and  thereby  reveal  conditions  and  circumstances  for  the 
validity  of  the  various  formulations  found  in  the  literature. 

1 [24]  contains  an  interesting  account  of  the  controversy  applied  to 
diffraction,  pp.  370-375. 
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An  adequate  theory  of  wave  propagation  in  a turbulent  medium 
should  account  for  observed  effects:  beam  spreading,  beam  wander,  loss 
of  coherence,  intensity  fluctuations,  angle  of  arrival  variations  and 
short-pulse  effects.  Furthermore,  for  small  amplitude  waves,  the  prop- 
agation should  be  mainly  linear. 

Recent  articles  [62,  168]  classify  the  various  models  according 
to  their  success  in  predicting  measurements  of  long  range  laser  (i-e. , 
EM)  propagation  in  air.  They  find  the  geometric  models  to  be  valid 
only  for  the  shortest  ranges;  the  Rytov  and  early  Tatarskii  work  for 
ranges  to  1 km;  and  the  more  recent  work  for  ranges  to  30  km. 

In  this  chapter  we  present  an  alternate  classification,  more 
suitable  for  the  acoustic  case.  We  develop,  with  considerable  care,  a 
general  theory  from  basic  hydrodynamic  considerations.  From  these  we 
initially  develop  three  constitutive  equations:  state,  mass  (continu- 
ity) and  momentum;  we  continue  to  canonical  formulations  of  the  first 
and  second  order  hydrodynamic  equations.  The  latter  serves  as  a 
standard  for  comparing  and  classifying  the  historical  models,  especially 
those  of  the  last  thirty  years.  In  the  later  sections  of  this  chapter 
we  find,  not  surprisingly , that  all  the  historical  models  may  be  ob- 
tained by  suitable  approximations  from  the  general  theory  developed 
here.  Circumstances  in  which  the  assumptions  are  valid  (known  only 
from  the  experimental  situation)  correspond  to  the  range  of  the  model's 
validity.  For  this  reason  we  expect  the  results  of  this  chapter  (and 
the  next)  to  be  useful  to  experimenters  as  well  as  theorists. 

1 .1  Prel iminaries 

Certain  words,  notations  or  ideas  require  some  initial  clarifica- 
tion : 
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a)  The  word,  "homogeneous,"  often  used  to  refer  either  to  a 
physical  or  a statistical  property,  is  here  reserved  for  the 
physical  property.  "Isotropic"  is  used  to  refer  to  the 
statistical  property. 

b)  Complex  notation  is  used  whenever  appropriate  (i.e. , for 
linear  propagation).  Real  notation  is  used  for  non-linear 
propagation. 

c)  Operations  (such  as  differentiation)  are  assumed  to  hold  over 
a generalized  function  space. 

A A A A A 

d)  Given  G,  an  operator,  GiG2  signifies  Gt  operating  on  G2  while 

Gj(G2)  indicates  that  each  operator  operates  separately  on  its 

t 

subject.  For  instance,  if  Gj  = / (*)dt, 

0 

Gi G2f ( t j ,t2)  = / J f(tj,t2)dt2  dtj  , 

0 0 

whereas 

t t 

Gi(G2f(t!,t2))  = / / f(ti,t2)dtidt2  . 

0 0 

We  abbreviate  GxG2...Gn  as  G^ , and  ^ G2(...(Gn))  as  3n. 
Other  notation  follows  mostly  conventions  of  the  literature.  The 
reader  should  consult  the  glossary  for  the  definition  of  notation  with 
which  he  is  unfamiliar. 
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1.1.1  The  Feedback  Theorem 

Suppose  a class  of  functions,  { f } , and  an  associated  norm  such 
that  ||f||  < Then  an  operator,  G,  is  called  bounded1  if  Gf  = 
ge{f)  for  all  f. 

The  feedback  theorem  states  that  for  a bounded  operator,  G, 

( 1 - G)  1 = £ (G)  = [1  +G+GG+  ...  + G ...  G+  ...]  (1.1) 

n=0 

This  is  easily  shown  by  operating  on  both  sides  with  1 - G.  On  the 
left  hand  side  (LHS)  of  Eq.  1.1,  for  any  relevant  function  f we  get 

(1  - G)(l  - G)"1  f = f 

while 

*°°A  A A AA  AA 

[1  - o]  l (G)n[f]  = f + Gf  - Gf  + GGf  - GGf  + ...  = f . 
n=0 

This  last  statement  is  true  sufficiently  for  all  absolutely  convergent 
sums  and  for  others  as  well  (e.q.,  1 - 1/2  + 1/3  - 1/4  + ...). 

We  shall  need  an  enlargement  of  the  usual  definitions  to  allow  { f } 
to  include  generalized  (impulsive)  functions  in  space  and  time.  This 
enlargement  also  requires  an  extended  notion  of  convergence  (conver- 
gence almost  everywhere)  as  may  be  seen  from 

[1  - G]_16(r-r0)  = 6(r-r0)  + G6(r-r^)  + GGfi(r-r0)+. . . 


^he  reader  may  consult  [76]  p.  69. 
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which  may  be  said  to  converge  everywhere  except  at  r^.  We  are  thus  led 
to  separate  from  the  concept  of  convergence  the  idea  of  form,  which  may 
be  correct  even  where  the  functional  value  is  unbounded. 

In  Chapter  III  the  feedback  theorem  is  used  to  obtain  the  general 
solution  to  adiabatic  acoustic  propagation.  It  illuminates  the  problem 
of  convergence  in  the  approximate  series  solutions  of  Chapter  IV.  In 
Chapters  V and  VI  it  is  used  to  obtain  approximations  for  the  broadband 
case.  Most  importantly,  the  theorem  leads  to  the  core  of  this  thesis, 
operational  (feedback)  solutions.  Because  of  this  latter  relationship, 
when  G is  restricted  to  a space-time  operator,  the  feedback  theorem  is 
called  the  Field  Feed-Back  Theorem  (FF-BT). 

1 .2  General  Theory 

Noll  [156]  has  shown  that  the  representation  of  matter  as  a 
continuum  can  be  set  into  entire  agreement  with  the  statistical  view 
of  matter  as  composed  of  classical  molecules  [194].  We  therefore  accept 
the  point  of  view  of  continuum  mechanics,  and  in  particular,  the  prin- 
ciples of  hydrodynamics.  Here  and  throughout  we  adopt  a fundamental 
set  of  assumptions: 

(1)  The  medium  is  a fluid  continuum  (perhaps  moving)  (A1 ) 

(2)  Propagation  is  adiabatic.  (A2) 

The  first  assumption  allows  discontinuities  in  any  fluid  property 

except  position.  Various  authors  [188,  40,  22]  include  in  their  funda- 
mental development  the  thermodynamic  considerations  of  entropy  and 
temperature.  Others  [40]  have  sought  to  relate  fundamental  equations 
to  concentrations  of  salinity.  These  developments  aim  laudably  at 
relating  inhomogeneities  in  the  medium  to  oceanographic  observables. 
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Here,  however,  we  limit  our  concern  to  only  one  observable:  the  dynamic 
pressure,  p(r,t).  The  variations  in  this  parameter  reflect  the  many 
variations  of  the  media,  and  indeed,  the  variation  in  temperature, 
salinity,  currents,  tides,  gravity,  etc.,  are  of  interest  here  only  to 
the  extent  that  they  influence  the  dynamic  pressure. 

The  second  assumption  does  not  hold  for  large  amplitudes  or  when- 
ever heat  transport  is  significant  over  time  intervals  of  interest.  In 
our  development  we  assume  the  total  pressure  to  be  adiabatic  and  allow 
the  statistical  properties  of  the  acoustic  pressure  to  be  non-stationary . 
Assumption  (A2)  relies  on  the  observation  that  small  amplitude  acoustic 
waves  propagate  essentially  adiabatical ly  while  thermal  processes  in 
the  ocean  and  atmosphere  are  generally  very  slow  (greater  than  minutes 
typically). 1 

A medium- related  theory  has  somehow  to  characterize  the  medium  and 
incorporate  its  dynamics.  We  turn,  accordingly,  to  a brief  development 
of  hydrodynamical  results  necessary  to  what  follows. 

1.2.1  Hydrodynamic  Concepts 

Consider  initially  the  relaxed  medium,  that  is,  the  nedium  in 
equilibrium  undergoing  no  relative  motion.  Call  this  the  medium  "at 
rest."  because  the  medium  is  assumed  continuous  (Al),  the  particles 
are  in  one-to-one  correspondence  with  their  position.  This  position  we 
call  the  "rest"  position  of  the  particle.  The  correspondence  between 
position  and  particle  enables  one  to  label  or  designate  each  particle 


'The  conditions  for  these  assumptions  are  nicely  explained  in  [.92], 
p.  411. 
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by  its  rest  position  _x . 1 Thus,  by  the  phrase,  "the  particle  x,"  we 
mean  "the  particle  which  in  the  relaxed  medium  was  at  rest  position  x . " 

Suppose  now  the  particle  x is  found  at  some  time,  t,  to  be  at 
position  £ = r(x.,t).  We  define  the  vector 

. r(x,t+At)  - r(x,t) 

v(r(x,t))  e ^ (r(x,t)|x)  = lim  (1.2) 

At-K) 

as  the  velocity  of  particle  x at  time  t (the  particle  velocity). 

The  derivative  in  Eq.  (1.1)  associated  with  the  particle  is  termed 
the  material  (Lagrangian,  convective)  derivative.  It  is  commonly  asso- 
ciated with  another  derivative,  ^((')|r),  which  we  have  called  the 
fixed-space  (Eulerian)  derivative.  It  is  usual2  to  denote 

k<(->|x)-!b(->  0.3a) 

and 

C«->|r)  ■£;<•)  0.3b) 


and  to  treat  these  derivatives  by  the  usual  rules  of  the  calcuius. 

Unfortunately,  this  leads  not  only  to  great  confusion,  but  even  to 

contradiction.  For  instance,  by  the  calculus,  we  must  have  — = 1, 
d(r|r) 

whereas  — t = 0. 

dr 


^he  concept  of  rest  position  is  not  strictly  necessary  since  one  may 
start  with  initial  position  x(to).  It  is  important,  however,  not  to 
confuse  "rest"  position  with  "initial"  position  for,  generally,  they 
will  not  coincide.  The  differences  may  be  readily  appreciated  from  the 
development  of  ideal  wave  propagation  (Appendix  A). 

2See  [147],  pp.  234-239. 
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Clarity  consequently  requires  a distinction  be  made  between  the 
hydrodynamic  derivatives  and  those  of  the  calculus  (variational).  To 
avoid  confusion,  we  have  introduced  a specific  notation  for  the  hydro 
dynamic  derivatives  and  now  make  the  following  definitions:1 

— ( ( - ) | r ) h the  derivative  of  (•)  with  respect  to  a, 
da  — 

holding  the  spatial  coordinate,  r,  fixed, 
(fixed-space,  Eulerian). 


£ 

— (•)  = the  derivative  of  (•)  with  respect  to  a, 

da 

holding  all  other  variables  fixed  (partial ) . 

t-  ((•)!*)  = the  derivative  of  (•)  with  respect  to  a, 

held i nq  the  material  coordinate,  x,  fixed. 

(material , Laqrangian,  corrective). 

t-  (•)  = the  derivative  of  (•)  with  respect  to  a, 

ua 

with  other  variables  changing  with  respect 
to  a,  (whole).  (1 .3c) 

The  material  and  fixed-space  temporal  derivatives  are  related 
through  a celebrated  relationship  attributed  to  Euler.  The  relation- 
ship involves  three  different  types  of  derivatives  which  may  be  seen 
from  the  following  derivation.  For  any  function  f = f(r(xj,t)  we  have 


d ( f | x ) 
dt 


1 im 
At~K) 


f[((r+ar)lx),t+At]  - f(r|x,t) 

At 


= 1 im 
At-o 


f[((r+Ar) ( x ) ,t+At]  - f(r |^,t+At)+f(r|x.t+At)  -f(r(x),t) 


^hese  definitions  may  be  better  appreciated  in  the  context  of  Appendix 
A. 


I 

f 
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= 1 im 

At-K> 


f[((r+Ar) |x),t+At]  - f[(r|yJ,t+At]  |a(t|x) 
iMrJxJI  At 


+ lim 
At-K) 


^(rl^t+At)  - f(r|x,t) 


At 


d(f |r) 

= | vf_| (cos  0)  |v(r(x))|  + — ^ — 


where  y is  the  particle  at  r at  time  t+At,  and  e is  the  angle  between 
vf  and  v^  The  last  step  can  be  appreciated  from 


cos  0 = (vf) *v  = 1 im* 


Ar->-0 


/f (r+Ar lx, t+At)  - f(r |,y,t+At)^ 
AT 

r^i 


and  remembering  that  at  has  the  same  direction  as  v in  the  limit.  Here 
(•)  denotes  a unit  vector.  We  may  thus  write 


d(f  |x) 
dt 


j(f|r) 


dt 


+ v-vf 


(1.4) 


as  the  Eulerian  relation. 

d ( f | r ) 

We  make  three  observations.  First,  the  derivative  — ^ — generally 
involves  more  than  one  particle.  Second,  if  f(i%t)  is  a surface  of 
material  particles,  then 

d ( f | ir ) 

— dt — = O-5) 
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d ( f | x ) 

(i.e.,  — ^ — = 0 is  a necessary  condition  for  a material  surface). 

Lastly,  we  note  that  assumption  (Al)  does  not  guarantee  the  existence  of 
derivates.  Still,  we  may  restrict  f to  a generalized  function  (impul- 
sive) in  both  space  and  time,  so  that  Euler's  relationship  will  always 
hold  in  the  completed  function  space. 

1 . 2 . 1 . 1 Conservation  Laws 

In  a realistic  fluid,  the  conservation  of  mass  and  momentum  yield 
a continuity  equation  and  an  equation  of  motion  (Cauchy's),  respectively. 

Eecause  approximations  from  the  general  theory  usually  involve  these 
equations,  they  will  be  developed  here  from  first  principles. 

Let  Vq  be  a material  neighborhood  at  rest  of  the  particle  x,  and 

vt 

V.  be  same  material  neighborhood  at  time  t.  Define  J(xj  = lim  w— 

L V-x  vo 

called  the  dilation  of  _x.  We  first  demonstrate  the  Euler  expansion 
i d(J|x) 

formula,  j — ^ — = v-v. 

Consider 

/d(r|x,t)\  „ 

lim  J v/nds  = lim  J I -tt ]•  n dS 

V-*x  S V-»x  S \ / 

= lim  lim  — r J [r(x,t+At)  - r(x^,t)]  • n dS 

V-x  At— 0 S 

where  S is  the  surface  of  V^..  For  differential  movements  the  integral  . 

approximates  the  volume  V(£,t+At)  - V(x^t)  and  thus 


lim  / v-ndS  = lim  lim 
V+x  S V+x  At+O 


"V(x, 
im  lim  

_w\/  a 4-_^n  - 


x.t+At)  - V(x,t)' 
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- lim  [V(x,t) | x]  . 
V+x 

The  expansion  formula  follows  from  Eq.  (1.6) 


3 at  <Jli>  ' v^(at  r~t  ar 


= 1 im 


| V-" 


= V*  V 


V-»*  *t 


The  expansion  formula  is  often  written 

(J|x)  = Jv-v  (1. 

Now  let  f(r,t)  be  any  function  (not  necessarily  material)  and  \l t 
be  a moving  material  volume.  Form  the  integral 


f(r,t)dV  = fQ(t) 


o)  • I'  Vo 


(l  f(r.t)Jdv0|v0\  - J (arffir.tUdv  |x]) 
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^3t<f|x)  * f(r,t)  v.(v)jjd»0 


or  finally. 


5t  ( J.  f(i.t)dv  iv 


o)  ■ ^ ^(f|x)  * f v*  v^dV 


(1.8a) 


where  (d/dt)(fQ(t)  (VQ)  is  the  obvious  extension  of  (d/dt ) ( f 0 ( t ) | x_)  to  a 
material  volume. 

Equation  (1.8a)  is  often  called  Reynold's  Transport  Theorem.  It 
may  be  written  in  two  other  forms: 


at  ^ f(l.t)dV|V0^  = l ^ cTt  (fll)  + 7-f^dV  • 

using  the  relationship  Eq.  (1.4)  between  naterial  and  fixed-space 
derivatives,  and 


(1.8b) 


d_ 

dt 


^ f(r,t)dV|VQj  = J ^(f(r,t)  |r)^dV  + J fv- 


ndS  , (1.8c) 


provided  the  divergence  theorem  holds.  In  Eq.  (1.8c),  is  the 
surface  of  Vt  and  n is  its  outward  unit  normal,  for  f(r,t)  = p(r,t), 
the  pressure  at  a point,  we  have  over  a moving  surface 


| pv*ndS  = p(r,t)dV|V0j  - ^ ^(p(r,t)  |r)dV, 


(1.9) 
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provided  the  volume  contains  no  sources  (or  discontinuities). 

Of  course,  in  the  ordinary  sense  none  of  these  entities  need 
exist.  The  velocity  may  not  be  integrable  and  the  limit  may  not  exist. 
Thus,  if  the  particle  becomes  two  or  more  particles,  or  is  annihilated, 
or  any  neighborhood  fragments,  etc.,  which  conditions  may  pertain  to 
certain  physical  problems,  Eq.  (1.7)  cannot  be  used.  In  such  cases, 
it  is  clear  that  J_1  is  likewise  meaningless.  This  being  so,  we 
agree  to  limit  our  consideration  to  those  media  sufficiently  well- 
behaved  to  allow  the  use  of  Eq.  (1.6)  (which  is  to  say  that  the 
limits  exist  and  integration  is  definable  in  some  sense).  In  collo- 
quial terms,  we  allow  discontinuities,  but  not  nuclear  explosions. 

We  now  generalize  the  transport  theorem  to  show  the  effects  of  a 

discontinuity.  Suppose  a material  volume,  V,  partitioned  by  an  internal 

surface,  SQ»  which  moves  with  velocity  i£.  Suppose  that  f(r.,t)  suffers  a 

discontinuity  across  S . Then 

0 


- 1 + ♦ 


/ 

S 


Afu*vdS  , 


(1.10) 


where  v is  unit  normal  to  SQ  and  Af  is  the  discontinuity  across  SQ.  To 
show  this,  divide  into  and  V2  and  f into  fj  and  f2  such  that 
Sj  = SQ  U (S  n'~S2)  encloses  Vj.  Define  S2  similarly  for  V2.  Then 
over  Vj  and  V2  the  transport  theorem  for  continuous  functions  applies, 
namely: 
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and 


k(j  Mr.t)|V0)  - J2pl*)<Va  ♦ |2_ 


f2  v-ndS  + 


J f2  u_*  ( • 
So 


v)dS 


We  obtain  Eq.  (1.10)  by  addition.  Thus,  comparing  Eq.  (1.10)  and  Eq. 
(1.8c),  we  see  that  the  presence  of  singularities  profoundly  alters  the 
hydrodynamic  results. 

These  preliminaries  completed,  we  now  develop  equations  which 
conserve  mass  and  momentum.  Let  p(x,t)  be  the  mass  per  unit  volume  at 
r(x).  Then  the  total  mass  m in  a material  volume  is 


m = / p(x,t)dV  . 
Vt 


(1.11) 


By  the  transport  theorem 

d(m| x) 


dt 


/ d(p |x)  \ 

at” + pV'^)dV 


But  m is  constant  for  mass  conservation.  Hence, 

^d(p |x) 


/d(p|x)  \ 

y~w~  + pV^) 


dV  = 0 . 


Since  is  arbitrary,  we  must  have 


d ( p | x ) 

— ar~  + pv'^ = 0 • 

(1.12) 

Two  immediate  corrolaries  follow: 

d(p|x)  d ( P | r ) 

— ^ — + pV-v  = 0 = — — + v*py^  , (1.13) 
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and  for  any  function  f(r.,t). 


which  can  be  seen  by  substituting  f = pf  in  the  Transport  Theorem  Eq. 
(1.8a). 

Applying  the  conservation  of  linear  momentum,  namely  that  the  rate 
of  change  of  linear  momentum  of  a material  volume  equals  the  sum  of  the 
body  forces,  the  external  forces,  and  the  internal  forces  exerted 
through  its  bounding  surface,  we  have 


/ pfdV  + 
Vt 


/ n-TdS, 
*t 


(1.15) 


where  T is  the  stress  tensor,  and  f is  the  external  force  vector  per 
unit  mass.  Then 


Equations  (1.12)  and  (1.16)  represent  the  conservation  laws  of 
mass  and  momentum  in  the  fluid.  They  are  often  termed  the  "continuity" 
equation  and  Cauchy's  law  of  motion. 
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t 


In  general,  the  stress  tensor,  T,  incorporates  viscous  and  thermo- 
dynamic effects.  Polar  fluids  are  defined1  by  a non-symmetric  stress 
tensor.  The  assumption  of  a non-polar  fluid  (often  made)  is,  therefore, 
equivalent  to  requiring  T to  be  symmetric. 

For  compressible  fluids  at  rest,  it  is  well  known  that  X is 
diagonal  with  diagonal  elements,  d.  = -p,  the  local  static  pressure. 
Thus, 


v*T  = -vp 


for  compressible  fluids  at  rest.  For  non-static  cases,  the  assumed 
symmetry  of  T defines  a preferred  coordinate  system  where  the  mean 
local  pressure  is  the  mean  of  the  diagonal  elements  (often  called  prin- 
cipal stresses).  A perfect  fluid  is  defined  by 

-ij  = "p6ij  ’ 

so  that, 

v*T  = -V£ 

is  assumed  to  describe  dynamic  as  well  as  static  cases. 

A general  Stokesian  fluid  is  characterized  by 

T = (-p  + a)I_  + pE  ♦ yETE 

where  £ is  the  deformation  tensor,  X is  the  unit  dyadic  and  u,  B,  y are 
scalar  weights.  A perfect  fluid  is  then  a type  of  Stokesian  fluid. 


lFor  this  and  the  definitions  below,  see  [6],  pp.  105-109. 
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The  remark  by  Truesdell1  means  that  no  Stokesian  fluid  can  physically 
support  a wave  (or  conversely  that  since  real  fluids  support  waves, 
they  are  non-Stokesian) . 

1.2. 1.2  The  Divergence  Theorem 

For  a vector  field  a(r)  the  divergence  theorem, 

^ v*adV  = | a_-ndS 

is  usually  demonstrated  for  volumes  with  (piece-wise)  smooth  surfaces 
where  the  vector  field  is  continuously  space-differentiable.  It  fig- 
ures prominently  in  Eq.  (1.16)  and  certain  auxiliary  forms  of  earlier 
equations.  It,  likewise,  forms  the  basis  of  Green's  functions  to  be 
used  subsequently. 

It  is  recognized  [38]  that  the  divergence  theorem  may  be  extended 
to  a larger  class  of  functions.  This  extension,  however,  is  not  pres- 
ently available  in  easily  recognizable  form.  For  the  purposes  of  this 
thesis,  we  simply  indicate  that  the  extension  is  not  empty  and  leave 
others  to  discover  the  actual  topography.  Our  results  apply  to  the 
extension. 

We  give  heuristic  argument  for  the  extension  to  a class  of  non- 
continuous  fields  a.  The  divergence  theorem,  in  one  dimension,  is  the 
fundamental  theorem  of  calculus 

J a(x)dx  = a(xj ) - a(x0) 
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x = [xi,x0] 


= / a(x)*n  , 

Boundary (X) 

Suppose,  now,  that  a(x)  = U(x),  the  unit  step  function,  and  X = [-1,1]. 
Then,  U(l)  - U(-l)  = 1,  but 

/ ^-[U(x)]dx  = J 6(x)dx 

[-1.1]  [-1,1] 


has  no  meaning.  If  we  choose  to  define 


U(x)dx  = f 6(x)dx  = 1 


then  we  achieve  both  meaning  and  consistency,  that  is,  we  have  extended 
the  fundamental  theorem  to  a class  of  non-continuous  ajx_).  This  argu- 
ment is  easily  carried  to  three  dimensions. 

Suppose,  for  instance,  a unit  sphere  centered  on  the  origin  and 
a(r)  = rl'(r).  Then, 

i «<£>•"  - «*  ■ 

Also 


[ |r|2U( |r| )]d |r| 
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= 4u  [|r|2U(r)]  |J 

= 4tt  . 

(In  later  chapters  we  will  sometimes  put  p = |rj,  where  no  confusion 
with  density  arises.)  Thus  generalized  functions,  like  U(r)  and  their 
derivatives,  may,  under  circumstances  not  completely  known,  obey  the 
divergence  theorem. 

Although  our  treatment  here  is  not  profound,  we  have  no  intention 
of  slighting  the  extension  problem  which  is  crucially  important  to 
understanding  the  hydrodynamics  of  wave  propagation  in  realistic  media. 
The  extension,  in  itself,  however,  is  a consideration  for  mathemati- 
cians in  the  way  of  extended  theories  of  integration  (so  useful  in 
physics) . 


1 .3  The  First  Order  Hydrodynamic  Equation 

We  return  to  developing  the  general  hydrodynamic  equation.  Given 
assumption  (A2),  material  changes  in  the  pressure  are  related  only  to 


material  changes  in  density.  We  thus  write 


d(p2|x) 

"dTcTxT  s c2<*‘>  • 


for  the  equation  of  state,  where  c2  so  defined  has  dimension  of  veloc- 
ity squared. 
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Here  and 

P2(l\t) 

P(r,t) 

Po(l) 

Pi(r.t) 


throughout  we  distinguish  the  categories  of  pressure  as 
= the  total  pressure 
= the  acoustic  pressure 
= the  background  pressure  (deterministic) 

= the  turbulent  pressure  (stochastic). 


Evidently 1 


p2  = p + p0  + Pj  . 


Equation  (1.17)  is  immediately  solvable  as 


d(p[x) 

P2(x.t)  - Po  = / c2(x,t)  — ^ — dt  . (1.18) 


In  Eq.  (1.18)  the  integral  is  taken  with  reference  to  a fixed 
particle  (^ixed-particle  integration).  In  a homogeneous  real  fluid 
where  c2  = cQ2,  constant,  we  have  immediately 

P2(x.t)  - po  = c02[P(x,t)  - p0]  • (1.19a) 


The  quantities,  p0  and  p0  are  the  rest  pressure  and  density,  respec- 
tively. In  Appendix  A,  Eq.  (1.19a)  is  used  to  obtain  the  ideal  propa- 
gation in  a real  homogeneous  fluid  for  a plane  wave.  For  the  plane 


V\s  stated,  this  statement  restates  the  fact  that  any  real  (complex) 
number  (or  function)  can  be  decomposed  into  three  other  numbers  (or 
functions).  The  total  pressure,  p2,  is  directly  observable.  The 
acoustic  pressure,  p,  is  due  to  the  (assigned)  acoustic  source(s),  and 
thus  is  absent  when  the  (assigned)  source  no  longer  contributes  to  the 
total  pressure.  The  decomposition  ipto  pQ  and  p!  is  somewhat  arbitrary. 
One  may  put  p , for  instance,  as  either  p°(r.,t)  = p constant,  or 
P0(r,t)  = Po0  or  P0(l>t)-  We  tave  suggested  p (r,t)  a p (r)  as  cap- 
turing the  entire  deterministic  structure  of  the  remainder;  p2(r,t)  - 
p(r,t).  Then  p^r^.t)  is  the  stochastic  remainder.  The  sequel  Ts  valid, 
however,  for  any  consistent  decomposition. 
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case  we  show  that 


p c ^ 

P2  " 1 - k0a  cos(w0t-k^xT 


P ” 1 - iTa  cos(toQt-k0x) 


_ «0k0a  sin(W()t-k0x) 
V*-  " 1 - kQa  cos(a,ot-kox) 


v = aa)„  cos  ( oo  t—  k x ) 

— O 0 0 


* 

*• 


vp2  = 


Poco2ko2a  sin(a0t-k0x) 

[1  - koa  cos(u>0t-k0x)] 


(1.19b) 


where  a Is  the  maximum  particle  displacement,  and  k = w /c  . 

ooo 

The  simplicity  of  Eq.  (1.17)  is  deceiving.  In  addition  to  accept- 
ing it  in  a generalized  sense,  the  particle  positions  may  not  be  simply 
related  to  sour;e  motion  as  in  ideal  ca;.es.  Even  here  the  solution  is 
non-linear.  Further  still,  solutions  are  commonly  expressed  in  fixed- 
space  rather  than  material  terms. 

To  the  first  point  above,  it  must  be  understood  that  Eq.  (1.17), 
for  all  its  seeming  simplicity,  must  be  interpreted  in  an  extended 
class  of  functions  for  which  an  extended  notion  of  derivative  always 
exists.  Thus,  Eq.  (1.17)  rests  on  an  extension  not  yet  fully  under- 
stood and,  to  that  extent  Eq.  (1.17),  though  simply  stated,  is  not 
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fully  comprehended. 

To  the  second  point,  we  note  that  Eq.  (1.17)  deals  with  the  state 
of  things  at  a point  (or  particle).  Exceptionally,  a numerically 
identical  relationship  will  allow  continuation  to  a source  (or  bound- 
ary) ,s  in  the  classical  solutions.  The  form  of  Eq.  (1.17)  makes  no 
such  requirement,  however.  In  ti is  latter  case,  we  must  answer  pre- 
cisely what  we  mean  by  a solution  to  Eg.  (1.17).  This  discussion  we 
leave  to  Chapter  III  or:  solutions. 

'o  the  third  point,  we  write  Eq.  (1.17)  in  fixed-space  form. 

Using  Eq.  (1.4),  we  have 

d(p2|r)  d(p|r) 

— ^ + v*(vp2  - c2Vp)  - c2— ^ — = 0 (1.20) 

From  Eq.  (1.20),  it  is  obvious  that  the  result  does  not  depend  on  a 
unique  particle  velocity  v_.  A simplified  form  may  be  obtained  from  the 
mass  Eq.  (1.12). 

d(p2(r,t) | r) 

+ v(r,t)*tp2(r,t)  + p(r,t)c2(r,t)v-v(r,t)  = 0 (1.21) 

It  should  be  noted  that  the  substitution  has  not  eliminated  any  of  the 
variables. 

T ,e  variables  in  Eq.  (1.21)  generally  represent  the  effects  com- 
plicat  d processes.  The  particle  motion  v^  and  dynamic  density  p(£,t), 
for  instance,  arise  not  only  from  acoustic  influences  but  also  from 
tidal  Movements,  salinity  and  temperature  gradients,  etc. 


Tne  ideal  solution  mentioned  above  shows,  furthermore,  that  Eq. 
(1.21)  is  non-linear.  For  instance. 
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pCo  7* v 


koa  si"(Vkox) 

- kQa  cos(aj0t-kox) 


kQa  sin(w0t-k0x) 


Similarly,  the  term  v^Vp2  yields  non-linear  forms. 

Equation  (1.21)  describes  the  hydrodynamic  situation  at  the  point 
r at  time  t,  (the  space-time  point  (r,t)).  Letting  p?  = p + p0  + pi  , 
where  p is  the  acoustic  pressure,  po  the  unperturbed  (background) 
pressure,  and  pi  the  turbulent  pressure,  we  rewrite  Eq.  (1.21)  as 


d(p|r)  d 

— g* — + v-(vp  + v(  Po  + P]))  + pc^v*v  = - ((p0  + p ! ) | jr ) 


(1.22) 


Here,  v and  p remain  the  total  particle  velocity  and  total  dynamic 
density,  respectively. 

One  appreciates  immediately  that  the  quantity  v*v(p0  + P])  is 
associated  with  beam  spreading  and  beam  wander;  v * will  influence 
spatial  coherence;  { ( d/d t ) [ ( p0  + Pi)  III)  will  influence  temporal 
coherence;  short  pulse  effects  will  depend  on  initial  conditions,  etc. 
In  fact,  in  Eq.  (1.22),  it  is  possible  to  discern  qualitatively  all 
observed  effects,  just  as  we  should  expect  from  an  exact  equation. 


1 . 4 The  Second  Order  Hydrodynamic  Equation 

To  this  point,  we  have  employed  a first  order  differential  equa- 
tion. Because  most  acousticians  employ  a second  order  equation,  we 
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develop  the  exact  equations  to  the  second  order  to  facilitate  compari- 
sons. Differentiating  Eq.  (1.22)  with  respect  to  time  (fixed-space), 
we  obtain 


d2(p2|r) 

— + 

dt2 


d(v|r) 

+ (VP2) — — + 


Mv-v)  ^ [(Pc2)|r]  =0.  (1.23) 


Substituting  now  the  momentum  Eq.  (1.16),  we  have 


d2 (P2  III)  /d(p2|r) 

+ v*  lv — at 


dt2 


V-T 


+ If  - V- Vv  + 


■vp2 


V-T 


‘12 


+ Ht"  (p<-2 1— m lv"  - 1 + pc2v‘ll  _ + — ~ I ~ ® ^ ^ ^ 


Separating  the  acoustic  quantities  (I2  = I + lo  + Ii)  t0  the  LHS  9ives 


d2(p| r) 
dt2 


+ v-v 


d ( P In) 
dt 


+ 


v-vv  + 


• vp 


(V-I)  (V-T) 

+ v(p0  + Pi)  • — — + pc2v — — 


— ((Po  + Pl)lr)  + (Po  + P 1 In) 

dt2 


/ do  ♦ ii)\  , 

If  . vv-v  + v 1- V ( Po  + Pi) 

1 / do + iiAl 

(pc2|r.)  [v-vj  + pc2v-  rf  - vVv^  + v* y 


d 

3t 


(1.25) 


1 
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A symmetric  form  of  Eq.  (1.25)  may  be  obtained  from  the  term 


(eft  pc2l-j  (v*v)  • 


and  the  relation 


(d(p2|r) 


-2  V dt 


+ V*Vp2 


-±(5M-±t 


1 /d((p0  + Pi)ll) 


+ v*v(p0  + Pj) 


from  Eq.  (1.21). 

Then,  we  obtain 


d2(p|r) 


I -! — o n r,  r 2 I 


d(p| r)  / d(p)r) 
dt  + (v  a T 


+ (£npc2|r^v  + — — ^-7p 

+ v(p0  + Pi)  *(— V pc27-(— ) 

\ p J V p / 

= " dt2  ^P°  + Pl^  + - Ht  VPo  + Pl^-) 


+ (f  v-vv  - e.npc2|r^  v + 

' (at  inpc2|^(at  (Po  + pi}l rj 

, / v-(T0  * Tj)\| 

+ pc2v*  U - vv- v + II 


7- (T0  + T,) 


^(Po  + Pi) 
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Another  form  may  be  obtained  by  associating  acoustic  terms. 


An  exact  solution  of  Eq.  (1.27)  requires  knowledge  of  pc2  and  its 
fixed-space  derivative;  the  turbulent  and  unperturbed  pressure  and 
associated  stress  tensor;  the  particle  velocity,  its  dilatations  and 
rotations;  body  forces;  knowledge  of  ideal  conditions;  initial  condi- 
tions, and,  finally,  how  all  these  elements  change  in  space  and  time. 
Such  detailed  information  about  the  field  is  rarely  obtainable.  We  are, 
thus,  led  to  interpret  Eq.  (1.27)  as  defining  a stochastic  (space-time) 
process  for  which  meaningful  solutions  exist  only  in  a statistical 
sense.  This  implies  the  mathematical  conceit  of  a universe  of  similarly 
generated  media  and  turbulent  sources,  together  with  associated  prob- 
ability measures.  Our  ability  to  obtain  knowledge  of  this  universe 
will  thus  be  conditioned  on  the  stationarity  (or  better,  rapidity  of 
non-stationarity)  of  the  medium  regarded  as  a space-time  process.  With 
non-stationary  processes,  we  can  accommodate  non-adiabatic  conditions 
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excluded  in  fundamental  assumption  (A2).  Diurnal  and  seasonal  varia- 
tions in  the  medium,  for  example,  can  be  so  treated. 

We  thus  consider  Eq.  (1.27)  to  be  a stochastic  (Langevin)  equation 
of  the  form 


d 2 ( p | r ) 

d(p|r) 

d 

dt2 

+ a°  dt 

+ ii  'dt  + bi)|i[J  + - ( vp  + bj2 ) 

+ a3*(vp  + 

b3)  = q o « 

(1.28) 

where  the  random  variables  a-,-,  bi  are  defined  as 
ao  = - 3Y  [(enPc2) |r] 

Li  = v 

bj  = v(p0  + Pi) 

12  = 

IL2  = b i = v(p0  + m) 

a3  s -c2(v  - vtnp)  (an  operator) 


b3  = - (v*T  + vp) 


In  this  form,  it  is  easy  to  recognize  that  the  { b ^ } are  related  to 
scattering  out  of  the  beam  and,  thus,  to  spatial  incoherence.  Similarly, 
the  (a.j}  relate  to  temporal  incoherence. 
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In  particular,  a0  produces  a temporal  relaxation  effect  which  we 
may  expect  to  depend  on  frequency;  aj  is  influenced  by  tides,  currents, 
as  well  as  small  scale  motion  caused  by  propagation;  a non-linear 
term,  is  influenced  by  gravity,  medium  motion,  and  material  properties; 
£3  is  a random  vector  operator  which  depends  on  the  medium  material 
properties  and  its  distribution;  b^  accounts  for  background  and  turbu- 
lent spatial  variation;  bj  is  associated  with  the  acoustic  stress;  and 
gQ  acts  as  a rather  complicated  distributed  noise  source.  Further 
physical  description  of  the  a^ , b^  and  their  effect  on  propagation  in 
both  the  atmosphere  and  ocean  are  given  in  Chapter  II. 

It  is  interesting  to  note  that  in  the  absence  of  an  acoustic  pres- 
sure (p  = 0),  the  turbulence  propagates  analogously  to  the  acoustic 
case.  Here,  we  have 


d;pi  _ U 

dt!  \dt 


inpc' 


^ - v*vv  - 


^Ht  Pll-^  + -'Ht  v^Po  + Pl^- 

•do  + ii)\  , 

J • v(p0  + Pi) 


inpc'  r v + 


(1.29) 


Similarly,  even  when  no  turbulence  exists,  propagation  is  still 
possible  because  of  the  motion  produced  by  the  body  forces,  i.e.. 
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(1.30) 


These  non-acoustic  propagating  pressure  fields,  acting  very  much 
as  distributed  secondary  sources  of  the  acoustic  field,  underscore  the 
reason  for  considering  the  latter  as  a stochastic  process. 


1 . 5 Hydrodynamic  Equations  Compared  to  Wave  Equations 

The  formulations  of  acoustics  (i.e.,  the  models  established  to  study 
a given  rpnge  of  experiments)  are  very  many.  In  Chapter  IV  v/e  will 
attempt  to  pick  representative  models  from  different  schools.  In  con- 
trast, the  number  of  wave  equations  which  have  emerged  in  the  study  of 
sound  (compared  to  proposed  solutions)  are  few.  Here  we  study  eight 
formulations  which  have  enjoyed  a following  in  the  last  thirty  years. 

Each  deals  with  partial  rather  than  hydrodynamic  derivatives.  They 
are  second  order  equations.  Each  emphasizes  the  nature  of  the  propaga- 
tion as  a wave  (i.e.,  repeated--in  some  sense--in  space  and  time). 

It  will  be  convenient  to  use  Eq.  (1.27)  as  a basis  for  cataloging 
the  assumptions  made  (explicitly  or  implicitly)  in  each  case. 
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1.5.1  The  Ideal  Wave  Equation 
We  term  the  equation 


32p(r,t) 

c?v2p(r,t)  = 0 (1.31) 

3t2  ° " 

the  ideal  wave  equation.  It  is  clearly  a linear  relation  in  p. 

In  the  ideal  case  c2  is  constant.  Deterministic  extensions  to 
o 

c2(r)  have  been  successful  in  modeling  the  refractive  effects  of  the 
ocean. 

The  relationship  between  the  ideal  Eq.  (1.31)  and  the  general, 
non-linear  Eq.  (1.27)  is  easily  shown  by  noting  that  a perfect  fluid  is 
one  for  which  T is  always  diagonal.  Then,  for  v*T  = -vp, 

/?-T\ 

pc2v*l  — 1=  c2v*(-vp)  = -c2v2p  , p constant. 

If  we  further  let  the  background  and  turbulent  pressures  equal  zero,  we 
have 


If  we  further  assume  p is  constant,  v is  negligible  and  no  body  forces 
(like  gravity)  act,  we  obtain  for  c = cQ 
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(Pll)  - c2V2p  = 0 . 
dt2  0 

Upon  equating  the  hydrodynamic  fixed-space  derivative  with  the  partial 


derivative. 

we  obtain  Eq.  (1.31). 

The  ideal  case  thus  implies: 

Po  = 

constant 

3o 

= 

0 

Pi  = 

constant 

3 1 

= 

0 

lo  = 

0 

a2 

= 

0 

Ii  = 

0 

a3 

= 

<'co2v) 

v-T  = 

-vp 

b i 

= 

0 

p = 

spatially  constant 

b2 

= 

0 

UnPc2[r)  * 0 

b3 

= 

0 

f 

0 (no  body  forces) 

9o 

= 

0 

v^  = negligible  (1.32) 

Thus,  the  ideal  case  assumes  a perfect  fluid  at  rest  (static)  with 
no  body  forces.  It  takes  no  account  of  turbulence  losses,  relaxation, 
body  forces,  or  fluid  motion.  One  cannot  expect  this  model  to  be  suc- 
cessful in  accounting  for  beam  wander,  loss  of  coherence,  and  other 
observed  effects.  The  medium  has,  with  the  exception  of  the  propaga- 
tion velocity,  cQ,  been  totally  ignored. 

Here  and  subsequently,  it  is  not  very  difficult  to  point  out 
inconsistencies.  For  example,  if  p is  constant,  Eq.  (1.21)  becomes 


31 


TR  5871 


d(p|r) 

— ^ — = -v*vp  (1.33) 

which  governs  the  propagation  in  an  incompressible  fluid.  But  from 
Eq.  (1.33),  we  cannot  obtain  Eq.  (1.31),  although  in  this  case 
v*T  = -vp  as  well.  Whenever  c2  is  large,  the  equation  of  state,  Eq. 
(1.17)  says  that  small  changes  in  density  effect  large  changes  in  pres- 
sure. Considering  p constant  because  its  variation  is  small  (-  p/c2) 
may  satisfy  a utilitarian  point  of  view  where  inconsistencies  do  not 
matter.  This  view  will  not  do  theorb  Ically,  however,  since  by  con- 
sidering the  effect  and  ignoring  the  cause,  we  eliminate  the  very  basis 
of  understanding. 

The  ideal  propagation  is,  thus,  seen  to  be  fictitious,  as 
Truesdell  remarked.  Any  acoustic  disturbance  must  physically  cause 
a disturbance  in  the  medium. 

1.5.2  The  Stochastic  Helmholtz  Wave  Equation 
The  equation. 


v2p(r)  + k2p(r)  = 0 (1.34) 

where  k is  a random  variable,  is  called  the  stochastic  Helmholtz  equa- 
tion for  its  similarity  to  the  non-stochastic  form.  With  k random,  the 
solution  p is  a random  variable;  thus  Eq.  (1.34)  governs  a random 
process  in  space.  The  stochastic  Helmholtz  equation,  more  than  any 
other,  constitutes  the  basis  of  much  of  the  theory  of  wave  propagation 
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In  random  media,  [168,  62].  A more  general  form  is  used  as  the  basis 
of  the  Rytov  method  [174],  i.e., 


0 + p2(h)) 


p(r,t)  - V2p(r,t)  = 0 


(1.35) 


3t' 


The  parameter  u is  a random  variation  of  the  index  of  refraction,  and 
cq  is  the  unperturbed  (wavefront)  propagation  velocity.  The  relation- 
ship between  Eqs.  (1.34)  and  (1.35)  and  the  general  Eq.  (1.27)  thus 


impl ies 

Po  = 

constant 

a0 

= 

0 

Pi  = 

constant 

ii 

= 

0 

lo  = 

0 

5-2 

= 

0 

Ii  = 

0 

5.3 

= 



1 

v-T  = 

-vp  (a  perfect  fluid) 

bi 

= 

0 

p 

constant 

bj 

= 

0 

( tnPc2 | r)  = 0 

^3 

a 

0 

f = 

0 

<lo 

= 

0 

-r  2 


1 + u 2 


(1.36) 

The  stochastic  Helmholtz  equation  differs  from  the  harmonic  ideal 
wave  equation  only  in  interpretation.  It  likewise  takes  no  account  of 
losses,  relaxation  effects,  body  forces  or  fluid  motion.  Equation 
(1.34)  will  clearly  not  account  for  temporal  or  mixed  (space-time) 
effects.  Some  turbulent  effects,  however,  may  be  modeled  in  the 
statistics  of  k. 


wi 
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1.5.3  Chernov's  Wave  Equation 

L.A.  Chernov  [41]  has  investigated  solutions  to  the  wave-like 
equation 


— - — — p(r,t)  - v2p(r,t)  + 7*np(r)-v(p(r,t))  = 0 (1.37) 

c2(r)  at2 


From  Eq. 

(1.27),  we  easily  find 

that 

this  equation  implies 

Po 

= constant 

a0 

= 0 

Pi 

= constant 

ii 

= 0 

lo 

= 0 

= 0 

Ti 

= 0 

h 

= c2(v  - VinP0) 

v-T 

= -vp 

b, 

= 0 

p 

= p(r) 

ba 

= 0 

d__ 

dt 

(tnpc2|r)  = 0 

b.3 

= 0 

f 

= 0 

90 

= 0 

(1.38) 

Here  we  recognize  a clqar  extension  from  the  ideal  wave  equation. 
The  density  is  allowed  a spatial  variation.  Still,  turbulent  effects, 
background  pressure,  losses,  body  forces  and  fluid  motion  are  not  ac- 
counted for.  The  term  Viinpo(rJ  • vp  will  contribute  a spatial  relaxa- 
tion effect. 

We  note  that  Chernov's  equation  does  not  allow  the  acoustic  dis- 
turbance to  influence  the  medium.  It,  thus,  describes  a non-material 
surface  propagating  through  a static  but  spatially  inhomogeneous  medium. 
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1.5.4  Tatarskii's  Wave  Equations 

V.I.  Tatarskii  has  published  two  formulations  of  fundamental 
equations  which  we  investigate  here.  Eoth  assume  narrowband  radiation. 
The  first1  states 

t2p  * k2p  1°  v.vp  , k()  . „o/C(j  (,.39) 

where  i is  the  mean  temperature  and  tj  its  deviation  (from  the  mean). 

A straightforward  comparison  is  easily  made  for  the  harmonic 
realization  of  the  general  Eq.  (1.28)  which  is, 

-%2P  + ja0woP  + (vp)  + ^ (kik)  + • ( vp  + b2) 

+ a^*  (vp  + bj)  = go  • 


Then,  for  a0  = 0;  b^  = = a^  = [0] , g = 0 and  a3  = -c2v  we  have 


k2p  + v2p v^.vp  = 0, 


k - wo/c 


The  result  follows  from  k2  = k 

c 

Thus,  in  Eq.  (1.34)  Tatarskii  assumes  the  following 


- r) 


Po  = 

constant 

ao 

Pi  = 

constant 

li 

lo  - 

0 

i2 

!See  [188], 

Eq.  5.5. 

' 
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II  • o 

v*T  = -vp 
p * constant 

^ ( JtnpC2  )r)  = 0 

f =0 


The  term. 


la  = -c2* 

bi  =0 

b 2 = 0 


b3  = 0 


g0  = 0 


(1.40) 


acts  as  a distributed  random  source,  dependent,  however,  on  the  acoustic 
pressure.  Thus  the  medium,  appearing  in  the  particle  velocity  v^,  the 
temperature  x,  and  the  wave  number  k^,  acts  to  influence  the  result. 

Body  forces,  independent  noise  sources,  and  other  medium  variables  are 
not  considered.  We  shall  see  (in  Chapter  II)  that  the  factor 
(jk0/c0)v-vp  is  considerably  more  important  in  air  than  in  water. 

It  is  clear  that  from  Eq.  (1.39)  temporal  and  mixed  effects 
cannot  be  obtained. 

A second  equation  published1  subsequent  to  Eq.  (1.39)  attempts 
to  link  the  propagation  of  sound  directly  to  the  turbulence  factors  of 
temperature  and  wind  velocity.  It  is  given  as 


v2p  + k2p 
K o 


+ 


v*7*(uyp) 


'See  [187],  p.  156,  Eq.  (15). 


(1.41) 
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where  ij  is  the  turbulent  velocity  and  uvp  is  a second  order  tensor. 
This  equation  steins  from  the  deriving  equations: 


0 v_ 

It 

_ XR  _ yW 

p - — 

(Tl) 

iR  = 
at 

- v* py 

(T2 ) 

dS 

dt 

0 

(T3) 

S = 

Cy2np  - Cptnp  (ideal  gas  law) 

(T4 ) 

where  c2  = ^ ?=^  . 

p cv 

Equation  (1.41)  can  be  established  from  the  harmonic  form  of  the 
general  equation  wi  th  aQ  = 0,  a x = a^  = b^  = b^  = b^  = [0],  p constant 
and  g = -pc2v*(v/VvJ  . 

In  this  event,  we  have 

ii.()2p  + c2(v*vp)  = -pc2v-  (v*vv) 

Now  let  v = u + v,,  the  sum  of  turbulent  and  acoustic  material  veloci- 

a 

ties  with  v-u  = 0 (an  incompressible  turbulence). 

With  no  body  forces  (f  = 0)  in  a perfect  fluid,  the  nomentum 
equation,  Eq.  (1.16)  (in  partial  derivatives),  becomes  (v-T  = -vp) 


or 


3v 


= ' al  - f 


u) 


3(y^ 


+ u) 


at 
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For  the  incompressible  turbulent  fluid  we  have 


3ii 

u-vu  = = 0 


so  that,  if  we  linearize  by  neglecting  we  get 


u-vv  + v *vu  = 

— 6 —a 


dt  p 


In  the  harmonic  case,  then,  it  follows  that. 


v = f-(uv*y^  + v,'Vu) 
10  Juo  ' 


. J2- 


JV 


These  conclusions  may  be  used  to  approximate  (again  by  linearizing) 


Pc2v-(v-vv)  = pc2v-(u-vv^  + v^vu)  = pc2v* 


Jgjo  * p 


v 


vu 


u.U-^ 

- \J%  p 


U.vf^V  -V-^-  -vu 
- \p  / p 


Using  Tartarskii's  reasoning  that,  since  v>u  = 0,  ]j  may  be  brought 
into  the  derivatives,  (i.e.,  uvvp  = v*(uvp),  we  have 


pc2v-(v-vv) 


v*/u  ^-\  + v*u  - uv2p 
- p ~ p 


Neglecting  the  last  term  and  considering  p constant,  we  arrive  at 

pc2v-(v-vv)  ^c—  v-v-(uvp)  . 
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This  approximation  in  hand,  the  general  equation  becomes,  with 
c2  = Cq  0 + ii/O. 


v2p  = -r~  7*  V*  (uvp) 
0 


Now,  letting  7 — =0,  and  dividing  by  eg,  we  have 


w„2P  + c§  ( 1 + — 


which  is  Eq.  (1.41). 

The  derivation  illustrates  the  tortuous  reasoning  underpinning 
Eq.  (1.41).  The  value  of  the  neglected  terms  in  relation  to  those 
retained  depends  strongly  on  the  situation.  Obviously,  |v  *7v  I > u*7v 
whenever  the  turbulence  is  small  (i.e.,  ~ 0).  Chapter  II  will  give 

some  insight  into  those  situations  v/here  Eq.  (1.41)  may  be  useful. 

We  have  found  that  in  Eq.  (1.41),  it  is  assumed  that. 


Po  = 

constant 

ao 

= 0 

Pi  = 

constant 

ill 

= c 

lo  - 

to] 

£2 

= 0 

II  = 

[0] 

a3 

= c27  (random) 

II 

> 

"7p 

h 

= 0 

p = 

constant 

by 

= 0 

(*nPc2|r)  =0  b3  = 0 
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= 0 


9o  = -pc2(v-vv) 


K). 


k2  = k2( 1 + — I . (1.42) 

Equation  (1.41)  also  assumes  the  turbulence  to  be  incompressible 
and  the  randomness  to  be  spatially  homogeneous.  It  is  apparent  that 
this  equation  is  limited  to  spatial  effects. 


1.5.5  Blokhintsev  and  Mintzer 

In  the  mid-1940's,  D.  Blokhintsev  published  [22]  wave  equations 
for  propagation  of  sound  in  an  inhomogeneous  and  moving  medium.  His 
deriving  equations  are: 


3v  vv2  -vp2 

— + (v  x v)  xv  = — — (B1 ) 


It  * ’-Oi*  0 


If  * v.w  = 0 


P2  = Z(p,S) 


(B2) 


(B3) 

(B4) 


where  S is  the  entropy  and  Z is  the  equation  of  state.  He  further  uses 
c2  = (3p2/3p)s.  the  square  of  the  adiabatic  sound  velocity,  and  ignores 
effects  of  viscosity  and  heat  conduction. 

The  momentum  Eq.  (1.16),  can  be  reduced  to  (Bl)  under  the 
assumption  v-T^  = -vp2  by  using  the  relation 
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V(v;v)  = 2v^*W  - 2(V  X vj  X . 


Then 


3V  v'l2  VP2  I 

— = f + vvv  = f i-  VV2  - (v  X v)  X V 

o C — P — — p C 


which  for  £ = 0 reduces  to  (Bl). 

Solutions  are  obtained  from  small  perturbations  of  the  deriving 
equations. 

Mintzer,  somewhat  later  [141-143]  used  these  relationships  to 
obtain  solutions  for  homogeneous  and  isotropic  media. 

While  direct  comparison  with  Eq.  (1.27)  is  difficult  for  a 
perturbation  theory,  it  is  nevertheless  clear  that  v-T^  = -vp2  and 
f = 0 are  used.  We  put  down  as  typical  for  this  approach 


Po  = 

Po 

ao 

= 0 

Pi  = 

Pi 

ii 

= 0 

II 

a 

> 

-?Po 

<L2 

V-T2 

p 

v-T,  = 

-Vpj 

a.3 

= -C2V 

v*T  = 

-vp 

ki 

= 0 

p = 

small  variations 

= 0 

- v(v*v) 


ft  (*npc2|r)  = 0 

f = 0 


b3 

9o 


0 

0 . 


(1.43) 
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Physically,  these  constitutive  equations  imply  an  ideal  Navier- 
Stokes  fluid  with  consideration  given  to  its  motion  and  thermodynamic 
state. 


1.5.6  Neubert  and  Lumley 

In  an  interesting  paper  J.  A.  Neubert  and  J.  L.  Lumley  [151]  seek 
the  conditions  for  the  validity  of  the  stochastic  Helmholtz  equation 


(v2  + k2(rj)p(r_)  = 0 . (1-34) 

The  deriving  equations  are: 

1^-  = v-pv  = 0 (Nl) 

(pV.)  + V*(pVVT)  = -vp2  + y pV(V*v)  + yV*(w)  (N2) 
= c2(r)  , (random)  . (N3) 


(N2)  is  a linear  form  of  the  Navier-Stokes  equation.1  Equation  (N3)  is 
a simplified  equation  of  state.  From  these  equations,  a basic  sto- 
chastic equation  is  obtained: 


'The  non-linear  form  of  the  Navier-Stokes  equation  is 

I2  = ( — P 2 + a)I  + BE  + yE^E 


N2  is,  as  given,  spatially  non-linear  in  v^,  but  linear  in  p2.  Not 
surprisingly,  these  same  characteristics  are  found  in  equation  (1.44) 
following.  Materially,  N 2 is  linear  in  as  well,  because  a/at(pv)  + 
v-(pvyT)  = d/dt(pv).  The  non-linearity  of  N2  is  thus  a hydrodynamic 
perspective. 
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2 

P 


= 2 ( v - p 0v^ ) u/-^-  - v^v^pqv^  - pau^) 


(1.44a) 


where  v = u + v and  p = po  + p,  are  the  turbulent  and  acoustic  decom- 

— d a 

position;  the  symbol  (:)  denotes  a double  contraction.1 

Neubert's  basic  equation  is  obtained  by  approximations  Lased  on 
physcial  considerations.  A cardinal  approximation  ignores  terms  that 
scale  like  au2/1_uc2  relative  to  unity,  where  X is  the  wavelength  and  l_u 
is  the  turbulent  integral  scale  for  velocity  fluctuations. 


Lu  = / <u(r)u(r0)>d( jr  - r 0 | ) . (1.45) 

o 


As  initial  approximations,  v*u_  and  t)3  are  set  to  zero,  that  is,  the 
turbulent  fluid  is  considered  incompressible  and  the  acoustic  stress 
tensor  is  assumed  diagonal. 

The  left  hand  side  (LHS)  of  Eq.  (1.36)  and  the  fundamental  Eq. 
(1.27)  are  the  same  under  the  conditions  (d/dt)«npc2  = 0,  vtnp  = 0,  v = 
u.  The  right  hand  side  (RHS)  of  Eq.  (1.36)  comes  from  the  term 

( V- (To  + I, ) 

pC2V*l  v*vv  - 

V ~ p 


of  gQ.  Since 


double  contraction  takes  a second  order  tensor  into  a scalar,  often 
wri tten  A. ,B  . . . . 

1 J J 1 
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c2y.  pv-w  - V*(T0  + Ii)  = C2V-(pV-Vv)  - C2  V-V-(T0  + II  h 


and  the  term 


9L[  3U. 

C2V*V*(Tp  + Ii)  « C2Vp  W V-  pC2g-^ 


TT  ” P "5T  ‘VC2 


from  scaling,  the  first  term  of  Eq.  (1.44)  can  be  obtained  from 


du_  3JJ 

p dl  = p it  + ^ * p°va’V- 


W v-(poY-u)  - u-v(p0yj  ~ u-VpoV^ 


These  manipulations  clearly  demonstrate  the  importance  of  the  scaling 
in  this  development. 

The  second  LHS  term  of  Eq.  (1.44)  can  be  manipulated  from 


C2 V*  (pV_*  vv) . 

. We 

can  thus  set 

the  conditions 

and  assumpti 

Eq.  (1.44). 

Po  = 

Po 

ao  = 

0 

Pi  = 

Pi 

a.i  = 

ij 

V*  Jj 

lo  = 

lo 

i2  = 

-v  • vu  + — — 

- — p 

II  = 

II 

a.3  = 

1 

O 

ro 

£ 

< 

7-1  = 

-vp2 

+ Jj-  v(v*v)  + 

pv2v  , bj  = 
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p = constant 
^jr  ( fcnpc2 | r)  = 0 
f = 0 


b?  = 0 
b3  = 0 

9o 


pC2V- 


V-(Io  + Ii) 


(1.46) 


- v-vv  I. 


The  Navier-Stokes  assumption  plays  no  role  in  deducing  Eq.  (1.44). 
Physically,  we  see  that  Eq.  (1.44)  incorporates  certain  non-linear 
characteristics  of  the  moving  medium,  considered  deterministic  save  for 
random  parameter  £2(r.).  Even  given  Eq.  (1.44),  the  justification 
of  the  stochastic  Helmholtz  equation  requires  further  approximation. 

shall  return  to  [151]  in  Chapter  II  where  criteria  for  the  validity 
of  assumptions  are  given. 

1.5.7  Non-Linear  Acoustics 

Finally  following  Blackstock  [21]  we  give  the  basic  equations  used 
to  model  non-linear  acoustics.  These  are  the  following: 


32-  + v 

2*  + c 

av 

at  v 

ar  c 

ar 

3V  + v 

3V  + c 

3A 

at  v 

ar  c 

ar 

= 0 , c = c(r,t). 


( B T - 1 ) 
(Bl-2) 


where 


A = / (c/p  )dp 

p~ 


These  basic  equations  stem  from  an  assumed  plane  (one  dimensional)  wave 
propagation  in  an  ideal  fluid.  Following  Earnshaw,  A is  set  equal  to  v, 
so  that  equation  ( B 1 - 1 ) reduces  to  equation  (Bl-2).  Solutions  are 


45 


TR  5871 


obtained  by  assuming  a perfect  gas  law  (e.g.  , p/po  = (p/pQ)Y  , and 
evaluating  the  parameter,  x. 

Because  this  method  does  not  express  a differential  equation  in 
p,  it  is  somewhat  difficult  to  categorize.  We  put  down 
P = P„ 


*o  = 0 


Pi  = 0 

lo  = tO] 


Ii 


[0] 

VT  = -vP 

P = p(r,t) 

•ft  (fcnpc2|r)  = 0 

f = 0 


a l = v 

ag  = [0] 

= -c2(r,t)v 

b i ■ 0 

b?  = 0 
b 3 = 0 

g_  = o. 


(1.47) 


The  focus  of  attention  here  is  the  dynamic  character  of  the  propagation 
velocity  c(r,t)  and  the  density  p(jr,t).  It  can  be  seen  that  turbulence 
(gusts  of  wind,  for  example)  is  not  accounted  for. 


1 .6  Summary  and  Remarks 

In  Table  1-1,  we  summarize  the  observations  made  in  the  preceding 
section.  One  notes  that  most  acoustic  theory  has  been  based  on  ideal 
media.  The  measurable  effects  of  turbulence  and  body  forces,  however, 
are  attributes  of  real  media,  so  it  is  hardly  surprising  that  the  sub- 
ject of  wave  propagation  in  turbulent  fluids  has  been  controversial. 

Many  of  our  concepts  stem  from  the  assumptions  of  ideal  media. 

The  notion  of  "beam  patterns,"  for  instance,  implies  a linear,  homo- 
geneous medium.  As  turbulence  comes  to  the  fore,  it  becomes  increas- 
ingly difficult  to  define  a "beam  pattern."  The  general  Eq.  (1.27) 
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has,  for  another  instance,  no  well  defined  wave  structure.  Moreover, 
it  is  non-linear.  Evidently,  it  is  important  to  know  in  what  circum- 
stances our  usual  concepts  apply  and  to  what  extent  they  no  longer  hold 
in  the  physical  medium. 

To  answer  such  questions,  a naive  util itarianism  breaks  down. 
Nothing  will  dc  but  to  search  for  a theory,  logically  consistent,  and 
broad  enough  to  embrace  our  interests.  With  such  a view  in  hand,  we 
possess  the  means  of  judging  quantitatively,  and  thus  the  knowledge  to 
apply  approximations  effectively. 

Tatarskii  remarks  [188,  pg.  153]  that  "...many  of  the  early 
studies  of  the  scattering  of  sound  in  a turbulent  atmosphere  proceeded 
from  exceedingly  crude  starting  equations."  This  chapter  has  reviewed 
some  prominent  recent  efforts  and  has  found  that  many  of  these  depart 
widely  from  a strict  derivation  based  on  hydrodynamic  principles. 
Forturately,  the  fluids  of  most  interest  to  us  usually  are  weakly  tur- 
bulent. It  is  when  the  turbulence  is  strong,  or  when  turbulent  effects 
have  accumulated  because  of  propagation  over  long  distances,  that  the 
various  theories  lead  to  conflicting  or  incomplete  results. 

Tie  method  selected  has  led  to  several  original  results.  Foremost 
is  the  comparison  of  the  usual  formulations  with  the  general  adiabatic 
case  (Table  1-1).  This  yields,  when  added  to  the  axioms  (A1 ) and  (A2), 
a complete  set  of  assumptions  for  the  usual  formulations.  Secondly,  we 
have  distinguished  between  the  hydrodynamic  and  partial  derivatives 
(see  Eq.  (1.4)).  In  Appendix  A this  distinction  becomes  crucial  in  ob- 
taining the  first  known  exact  solutions  to  the  adiabatic  hydrodynamic 
equations.  Our  method  has  likewise  derived  the  propagation  of  non- 
acoustic fields  (see  Section  1.4)  and  the  general  stochastic  (Langevin) 
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Eq.  (1.28).  Important,  likewise,  but  mathematically  oriented,  is  our 
framing  the  extension  of  the  divergence  theorem  (Sec.  1.2. 1.2). 

In  concluding  this  section,  we  comment  on  some  historical  trends. 

The  difficulty  of  solving  the  hydrodynamic  equations  has  long  been 
recognized.  Consequently,  early  researchers,  in  their  quest  for  solu- 
tions, simplified  the  constitutive  equations.  Emphasis  was  placed  on 
solutions  in  the  classical  sense  using  idealized  boundary  values.  As 
the  basic  stochastic  nature  of  the  problem  came  to  be  appreciated, 

researchers  attempted  to  add  stochastic  variables  to  the  simplified  j 

equations.  Thus,  solutions  were  produced  which  accounted  for  some,  but 

not  all,  of  the  observed  effects.  j 

Relying  on  this  considerable  historical  effort,  we  can  now  see  the 
problem  in  a different  perspective.  Viewing  propagation  as  essentially  > 

a random  process  considerably  eases  the  need  for  simplifying  approxima- 
tions. Further,  it  removes  the  task  of  medium  identification  from  a 
practically  impossible  task  to  one  that  is  at  least  tractable.  On  the 
other  hand,  this  view  forces  a new  meaning  to  the  solution  of  the  prob- 
lem, for  we  can  no  longer  insist  on  deterministic  solutions.  Meaningful 
solutions,  rather,  are  given  in  terms  of  process  (ensemble)  character- 
istics, namely  moments,  distributions,  and  similar  ensemble  properties. 

But,  before  turning  to  the  solution  of  the  hydrodynamic  and  wave 
equations,  let  us  first  determine  the  conditions  for  the  validity  of 
wave  equations  in  the  media  of  most  interest. 
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II.  APPROXIMATIONS 

2.0  Introduction 

Having  formally  derived  the  assumptions  of  the  usual  models,  we 
propose  in  this  chapter  to  examine  quantitatively  the  circumstances 
under  which  they  are  valid.  Because  the  medium  itself  will  not  be 
denied,  we  concentrate  our  attention  on  the  atmosphere  and  the  ocean. 

The  most  satisfying  method  of  judging  an  approximation  to  the 
general  equation,  (1.22)  or  (1.27),  would  be  to  condition  a medium 
experimentally  and  compare  results.  Unfortunately,  except  for  a few 
laboratory  environments,  it  is  practically  impossible  to  condition  the 
medium  dynamically. 

Another  satisfactory  method  would  compare  the  solution  of  the 
general  equation  to  that  of  the  approximation.  Thus,  for  the  ideal, 
physically  homogeneous  medium,  the  hydrodynamic  equation  for  a harmonic 
plane  wave'  is 

P0C§ 

p(r,t)  = , k0  = W()/c0,  (2.1) 

1 - k a cos (uj  t - k x(r)) 

O O 0 

which,  when  contrasted  to  the  classical  solution, 

p(r,t)  = p0c§(l+koa  cos  (ojQt-k0r ) ) , (2.2) 

'See  Appendix  A. 


51 


TR  5871 


shows  the  latter  to  be  in  error  by 

e = p - p = p0cQ2  ^ ( kQa ) n cosn(wot-kox) 

+ koa(cos(a;0t-k0x)  - cos(w0t-kQr))j  . (2.3) 

Since  the  general  solution  is  exact  for  all  adiabatic  propagation, 
approximations  for  many  cases  of  interest  may  be  found.  Still,  this 
method  is  mostly  inconvenient.  It  presupposes  solutions  to  the  general 
equation,  which,  in  turn,  require  exact  knowledge  of  the  medium  and, 
also  importantly,  a precise  description  of  the  geometry  (including 
interfaces).  Change  the  medium  or  the  geometry,  the  solution  also 
changes,  sometimes  dramatically,  so  that  what  was  a good  approximation 
becomes  questionable. 

A less  satisfying  method,  but  one  which  yields  more  insight, 
focuses  on  the  situation  at  a point.  A description  of  the  situation  at 
any  point  is  available  from  the  differential  equation.  One  may  readily 
inquire  into  the  magnitude  of  the  terms  comprising  the  general  differ- 
ential equation  and  so  come  to  a judgment  (sometimes  more  qualitative 
than  quantitative)  of  a given  approximation.  Thus,  for  example,  the 
element  (d/dt ) ( f.npc2 1 r)  may  be  compared  with  (a2/dt2)(p|£)  for  a 
particular  medium  (which  comparison  inexorably  involves  the  physics  of 
the  medium)  and  so  a judgment  may  be  formed  of  any  approximation  which 
neglects  it.  Contrariwise,  conditions  may  be  found  under  which  a 
neglected  element  of  the  general  equation  begins  to  compare  in  magni- 
tude with  retained  elements  in  an  approximation.  Under  these  condi- 
tions, one  cannot  hope  the  approximation  to  be  useful. 
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Contrasted  to  approximation  by  results  (either  experimental  or 
integrated  solutions)  approximations  at  a point  require  no  knowledge  of 
geometry  or  interfaces.  In  this  sense,  the  conclusions  drawn  thus 
enjoy  a somewhat  more  general  application. 

On  the  other  hand,  a strong  caveat  is  in  order.  Given  an  effect 
negligible  at  a point,  it  does  not  follow  that  it  is  negligible  iri  the 
result.  The  result  integrates  the  effect  at  a point  over  a region 
so  that  the  integrated  result  may  be  appreciable.  For  example,  we 
may  find  tidal  motion  insignificant  at  a point,  but  dbnsequential  in 
the  result.  In  the  sequel,  when  there  is  reason  to  believe  such  to  be 
the  case,  we  shall  term  the  effect  a "global  effect." 

In  addition  to  the  caveat  mentioned  above,  our  analysis  suffers 
from  several  other  defects  not  intrinsic  to  the  method.  One  can  appre- 
ciate the  first  of  these  by  noticing  that  most  physical  descriptions 
are  given  in  terms  of  a static  medium  whereas  we  consider  the  dynamic 
medium.  The  speed  of  sound  in  the  ocean,  for  instance,  is  given  in 
terms  of  temperature,  salinity  and  depth  [210]  (a  static  representation). 
Dynamically,  it  is  expressed  as  the  ratio  of  change  in  pressure  and 
density.  Density  is  affected,  of  course,  by  temperature,  salinity  and 
depth;  it  is,  likewise,  affected  by  the  motion  of  the  medium.  We  must 
perforce  accept  such  physical  data  as  are  available. 

Further,  because  the  point  description  is  given  in  terms  of  the 
operators  ( d/d t ) ( • |r) , d2(*|r)/dt2,  v and  v2,  we  must  have  some  consist- 
ent way  of  evaluating  the  effect  of  these  operators.  We  use  the  fol- 
lowing approximations  (suggested  by  Fourier  transforms): 

^-  ( • | r)  -►(!>(•) 
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- — ( • | r)  u)2  ( • ) 

dt2 

v(  • ) -*  k.(*) 

V2(.)  ->  k2(0  (2'4) 


so  that  validity  is  expressed  in  terms  ot  frequency  and  wave  number 
(not  necessarily  restricted  to  the  source). 

The  approximations  given  in  Eq.  (2.4)  can  be  appreciated  from  the 
exact  solutions  for  a plane  wave  (Appendix  A).  For  the  acoustic  pres- 
sure 

P0coV  cos(u0t  - k0x) 

p = __ — . — - — , 

1 - kQa  cos(u0t  - kQx) 


we  have 


d(p|r)  PQCpSy  *1n(“0t-fc0x)  _ ^ V_ 

dt  [l-k0a  cos(aJot-k0x)]3  [l_k0a  cos(wot-k()x)]/ 

_ p0co2ko2a  sin(u,0t-k0x)  kop k . 

^ [l-kQa  cos(w0t-kQx)]3  [l-k0a  cos(Wot-k0x)]2 


Thus,  in  those  areas  of  the  field  where  the  phenomenon  acts  locally 
like  a plane  wave,  the  approximate  transformations  represented  by  Lq. 
(2.4)  may  be  safely  used.  For  many  cases  of  interest,  this  is,  of 
course,  the  situation  for  much  of  the  field. 
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In  the  sequel,  we  will  often  check  our  results  with  reference  to 
the  plane  wave  case.  In  so  doing,  the  approximation  may  be  judged 
agair.t  a simple  but  exact  comparison. 

The  upshot  of  these  decisions  is  to  give  the  results  of  this  chap- 
ter a certain  coarseness.  We  will,  consequently,  conclude  by  suggest- 
ing some  experiments  for  refining  our  results. 

2 . 1 irder  of  Importance:  First  Order  Equation 

he  first-order  general  Eq.  (1.22)  may  be  rendered  as 

<i(p|r)  d(p0|r)  d(pj|r) 

sr~ + ^*vp  + pc?v^ + ~dt — + -a* — + ^vp0 

+ y.'vPl  = 0 . * (2.5) 

For  clarity  we  specify  (in  contrast  to  p2  = p0  + Pi  + p),  the  decom- 
position 

v = v0  + V j + Vg 

k = k0  + t 1 + k. 

p = Po  + PI  + Pa 

to  designate  the  total  parameter  and  its  decomposition  into  background, 

turbulent  and  acoustic  components,  respectively.  Let  us  assume  an 
unchanging  background  pressure,  i.e.,  [d(p0|r)]/dt  = 0 . Using  Eq. 
(2.4),  we  obtain  for  Eq.  (2.5) 
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urp  + pk^’V  + pc2  v*(k0  + ki  + jO  + ooi p x + Poilo-v 

a — a — O 

+ p ! J< x - V_  = 0 . (2.6) 

Lach  term  may  no w be  compared  to  the  first  term. 

1.  The  term  pk  *v  compares  to  <u,p  as 

— D — G 


P-a 


V-c 


- , with 


= V 


(2.7) 


The  particle  velocity,  v,  is  due  to  background  motion,  turbulence, 
and  acoustic  influences.  In  the  sea,  we  may  find  currents  of  up  to  4 
kt  or  0.5  percent  the  propagation  velocity.  Thus,  if  globally  present 
(i.e.,  present  along  the  entire  wave  traverse),  we  might  expect  to 
discern  an  effect  at  200.  In  the  air,  winds  up  to  50  km/hr  are  not 
too  unusual;  this  is  an  effect  of  4.2  percent,  noticeable  at  25  m. 

Gusts  and  turbulent  eddies  may  be  expected  to  produce  effects  of  the 
same  order. 

Particle  motion  due  to  acoustic  effects  may  be  estimated  from  dis- 
placements of  transducer  heads.  For  harmonic  motion,  the  time  required 
for  one  cycle  is  A/c,  during  which  transducer  head  has  traveled  4a. 

The  head  velocity  can  thus  be  approximated  as: 


va 


4ca 


or 
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Head  displacement  is  obviously  a function  of  power  and  frequency.  As  a 
reference,  one  may  expect  a transducer  emitting  500  W into  sea  water 
at  3 kHz  to  produce  a displacement  of  0.15  x 10”4  m.  Thus, 

| v^l/  |cj  = 10  4 = 0.01  percent.  Moreover,  this  action  may  be  purely 
local,  the  sinusoidal  motion  cancelling  any  cumulative  effect.  The 
motion  of  a transducer  head,  as  we  see  from  here  and  Appendix  A, 
figures  as  an  important  medium  descriptor. 

The  motion  induced  by  speakers  in  air  is  quite  sensible,  certainly 
exceeding  10~3  m at  high  power.  The  effect  in  air  of  this  term  then 
exceeds  that  in  sea  water  by  at  least  an  order  of  magnitude.  In  either 
case  one  expects  the  displacement  to  be  a function  of  pressure,  ampli- 
tude, and  frequency. 

2.  The  third  term  of  Eq.  (2.6),  pc2v*v,  compares  with  the  first 
as 


(2.8) 


For  many  cases  (pc2/p) ( | v | / | c | ) * 1 . Letting,  for  instance,  p = c>ac2. 


where 


p - PO 


p„  + k p,  we  have 


-eci  = £c£ 


H pC2  p(kd  ^ | v | 

from  above.  Thus,  for  acoustic  pressures,  this  term  is  strictly  com- 
parable to  d(p|r)/dt. 

Tatarskii  and  others  treat  the  turbulence  as  incompressible 
(V'Vj  =0),  so  that  for  them,  the  term  pc2v*v  is  predominately  acoustic. 
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For  propagating  internal  waves,  however,  the  turbulent  terms  would 
compare  as  the  frequencies  involved.  This  means  that  at  the  lower 
"acoustic"  frequencies  (i.e.,  less  than  1 Hz),  the  effects  of  the 
higher  frequency  internal  waves  can  be  pronounced. 

3.  The  term  unpi  of  Eq.  (2.6)  compares  as 


WlPl 


W P 

d 


lki I pi 

nrrr 


(2.9) 


Except  for  very  low  frequency  transmissions,  the  acoustic  wave  number 
is  usually  larger  than  the  turbulent  "wave  number,"  (i_.£. , k >>  kj). 
However  pj,  the  turbulent  pressure  may  be  much  greater  than  the  acoustic 
pressure  p.  Few  acoustic  waves,  for  example,  exert  sufficient  pressure 
to  blow  off  one's  hat.  The  importance  of  this  term  comes  from  the 
strength  of  the  turbulence  and  acoustic  frequency  employed. 

4.  Because  k0  (the  wave  number  of  the  background  pressure)  is  an 
awkward  concept,  we  consider  the  term  p0k£*v_  in  its  original  form 
v*vp  . This  term  compares  as 


v/VPo  v/Vpo  (ko  + k_i  + k^)a  vpo 

u.P  “ (c-k  )p  1 fk]  * ~p~ 

d d 


+ ki 


+ ^a) 


• vp0 


M'Pol  , . 2n 

> k a “ \ 

2np0C2 


In  air  |v£o|  may  be  taken  as  10  Pa/m,  while  in  the  sea  |vp0|  = 104  Pa/m. 
In  water  p0c2  = 225  x 107  Pa;  in  air  poc2  « 15  x 10u  Pa.  Thus,  this 
element  is  insignificant  locally,  but  quite  important  globally  since  it 
almost  always  accumulates.  For  the  acoustic  condition  then,  we  have 
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= (7  x 10~4)a  for  water 

**P0 

2irp  c2 

= (1.5  x 1 0” 5 ) X for  air.  (2.10) 

5.  Finally,  the  term  pjkj^v  compares  to  the  first  term  of  Eq. 
(2.6)  as 


Pi^'iii  Pil'iii 
wTP  pc-k 

d — — d 


Pi(k_0+lii+ka)a|ki 


Pi  I ki  I ( 
= ^TkTT-l1 


The  effect  is  appreciable  locally  when  p x ak j i p.  The  global  effects 
depend  strongly  on  the  strength,  nature  and  extent  of  the  turbulence. 

These  approximations,  gross  as  they  are,  show  the  great  differ- 
ences between  the  sea  and  the  atmosphere  in  acoustic  propagation.  The 
differences  between  sea  and  pure  water  are  much  more  subtle  and  require 
better  approximations  (including  losses  in  propagation).  Our  results 
are  summarized  in  Table  2-1. 

We  now  compare  these  approximations  with  the  known  conditions  for 
an  ideal  hydrodynamic  plane  wave.  In  this  case 


d(p2|r) 

dt 


p„c  2U  k sin(u  t - k x)  -up  tan(u  t - k x) 

0 o a a a a _ a a a 

[1  - k a cos(u  t - k x)]3  [1  - k a cos(u  t - k x)]2 

8 3 3 3 3 3 


(2.12a) 


v = aw  cos(w  t - k x)  (2.12b) 

3 3 3 3 


u k a sin(w  t - k x) 

v-v  = — — (2.12c) 

1-k  a cos(u  t - k x) 

3 3 3 
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Poc2k2a  sin(uat  - kax) 

vp2  = 

[1-k  a cos (o>  t - kax)]3 

a a a 


(2.1  2d) 


Pi  = 0 . 


(2. 12e) 


v-vp  aa)a  sin(aiat-kax)p0c2k2a  sin(wat-kax)[l-kaa  cos(wat-kax)]3 

d(p|r)  t1_kaa  cos(wat-kax)]3  (-PoC^wakaa  sin(wat-kax)) 

dt 

= -kaa  sin(wat  - kax)  (2.13) 


which,  in  magnitude,  is  the  result  obtained  for  the  acoustic  case  of 
Eq.  (2.7). 

Similarly,  we  have 


pc2v*v  poc£  wakaa  sin(^at-kax)  [l-kaa  cos (tJa t-kQx ) ]3 
d(p|l)  [1-k  a cos(u  t-k  x)]2  (-p  c2uak  a sin(w  t-kx)) 

d d d OUda  a 

dt 


= -H  - kfla  cos(wat  - kax) ] , 


(2.14) 


so  that  this  term,  as  we  found  in  Eq.  (2.8),  is  strictly  comparable  to 
. For  this  homogeneous  case,  the  other  terms  of  Eq.  (2.5)  equal 

zero. 
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2.2  Order  of  Importance:  Second  Order  Equation 

While  the  previous  section  gives  some  insight  into  the  order  of 
importance,  it  does  not  set  conditions  for  the  approximations  of 
Chapter  I.  For  this,  we  need  the  second  order  general  Eq.  (1.28). 
Using  Eq.  (2.4),  we  set  down  the  elements  of  the  equation: 


1 ) d2(p|r) 

dt2 


->  U)2P 


d ( P I n)  d 

2)  a0  — *■  'Jt  (inpc-2l-) 

3)  — i * 3t  (^pI— ^ “P— 

3a)  li  • ^v^Po  + piHl)  “*■  “iPiJU'SL 

(d  7’^  \ 

f - v-vv  - ^ UnPc2|r)  v + — — 1- 

/ h v-tA 

4a)  a^-bj  ■+  (f  - v-vv  - ^ (tnpc2|r)  v_  + — — I-  (vpo  + Jli  P l ) 

5)  aj-vp  - c2k2p  -c2(vtnp)- (kp) 


kP 


(2.15) 


5a)  aj"b3  = -c2(v  - vinp)-b3 


6)  g0  -*■  wifPi  - -ft  Unpc2|r)  wiPi  - pc2v-(f  - v-vv  + 


v.(Io  + hV 


Each  term  of  Eq.  (2.15)  will  be  compared  to  the  first  term. 

1.  The  first  term  compares  as  1. 

2.  The  second  term  compares  to  the  first  as 
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wp  ^ UnPc2|r) 


u2p 


fcn(pc2|r)  ^(pc^|r) 


(2.16) 


wpC'* 


Let  p ( r_, t ) = p0(1+  o)  and  c2(r)  = c|  (1  + u),  with  p0  and  c£  constant. 
Then 


^(pc2|r)  = p0c2^[(l  + o) ( 1 +p)|rj 


= p0c' 


(1  + o) 


d(p|r) 
dt  " 


+ (1  + p) 


d(a| r) 
dt 


so  that  (2.16)  becomes  (with 


d(p|l) 

dt 


0 and 


d(a|r) 
"dt 


Jwo) 


^ (pc2 I r ) p qCq ( 1 + p) 


0)0 


o(r,t) 


wpC' 


wp0c2(l  + p)(l  + a)  1 + a(j%t) 


(2.17) 


In  the  ocean  (if  we  except  interface  discontinuities)  o < .041,  so  that 
this  term  may  generally  be  disregarded.  This  means  that  the  temporal 
relaxation  is  a very  weak  phenomenon  in  the  oceans.  The  result  is 
generally  true  for  air  as  well,  except  for  strong  sounds  (an  over- 
pressure of  about  2 atmospheres).  In  this  case,  temporal  relaxation 
becomes  an  important  factor.  See  Fig  2-1.  A practical  conclusion  is 
that  because  of  this  relaxation,  high  intensity  acoustic  ranging  is 
likely  to  be  more  effective  in  water  than  in  air. 

Equivalently  p = 1000  to  1040  kg/m3.  See  [57] 
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The  plane  wave  solution  (Appendix  A)  illuminates  the  above 
comparison.  For  this  case  we  have 

3t  (*npc2ir)  ^(at<P2lr))(Tr^)  ^-(s(pit.))2 

— (p|r)  — (pin)  — (pin) 

dt2  dt2  dt2 


[pn^A3  sin(o,  t-k  x)]2 
p2w2p[l-k  a cosw  t-k  x]4 

0 d 6 3 


P C 


0 0 


P2  a 


k a k a 


(2.18) 


Thus,  so  long  as  the  acoustic  pressure  remains  only  a small  fraction  of 
the  total  pressure,  this  term  may  safely  be  neglected.  In  this  rendi- 
tion, we  write 


1 + o = v 


1 - k„a  cos (ui, t - k,x) 

d d d 


so  that 


k a cos ( u>  t - k x)  [1  - k a cos(w,t 

O d 0 0 a d 


kax)] 


1 + o 


[1  - k a cos ( w t - k x)] 

d d d 


= ka  cos  ( co  t - k x) 
0 0 


(2.19) 


3.  The  third  element,  v-  ^ (vp|r)  compares  with  the  first  as 


v.ko,p 


u.  2p 

d 


v-k  v-k 
— a _ a _ 


ua 


-C-A 


kaa 


(2.20) 
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For  air  and  water,  the  naturally  occurring  turbulent  velocites  (due  to 
currents,  winds,  etc.)  rarely  reaches  .01c  and  is  often  not  aligned 
with  kp . These  may  thus  be  neglected,  (to  1 percent). 

For  instance,  a 100  kt  wind  moves  at  44.7  m/sec  compared  with 
| c | = 331  m/sec.  Likewise,  a 20  knot  current  moves  at  9 m/sec  compared 
with  I c ! = 1450  m/sec.  We  are  obviously  much  safer  here  with  water. 

The  alobal  effects  of  this  term  depend  greatly  on  the  strength  and 
extent  of  the  turbulence.  The  acoustic  effects  should  not  accumulate 
with  range. 

3a).  A similar  conclusion  holds  for  the  term  v-  (pi|r)  which 
compares  as 


(2.21) 


Usually  k > ki  and  u > ui;  often,  however,  pi  > p.  Thus,  if  we  except 
strong  turbulence,  the  term  is  safely  neglected  locally  for  all  but  the 
extremely  low  frequencies.  But  note  that  we  are  dealing  here  with  a 
term  whose  effect  may  accumulate  over  the  course  of  a propagation  path. 


Ill  |V-W ( (g£  (enpc2jr))|v|  |v«T2| 

<*>a|c|  “)alcl  “a  l-l  pu)al?J 


(2.22) 
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The  exterior  (body)  force  f,  the  force/unit  mass,  influences 
propagation.  If  f is  the  force  of  gravity 

f _ 9J3  _ | 6.5  x 10"3/wa  for  water  22a 

co.c  to, c l 3.0  x l0-2/w,  for  air  ' 

a a a 

Thus,  at  very  low  frequencies,  gravity  may  become  considerably  impor- 
tant. The  effect,  shown  in  Fig.  2-2,  weighs  more  heavily  in  air  than 
in  water.  Tides,  which  may  be  considered  low  frequency  acoustic  propa- 
gation, are  well  known  to  be  dominated  by  gravity. 

Besides  gravity,  one  might  also  add  the  Coriolis  force  due  to  the 
earth's  rotation. 

All  body  forces  may  be  expected  to  accumulate  globally. 

The  element  v-vv  = + vx(vxv)  and  so  represents  a contribu- 

tion from  the  local  vorticity  of  the  medium.  Thus,  this  term  may  be- 
come nrominent  in  eddies,  wakes,  etc.  If  we  separate  acoustic  from 
turbulent  terms  and  assume  that  the  acoustic  propagation  induces  no 
vorticity  (as  in  a plane  wave),  then 

vv  2 vv^ 

v-vv  = + v(v  «y,)  + v x(vxvj)  + Vjx(vxV])  + 2 

L 0 “1 fl 


Again,  the  nature  of  the  turbulence  (its  force,  direction,  vorticity) 
is  felt  here.  For  the  ideal  hydrodynamic  plane  wave 


vv,2  2k. au2  cos(u),t-k.x )sin(w,t-k.x) 

~ _ a a g a o a f l a \ 2 

2u>  c ' 2u  c ( 1 -k  a cos (u  t-k  x)]  ~ (Kaa;  , 

3 3 3 3 3 


(2.23) 


so  that  this  term  is  not  important  save  for  high  wave  numbers. 
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The  element  {d/dt  [(anpc2 |r)vj}/u>  c compares  as 


o 

1 + a 


v 

C 


a 

1 + a 


k a 
a 


(k  a)2, 

a 


(2.24) 


from  Eqs.  (2.16)  and  (2.20).  Thus,  this  term  is  largely  ignorable  in 
usual  situations. 

The  element  v*T,/pui  c in  Eq.  (2.22)  compares  as 

3 


-72(P!+  p) 

paj  C poo  C 


k^pj+k2p  v-bj 
d 


(2.25) 


The  first  term,  (k?p,+k2p)/k  p2,  may  be  ignored  except  for  high  acoustic 
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pressures.  The  second  part,  v*bj/pw  c comes  from  that  part  of  the 
stress  tensor  which  differs  from  a perfect  fluid.  It  thus  incorporates 

viscosity  and  loss  mechanisms  in  realistic  fluids.  In  the  ideal,  loss- 
less, plane  wave  case,  we  have 


d(v|x) 

bj  = -v-T-vp  = -P  — ^ vp 


p0au2  sin(w  t-k  x) 

3 3 3 

[l-k  a cos (u  t-k  x)] 

3 3 3 

p0aw2  sin(u  t-k  x) 

3 3 3 

[l-k  a cos(uj  t-k  x)]3 

3 3 3 


p c2k2a  sin(w  t-k  x ) 
o o a a a 

[l-k  cos(oj  t-k  x)]3 

3 3 3 

[l-k  a cos (w  t-k  x)]2  -1 

3 3 3 


= vp{  [1  - K COS  (a)  t-k  x)]2  -1}  , 

3 3 3 


(2.26) 
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which  reveals  clearly  enough  that  the  ideal  hydrodynamic  fluid  is  not  a 
perfect  fluid.1  Here,  bj  has  a "reactance"  effect,  producing  leads  and 
lags  to  V£.  A loss  mechanism  would  introduce  a net  reduction  in  the 
vector;  viscosity,  a change  in  direction,  etc. 

4a.)  The  associated  term  in  4a.,  Eq.  (2.15),  compares  as 

(t  - Unpc2|r)  + — r)  *(7Po  + kiPi 

k2c2p 

In  addition  to  the  above  considerations,  the  ratios  vpo/kap  and  wiPi/wap 
govern  the  effect.  In  many  cases  |vp|  > |v(po  + Pi)|,  so  we  should 
expect  this  effect  to  be  less  than  the  former.  Unfortunately  for 
analysis,  however,  many  such  effects  tend  to  become  important  globally, 
although  they  remain  insignificant  locally. 

5.  The  next  term,  aj*vp,  compares  as 


(2.27) 


c2(kfl2p  - vmp-l^p) 

“a2p 


(2.28) 


The  first  item,  c2v2p,  is  of  the  same  order  as  d2(p|r)/dt  and  figures 
in  all  the  classical  approximations.  The  second  item  does  not  have 
much  importance  locally  except  at  interfaces  and  discontinuities  in 
the  medium.  For  the  plane  wave  case,  we  have 

|v*np|  kaa  sin(wat-kax) 
ka  H-kaa  cos(o>at-kax)]2  3 


^ee  section  1 .2.1 .1 . 
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Globally,  however,  this  Item  contributes  principally  to  refractive 
effects. 

5a.  The  associated  term,  a^-t^,  goes  as  the  properties  of  b3. 

6.  The  final  term,  g0,  acts  as  a local  forcing  term  and  compares 
as 


«?Pi  /d  ,,  \WlPl  dc2  ( v'(Io  + I1  ^ 

(l)2P  w2p  u2p  \ / 


(2.29) 


In  the  first  item,  the  usual  situation  has  u>i  < wa  but  pi  > p. 

Thus,  this  item  depends  greatly  on  the  frequency  regions  and  the  turbu- 
lent strength. 

The  second  item  of  Eq.  (2.29)  follows  the  corresponding  acoustic 
term,  Eq.  (2.16),  but  is  usually  diminished. 

d2(p |r ) 

The  third  item  of  Eq.  (2.29)  may  be  more  closely  compared  with  

dt2 

as 

p2  / v.(T0  + Ii)  \ 

V*lf  - V *VV  + I. 

(1)2P  \ p / 

The  factor,  p2/u2p  - l/(w2ka)  is  usually  small  for  sea  water  (=2  x 10‘6 

a a 

at  3 kHz),  but  very  sensitive  to  frequency  (=  5 x 10-2  at  100  kHz). 
Depending  on  the  strength  of  the  gradient,  it  may  become  an  appreciable 
factor,  especially  at  low  frequencies.  For  instance,  the  item 
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Usually,  kj  < k,  but  often  P!  > p.  Thus,  low  frequency  acoustic  prop- 
l agation  in  strong,  high  frequency  turbulence  brings  this  item  into 

effect. 

This  final  term,  g0,  almost  always  accumulates  in  real  fluids, 
eventually  forcing  a total  degeneration  of  the  acoustic  wave. 

The  results  of  this  section  are  summarized  in  Table  2-2,  where 
typical  values  are  given. 

From  the  discussion  in  this  section,  a set  of  critical  ratios  has 
emerged.  These  are 

|v|/|c| 

IHil/lUl 

Pi/P  • 

Of  lesser  importance,  we  have  |f|/w|c|,  v-b3/pcoc,  |vp0|/|k|p,  vtnp|/|k|, 
etc.  These,  alone  or  in  combination,  yield  a large  number  of  "criteria" 
for  abandoning  selective  terms  of  Eq.  (1.27).  In  applying  these 
criteria,  one  needs  still  to  remember  possible  global  effects. 

As  a rule  one  can  view  acoustic  propagation  in  three  progressive 
stages. 

Stage  I:  In  the  first  stage  k p > kjPj , p > Pj , k > kj , so  that 

d a 

the  acoustic  wave  dominates  the  turbulence. 

Stage  II:  As  the  propagation  progresses  into  the  second  stage  its 

amplitude  diminishes  to  where  p < Pj,  but  k^p  > kjPj.  This 
is  the  stage  of  most  acoustic  processing,  for  the  signal  is 
buried  in  the  turbulence,  but  recoverable.  Thus  we  commonly 
talk  and  are  understood  even  in  heavy  winds. 


TABLE  2-2 

ANALYSIS  OF  LOCAL  APPROXIMATIONS: 
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Stage  III:  The  final  stage  has  p < Pi  and  k p < kip,,  so  that  the 

a 

propagation  is  entirely  dominated  by  turbulence. 


2.3  Comparison  with  Neubert  and  Lumley 

Neubert  and  Lumley,  in  an  important  paper  [151],  have  sought  to 
find  conditions  for  the  validity  of  the  Stochastic  Helmholtz  equation, 
Eq.  (1.34).  From  a starting  point  based  on  a linear  Navier-Stokes 
equation  (N1-N3,  Chap.  I),  a reduction  is  made  in  which  the  important 
parameters  are  frequency,  a medium  parameter  (the  Prandtl  number  aK) , 
and  the  turbulent  scale. 

We  outline  the  assumptions  made: 


1 ) v <*  e 


j(wt  - kx) 


p = po  + Pa.  po  >>  Pg  , 


4)  small  perturbation  theory 


5)  v*vi  = 0 , 


(incompressible  turbulent  fluid) 


6)  v*(pa  y^)  = 0 , 


7)  v2(wv)  = 0 = v(pV’v) 


(viscosity  terms  -*•  0) 


8)  TT  + V*(p0V  ) + (Vp  )*Vj  = 0 


For  sca’ing  approximations: 


v = 0 (rms  turbulent  velocity  fluctuations) 
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for  turbulence 


for  acoustic  wave 
for  turbulent  fluid 
for  thermal  fluctuation 
for  acoustic  wave. 


Neubert  and  Lumley  use  o.  = X 2/X2  as  a medium  differentiator  (o, 

kg  k 

= 0.7  for  air  and  7.0  for  water).  They  next  scale  by  neglecting  terms 
such  that  xvf/Uv^c2)  < 1 and  Xvj/O-VjC)  * !•  is  the  turbulent 

integral  scale  defined  as 


Lv  = / d|(r'-r)|  <Vi(r')  vx(r)>  . 

1 o ~ 


Neubert  and  Lumley  use  as  starting  point  (for  approximations) 
Eg.  (1.44),  namely. 


v2p 


.L  ,)2p 

= (pqV^ )j  -vcj  - (vvj ) : v(2p 


0^  - PaV.  Vj)  . 


This  reduces  to  the  stochastic  Helmholtz  equation 
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1/2  /vi 


(?H 

(r)ft 


<<  1 when  x ^ 0(xg)  » (2.31a) 


« 1 when  X > O(Xg)  . (2.31b) 


Neubert  and  Lumley  contrast  this  situation  with  Tatarskii  who  uses  the 
conditions  x « x^  and  Vj/c  « 1 for  validity  (in  air). 

These  conditions,  Eq.  (2.31),  compare  with 

v ki  pi 

c k^T 


v pj 
c ka2  p 

a 

of  the  previous  section.  As  might  be  expected,  reduction  from  our  gen- 
eral equation,  Eq.  (1.28),  both  confirms  and  illuminates  the  Neubert 
results.  We  shall  find,  in  the  next  section,  those  circumstances  which 
Neubert  and  Lumley  ignore  and,  consequently,  those  which  must  be  ex- 
cepted under  Eq.  (2.31).  Finally,  it  is  well  to  point  out  that  the 
statistical  indicator  Ly^ , while  admirably  accentuating  the  stochastic 
nature  of  v^,  nevertheless  presumes  an  isotropicity  which,  in  turn, 
leads  to  a neglect  of  "global"  considerations  (i.e.,  at  what  range  do 
the  approximations  fail?). 


2.4  Circumstances  for  Validity 

The  results  of  Section  2.2  indicate  that  no  set  of  approximations 
will  satisfy  every  circumstance.  In  this  section  we  indicate  those 
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circumstances  which  validate  the  various  approximations  of  Chapter  I. 

In  the  ideal  case,  Eq.  (1.31),  the  only  medium  variable  is  c2 
which,  given  local  variation,  can  be  formulated  into  a refractive  model. 
Beyond  this,  c2(r)  may  be  given  a temporal  history  and  temporal  averages 
may  be  taken.  In  addition,  one  may  enter  the  stochastic  Helmholtz 
approximation  by  giving  c2(r)  a statistical  representation. 

In  the  simplest  of  these  interpretations,  the  ideal  case, 

(cgv2  - 52/3t2)p  = 0,  can  account  for  no  turbulent  phenomena,  no 
inhomogeneity,  no  divergent  frequency  effects,  no  signal  degradation 
with  range,  no  viscosity  effects,  no  loss  effects;  only  a simplified 
refraction  (when  c0  -*■  c0(r)). 

The  attractiveness  of  the  ideal  case  lies  in  its  ability  to  be 
adapted  to  a wide  variety  of  realistic  conditions.  If  one  allows  a 
full  panoply  of  spatial  and  temporal  variation  in  c2,  it  is  possible  to 
induce  many  observed  effects:  beam  spreading;  beam  wander;  loss  of 
coherence  intensity  fluctuations;  short  pulse  effects;  and  angle  of 
arrival  fluctuations. 

Accordingly,  let  us  consider  both  the  simplest  ideal  case,  Eq. 
(1.31),  (where  c§  is  constant)  and  the  furthest  extension.  Both 
instances  neglect  influences  due  to  some  losses,  movement  of  the  medium, 
refraction,  gravity,  turbulence  of  various  sorts.  Since  most  of  these 
influences  increase  with  range,  we  should  expect  both  forms  of  the  ideal 
wave  equation  to  become  ultimately  unacceptable. 

Yet  the  derived  extension  can  be  made  to  cover,  partially,  a qreat 
range  of  conditions.  By  collecting  terms  containing  c2,  we  may  write 
Eq.  (1.27),  approximately,  as 
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2i2-  . c2  v2p  + v*^  + vlnP*vp  + vlnp*bj 

3t2  L 


+ p v - V.yv  + 


V-(Tn  + h) 


) 


= 0 . 


Then,  defining  a fictitious  effective  wavefront  velocity  c^  according  to 


c2  = c2 


v-ba  + vtnp'Vp  + Vdnp  -b^  + pv> 


1 + 


/ v • ( lo  + Ii  V 

\f_  - V -VV  + j 


V2p 


we  may  write  formally 


^ - c2v2p  = 0 . (2.33) 

3t2  X 

In  this  interpretation,1  Eq.  (2.33)  is  seen  to  include  a wide  range  of 
situations  including  low  frequencies,  viscosity,  refraction,  wakes, 
strong  local  turbulence.  In  addition,  by  insisting  on  Eq.  (2.33),  the 
experimenter  is  likely  to  measure  c2  rather  than  c§. 

In  Table  2-3,  we  include  the  simplest  version  of  the  ideal  case 
and  this  'extreme"  extension.  The  table  shows  which  terms  of  the 
general  equation  are  included  and  which  omitted.  Physical  situations 
which  embrace  an  omitted  term  significantly  (see  Table  2-2)  lie  beyond 
the  reach  of  the  ideal  equation. 


2 _ 2 

^he  reader  should  note  that  Cx  H Cv(p),  so  that  Eq.  (2.33)  is  non- 
linear in  p.  Moreover,  the  definition  of  c?  shows  an  "anatomization" 
of  the  structure  of  c^(r,t).  Solutions  to  Eq.  (2.33),  of  course,  are 
difficult  to  obtain. 
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CIRCLHSTAIXES  FOR  THE  VALIDITY  Cf  APPROXIMATION 
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iA  check  (»  ) indicates  that  the  approximation  inccrporates  the  element. 

2A  dash  (-)  indicates  that  the  approximation  does  not  incorporate  the  eieirett. 
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Refraction 
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For  the  other  historical  models,  it  is  easy  to  see  that  the  sto- 
chastic Helmholtz  equation,  Eq.  (1.34),  Chernov's  equation,  Eq.  (1.37), 
the  second  Tatarskii  equation,  Eq.  (1.41),  are  adaptations  of  the 
extended  ideal  equation.  The  first  Tatarskii  equation,  Eq.  (1.39), 
adds  the  term  aj  = vj  1 0.  Equation  (1.44)  further  adds  a^. 

In  the  absence  of  specified  information  about  the  turbulence  no 
sure  frequency  regimes  can  be  specified.  Much  depends  on  the  strength 
of  the  turbulence  as  well  as  its  frequency  content.  This  may  be  seen 
from  Table  2-4.  For  the  validity  of  the  stochastic  Helmholtz  equation 
each  item  must  be  much  less  than  1 and  should  not  accumulate  signifi- 
cantly over  the  region  of  integration.  It  is  obvious  that  (v/c)2  < 
(v/c).  However,  the  relative  effect  of  (v/c )(ki/k,  )(pi/p ) vis-a  - 

a 

vis  (v/c)(ki/k  )2  (pi/p)  depends  greatly  not  only  on  the  acoustic 

a 

frequency  but  also  on  the  turbulent  frequency.  Similarly 
(v/c)(k/k_)  vis-a-vis  (v/c)(ki/k_)(pi/p)  depends  strongly  on  the 
strength  of  the  turbulence  (pi).  Analagous  statements  may  be  made  for 
the  other  criteria . 

Of  the  sixteen  criteria  given  in  Table  2-4,  only  numbers  4 jr,d  5 
have  been  previously  reported  (analogously).1 

2.5  Losses  and  Relaxation  Effects 

The  relaxation2  (loss)  terms  in  second  order  differential  equations 


^ee  Eq.  (2.31). 

2The  term  relaxation  is  not  well  defined  in  the  literature,  and  the 
application  of  "relaxation"  has  not  been  wholly  successful  in  explaining 
observations.  The  approach  tends  to  curve-fitting  (Cf.  Hunt,  F.V., 
in  [93],  pp  3-55).  Nevertheless,  these  methods  have  often  exposed 
very  real  loss  mechanisms. 
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TABLE  2-4 

CRITERIA1  FOR  THE  VALIDITY  OF  THE 
STOCHASTIC-HELMHOLTZ  EQUATION 


1 . v/c  « 1 

2.  v2/c2  « 1 

3.  (v/c)  (k/k  ) « 1 

a 

4.  (v/c)  (k/kfl)  (pi/p)  « 1 

5.  (v/c)  ( k i/kfl )2  (px / p)  « 1 

6.  (kf/ka2)  (pi/p)  « 1 

7.  [(kfpj  + kgP)/(kgP2)]  <<  1 

8.  C(?P0  + kipi)(k?px  + k2p)/(k2p2)]  « 1 

9.  |f|/«c  « 1 

10.  (f/wc ) (ki/kg)  (pi/p)  « 1 

n.  (pv-f)  / (k2P)  « i 

a 

12.  [pv-(v*vv)]/(kg2p)  <<  1 

13.  Vinp/k  <<  1 

6 

14.  (vinp-b3)/(kg2p)  <<  1 

15.  (v-b3)/(ka2p)  « 1 

16.  V*b3/k.p2  <<  1 

— a 


'The  quantities  given  in  this  table  are  all  magnitudes  (vectorial  or 
phasor) . 
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are  associated  with  first  order  terms.  In  space-time  equations,  these 
are  various  types. 

Lindsay  [121],  for  example,  mentions  three  types:  molecular, 
structural,  and  chemical.  Since,  in  the  general  equation,  Eq.  (1.27), 
the  medium  is  characterized  only  with  respect  to  its  mechanical  prop- 
erties, one  may  not  hope  for  other  than  this  insight  from  it.  Further 
explanations  must  be  left  to  other  methods  and  disciplines. 

Still,  from  the  general  equation,  some  interesting  points  may  be 
made.  The  term  ao  = (-d/dt)( *npc2 ) is  associated  uniquely  with  the 
temporal  nature  of  the  field  and  so  may  be  termed  a purely  temporal 
relaxation.  We  may  group  the  temporal  terms  as 


d2((  • ) |r_) 

. dt2 


d d((-)|r) 

rz  Unpc2  |r)  

az  dt 


(2.34) 


In  this  formulation,  aQ  is  seen  to  "relax"  the  importance  of  the  second 
order  temporal  term.  The  discussion  of  Section  2.2  shows  that  the 
second  term  is  almost  always  negligible  in  sea  water,  and  important  in 
air  only  for  high  acoustic  intensities  (or  at  high  frequencies).1 

Passing  to  spatial  considerations,  we  note  the  term 


a3-(vp  + b3)  = -c2 (v  - vtnpMvp  + b3) 


= -c2[v2p  + v*b3  -vtnp*vp  -vinp*b3]  , 


where  b3  = -vp  -v*T. 
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Supposing,  as  Is  likely,  t>3  * b.3(p),  we  may  write  the  above  as 

a3.(yp  + bj)  = -c2[v2  + 7 »bj ( • ) -(7«.nP)-7  - (vtnP ) -b3(  • )]p  . 

These  terms  associated  with  the  propagation  velocity,  c,  may  be  termed 
the  "radiation"  relaxation.  If  we  ignore  the  vtnp  terms  (associated 
with  refraction),  we  have 

-c2[72  + v.(b(.))]p  (2.35) 

analogous  to  Eq.  (2.34).  If,  for  example,  b3(p)  = av  p,  then 

C27.(vp  ♦ bg)  = c2(l  + a ^)72p 

for  constant  a. 

We  meet  another  spatial  term  in 

a v-T 2 

a^.vp  ■ (f  - v»7v  - tn(pc2))v  + — — ) *vp  (2.36) 

which  is  likewise  a relaxation  term  but  unassociated  with  the  radiation 
velocity  c.  We  may  consider  this  a "local"  spatial  relaxation. 

Finally,  the  term  q0,  (Eq.  1.28),  contains  only  background  and 
turbulent  pressures  and  so  acts  as  a distributed  source  (or  sink)  which 
we  distinguish  from  relaxation.  Of  course,  a sink  is  a loss  in  the 
field  and  may  be  interpreted  as  a relaxation,  if  so  desired. 

2 . 6 Some  Suggested  Experiments  and  Procedures 

Ultimately,  nothing  will  do  but  to  measure  the  medium.  The  fore- 
going discussion,  while  oriented  theoretically,  suggests  certain 
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experiments  for  determining  an  approximation's  validity.  Subsequently, 
when  solutions  are  considered,  other  experiments  will  be  suggested. 

There  can  be  no  question  here  of  any  but  a rough  sketch.  Obtain- 
ing accurate  physical  information  is,  in  itself,  a formidable  under- 
taking. 

1.  The  solution  to  the  hydrodynamic  plane  wave  (Appendix  A) 
indicates  that  ka  is  an  important  medium  descriptor.  One  may  observe 
a directly  in  the  motion  of  a rigid  piston.  In  addition  to  being  a 
medium  descriptor,  a^  may  be  presumed  to  be  a function  of  pressure, 
amplitude,  and  frequency. 

2.  Currents,  winds,  tidal  movements  and  other  factors  which  give 

a gross  bias  to  the  turbulent  particle  velocity  are  often  known.  Tables 
2-1  to  2-4  allow  a quantitative  assessment  of  the  effect  of  these  cir- 
cumstances on  the  propagation. 

3.  Specifically,  direct  measurement  of  k1p1,  in  at  least  a por- 
tion of  the  field,  nay  be  possible.  It  gives  an  indication  of  turbu- 
lent effects  beyond  the  models  of  the  simple  wave  equation. 

4.  Section  2.2  suggests  modifying  or,  at  least,  disclaiming  static 
physical  data.  Theoretically,  this  introduces  one  or  more  dimensions 

to  the  static  measuremetts.  For  given  fluids  like  air  and  sea  water, 
statistical  results  may  be  useful. 

5.  The  temporal  relaxation  due  to  high  acoustic  intensity  in  air 
might  be  investigated  as  important  in  blasting,  etc. 


6.  Low  frequency  experiments  may  be  constructed  to  include  gravi- 
tational effects. 
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7.  The  presence  of  substantial  mixing  should  alert  the  experi- 
menter to  possible  vorticity  effects,  especially  for  high  frequency 
experiments. 

8.  Much  information  may  be  obtainable  from  spatial  considerations 
Placing  two  receivers  even  approximately  locally  in  a field,  will  indi- 
cate something  of  the  spatial  wandering  in  the  field.  Similarly,  com- 
paring low  and  high  frequency  results  may  prove  useful  in  isolating 
turbulent  terms. 

9.  Finally,  the  experimenter  has  the  onus,  in  direct  measurement 
of  c2,  to  indicate  whether  he  measures  c2  or  c2,  the  "effective"  propa- 
gation velocity.  The  difference  between  the  two  is,  in  itself,  an 
excellent  measure  of  turbulence. 

2.7  Summary 

This  chapter  answers  its  purpose  in  Table  2-4  which  completes,  for 
the  first  time,  a listing  begun  by  Tatarskii  and  continued  by  Neubert 
and  Lumley  for  determining  the  circumstances  under  which  the  Stochastic 
Kelmholtz  equation,  Eq.  (1.34),  is  valid.  Possessing  Tables  2-2  and 
2-3,  both  theoreticians  and  experimentalists  may  judge  whether  or  not 
any  given  acoustical  model  can  adequately  describe  the  circumstrnces  at 
hand. 

The  method  used  to  obtain  the  complete  listing  starts  from  the 
general  equations  of  Chapter  I,  and  continues  by  comparing  each  succes- 
sive term  with  the  first  term  (a  specific  acoustical  quantity  of  known 
importance).  Several  novel  and  specific  results  are  uncovered  thereby. 
We  mention:  (1)  an  important  relaxation  effect  in  air  at  high  acous- 
tical intensities,  and  (2)  the  local  effect  of  gravity  (predicting  a 
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larger  effect  in  air  than  in  water).  The  analysis  provides  new  in- 
sights into  the  effect  of  turbulent  pressure  versus  its  frequency  con- 
tent (the  principal  stages  of  propagation.  Sec.  2.2).  Reflection  on 
the  results  has  allowed  the  definition  of  an  effective  wavefront 
velocity  cx  (Eq.  (2.33))  and  the  proposal  of  several  new  experiments  and 
procedures  (Sec.  2.6).  From  a purely  theoretical  viewpoint,  we  mention 
that  Eq.  (2.26)  shows  the  mechanism  of  a lossless  non-ideal  stress 
tensor  beyond  any  possible  Navier-Stokes  formulation,  which  in  the  case 

stipulated  would  require  v*T  = -vp.  \ 

Finally,  it  should  be  noted  that  our  results  apply  to  broadband 
radiation  by  interpreting  k , k.,  on,  u>_  as  bands. 

3 3 
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III.  THE  GENERAL  SOLUTION 


3 . 0 Overview  - The  Meaning  of  Solutions 

The  problem  of  finding  solutions  to  the  propagation  of  waves  in 
turbulent  media  suffers  a charming  paradox.  From  the  controversy  sur- 
rounding the  fundamental  equations  and  the  practical  complexity  of  the 
hydrodynamic  equations,  one  might  have  expected  few,  if  any,  solutions. 
However,  the  sometimes  benign  and  ever  changing  nature  of  the  usual 
media  have  allowed  solutions  of  many  different  forms  to  be  constructed 
and  somewhat  justified. 

In  this  section,  we  obtain  the  solution  to  the  exact  hydrodynamic 
equation.  The  exact  solution  requires,  however,  exact  knowledge  of 
the  medium,  for  the  solution  is  medium-related . Because  such  knowledge 
is  practically  impossible,  we  underscore  and  corroborate  the  recent 
trend  of  viewing  the  propagating  medium  as  a spatial -temporal  random 
variable  whose  statistics  influence  the  output  statistics  of  the  pro- 
cess. 

Our  approach  will  first  cast  the  relevant  hydrodynamic  equation 
into  operational  form  (operator  unknown).  We  next  elaborate  a series 
solution  to  obtain  the  operator  explicitly.  The  use  of  the  feedback 
theorem  (Sec  1.1.1)  yields  equivalent  forms.  Finally  Fourier  trans- 
form solutions  are  given. 

Before  developing  the  general  solution,  it  will  be  instructive  to 
consider  the  form  of  a solution  from  information  already  at  hand.  We 
suppose  a system  H (the  medium),  a source  at  ( rc , t0)  and  a receiver 
at  (r,t) 
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p(r0,t0)- 


H(r,t;r  ,t0)  p(r,t) 


Fig.  3-1.  Propagation  (Deterministic) 

Here  and  subsequently,  the  caret  (~)  denotes  an  operator.  In  general, 
we  may  expect  H to  be  non-linear.  Eecause  the  output  is  known  to  vary 
statistically,  Eq.  (3.1)  must  be  augmented.  While  not  disclaiming  the 
usual  method  of  introducing  channel  noise,  we  choose  to  represent  the 
stochastic  nature  of  the  medium  by  an  ensemble  of  systems  { } . Hence, 
at  the  space  time  point  (r,t)  and  for  a given  realization  (from  an 
appropriate  event  space),  we  write 


p(r,t) 


Fig.  3-2.  Propagation  (Stochastic) 

In  contrast  to  Fig.  3-1,  where  a single  system  function  operates, 
Eq.  (3.2)  operates  with  any  one  of  the  ensemble  system  functions 
according  to  some  probabilistic  measure.  Since  individual  realizations 
are  often  of  little  probabilistic  weight,  we  seek  to  obtain  the  statis- 
tics of  the  output  process  from  the  presumably  known  statistics  of  the 
medium. 

Depending  on  the  realizations,  dispersion  in  both  space  and  time 
may  occur  in  the  output. 

The  nature  of  the  operator  H may  be  appreciated  from  an  illustra- 
tion based  on  a known  situation.  We  use  the  ideal  hydrodynamic  plane 
wave  solution,1  which  we  write 


p2(x,t)  = p0  - bkQa  cos(wQt-kox)  + kQap2(x,t)  cos(uot-kox) , (3.1) 


^ee  Appendix  A. 
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or  operationally,  as  in  Fig.  3-3. 


p -bk  a cos (w  t-k  x)-** 
oo  " 


0 L-K  XJ^f- 

o o T: 


kQa  cos(u0t-k0x) 


: 


p2(x,t) 


Fig.  3-3.  Operational  Solution:  p2(x,t) 


The  acoustic  pressure,  p,  may  be  given  as 


p(x,t)  = p0c2  k^a  cos (ioot-kQx ) + koap(x,t)  cos(wot-kox)  , (3.2) 


or  operationally,  as  in  Fig.  3-4. 


r 

1 

k a cos(w  t-k  x) 
0 0 0 

< Y 

■>  P(x,t) 

+ 

p c 
0 0 


Fig.  3-4.  Operational  Solution:  p(x,t) 


For  p(0,t)  = p c2  cos (u  t)/(l  - k a cos(u>  t)),  we  can  show  a "source" 
— oo  o o o 


explicitly  as 


(1  - k cos (uj  t ) ) [(cos (w  t-k  x ) ) / (cosuj  t )]p (0, t ) 
P ( x , t ) = 5 2 2 2 2 

1 - k a cos  (uj  t - k x ) 
o oo 


(3.3) 


Operationally,  this  is  given  by  Fig.  3-5. 
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p(0,t)-> 


Fig.  3-5.  Operational  Solution:  p(0,t)  •+•  p(x,t) 


Thus 


H = 


cos (o>  t-k  x) 

- ( 1 -kQa  cos(u0t)| 


COSuQt 


T 


k a cos(w  t-k  x) 
o oo 


(3.4) 


When  k a Is  negligible,  p(x,t)  cos(w  t-k  x)  = p(0,t)  cos(w  t)  so  that  H 
0 0 0 o 

effects  a simple  phase  shift. 

In  this  illustration,  H is  deterministic,  the  given  medium  being 
homogeneous  (i.e.,  deterministic). 


3.1  Operational  Solution 

A general  solution,  similar  to  the  above,  may  be  set  down.  Such  a 
solution  we  call  an  "operational"  solution.  We  shall  meet  such  solu- 
tions subsequently  in  dealing  with  approximations. 

Write  the  first  order  general  equation,  Eq.  (1.22),  as 


d(p2|r) 

+ v-(vp2) 


p27-V  - pC2V-V  . 


(3.5) 


Now  define  an  operator  L, 

C h ^ (-|r)  + 7-(v(  •))  • 


(3.6) 
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Here  Lisa  space-time  operator.  Suppose  further  that  L'1  = G exists. 
Then,  applying  G to  Eq.  (3.5)  gives 

(GL)p2  = p2  = G[(p2  - Pc2)v-v]  . (3.7) 

Equation  (3.7)  may  be  rendered  operationally  as  in  Fig.  3-6. 


Fig.  3-6.  General  Operational  Solution:  p2(r.,t) 

In  general,  the  operators  L and  G and  the  quantities  p2,v*v^  and  pc2  are 
stochastic . 

Figure  3-6,  although  simple  in  form,  immediately  offers  some  impor- 
tant insights. 

1.  By  analogy  with  the  temporal  case,  we  can  characterize  the 
pressure  field  on  the  basis  of  the  feedback  paramh  br 
<0  : a decaying  pressure  field 

(negative  feedback) 

v*v^  = 0 : a non-decaying,  non-increasing 

pressure  field  - (no  feedback) 
v»v  >0  : an  increasing  pressure  field 

(focusing)  - (positive  feedback) 

The  complex  questions  of  loop  stability  (which  we  later  distinguish 
from  convergence  problems  associated  with  approximations  to  G)  can  be 
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appreciated.  For  instance,  in  an  otherwise  decaying  pressure  field, 
it  is  possible  to  have  a local  instability  (v*v(r,t)  > 0 for  some  { r } ) 
causing  the  pressure  field  to  concentrate  or  focus. 

2.  The  feedback  representation  gives  insight  into  the  interaction 
of  the  pressure  and  velocity  fields.  Such  an  interaction,  often  ne- 
glected, must  exist  physically  since  the  dynamic  pressure  depends  on 
fluid  motion. 

3.  Decomposing  Eq.  (3.6)  into  its  acoustic  and  turbulent  parts  as 
in  Eq.  (1.22),  (p?  = Po  + Pi  + p),  we  obtain  Fig.  3-7. 


Fiq.  3-7.  General  Operational  Solution:  p(r,t) 


The  diagram  shows  the  way  turbulent  pressures  (in  addition  to  their 
effect  on  particle  velocity)  influence  the  acoustic  pressure..;. 

For  probing  the  turbulent  medium  acoustically,  the  diagram  may  be 
inverted  to  obtain  Fig.  3-8. 


L 

f 

c_ 

l 

-*1 

A 

L 


k 


?c 


»P0*P, 

Fig.  3-8.  General  Operational  Solution  Pi(r,t)  + po 
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From  this  point  of  view.  It  Is  not  surprising  to  find  experimental 
results1  that  link  the  turbulent  and  acoustic  pressure  fields. 

4.  The  role  of  attenuation  may  also  be  appreciated  from  Eq.  (3.6). 
Put 

v.v  = v.v'  - a(r,t)  (3.8) 

where  v-v'  represents  the  spatial  derivative  of  the  unattenuated  par- 
ticle velocity  and  a is  the  local  (space-time)  attenuation.  The  dimen- 
sion of  this  a(r,t)  is  frequency.  Physically,  a(r,t)  may  arise  from 
medium  properties  (ionic  disassociation,  molecular  resonance,  etc.). 

Fig.  3-6  may  then  be  written  as  Fig.  3-9. 


Fig.  3-9.  General  Operational  Solution  with  Attenuation 

Here  it  is  not  hard  to  see  that  the  attenuation  acts  like  a low-pass 
(space-time)  filter. 

We  note,  finally,  that  in  view  of  Eq.  (3.5),  observed  effects 
may  be  categorized  as  purely  spatial,  purely  temporal,  and  mixed.  The 
same  categories  may  be  applied  to  solutions.  This  may  be  better 

*As  an  example  (among  many  possible),  we  mention:  [11]  p.  595:  "The 
spectra  of  the  amplitude  fluctuations  of  such  transmissions  (270  Hz)... 
are  remarkably  similar  to  the  spectra  of  the  vertical  internal-wave 
motions. ..." 
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appreciated  In  terms  of  the  general  solution  and  the  associated  his- 
torical approximations. 

3 . 2 The  General  Solution 

We  give  the  general  solution  first  in  a space-time  form  and  after- 
wards In  Fourier  transforms.  From  this  development  emerges,  in  explicit 
form,  the  operator  G of  Eq.  (3.9). 


3.2.1  The  General  Space-Time  Solution 

Because  the  first  order  general  equation 


d(p|r) 

dt 


+ V.(vp  + vp0  + vpj)  + PC2V-V  = (p0  + P]  |r ) 


(3.9) 


has  a solution  space  equal  to  or  greater  than  the  corresponding  second 
order  general  equation,  Eq.  (1.27),  and  is  symbolically  simpler,  we 
base  a solution  on  the  first  order  equation.  This  departs  from  the 
usual  historical  developments  based  or  the  second  order  equation. 

We  can  write  Eq.  (3.19)  in  a number  of  different  forms.  All  vari- 
ables here  are  considered  functions  of  both  space  and  time  (i.e., 
c=c(r,t);  p = p(r,t),  etc).  We  write  the  following: 


1. 


d(p|r) 

dt 


+ v-vp  =>  - {pc2(v-v)  + v.?(p0  + Pj) 


+ dt  C(p°  + Pi^1, 


(3.9a) 


d ( p | r ) 
~dt 


+ v*(vp)  = p(v*v_)  - {pc2v*v  + v»y(p0  + pj) 


+ [(P0  + P i ) I nl > . 


(3.9b) 


98 


TR  5871 


d(p|r) 

3*  — ft—  + v* (vp)  ■ p(v-v)  + u . (3.9c) 

Thus,  we  can  define  two  operators,  D0  and  Dj  by: 

4-  HO  + v.(v(.))]p  £ D0p  = pv*v  + u,  (3.9d) 

5*[jt  + ¥-*vHjp  5 °iP  = u,  (3.9e) 


where  u = -(pc2v.(v)  + y_.v(p0  + Pl)  + ^ ((p0  + Pl)|r)>,  and  D0  and  D, 
finding  an  Inverse  operator  Gj  such  that 

•• 

Mi  = 6(r-rj,,t-t0),  (3.10) 

since 

GjDlP  = p(r,t)  = Gj (u)  . (3.11) 


Here  6 is  the  space-time  Impulse  function. 

If  v is  considered  a random  variable,  then 


G,  = 


d(.|r)  "j-i 

rsr-  * 


(3.12) 


is  a stochastic  space-time  operator.  The  space-time  function,  u,  is 
also  a random  variable.  Moreover,  since  u Is  a function  of  p,  c,  v,  p0, 
Pl,  the  solution  will  be  a function  of  the  medium  variables,  that  is. 


r.  ••  - 

H IS ... 
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p(r,t)  3 ^(p»c»y_»p0»Pj ) . (3.13) 

The  operational  solutions  suggest  tt;at  we  may  conveniently  start 
with  form  (3.9d) 


( ( * ) | r)  + V-(v(  •))  p]=  P(v*v)  + u . 

As  stated,  this  relationship  applies  at  a "space-time"  point  (r,t), 
i.e.. 


[|t  ( ( • ) | r)  + v.(v(.))]p(r,t)  = p(r,t)(v-v(r,t))  + u(r.t)  . 

However,  (r,t)  is  any  "space-time"  point,  so  that  the  form  ( 3 . 14d ) 
holds  everywhere  in  the  field  with  v and  u valued  differently,  perhaps, 
for  each  (r.t).  Our  problem  is  to  relate  the  source  pressure  p(rj,,t0) 
to  the  ambient  field  pressure  p(r,t)  in  terms  of  the  field  variables 
v and  u. 

Power  has  dimensions  of  force  x i therefore  it  follows  that 

the  elements  of  the  general  equation  (3.14)  deal  with  a power  density.’ 
The  temporal  integral  of  this  density  Is  pressure.  The  spatial  integral 
of  this  density  is  power,  not  pressure.  This  "power"  may  be  reduced  to 
"pressure"  by  suitable  normalization. 

We  observe  first  that 

[It  ( ( * ) | r ) ♦ v.(v( -))]  s Do  (3.14) 


^See  Appendix  C on  physical  dimensions. 
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is  the  sum  of  a temporal  and  spatial  operator.  Inverses  for  each  of 
these  operators  may  be  found  separately.  Denoting  these  latter  by 
Gt  and  Gr>  we  note  that  their  operation  on  a space-time  function 
a(r_,t)  is  given  by 


Gt:  a (r  ,ti , ) -+  bQ(r,t),  (3.15) 

Cy:  a (rj  ,t)  bi(r,t),  (3.16) 


so  that 


r’tGr:  a(D  »*i)  -*■  b2(r  ,t) , 


(3.17) 


and 

GrGt:  a ( r i , 1 1 ) -+■  b3(r,t)  (3.18) 


for  some  bi . 

This  is,  however,  not  the  desired  solution,  because 

GtGr  [ot  + Dr]  = Gr  + Gt  i 6(r-r0,t-to)  . (3.19) 

From  Eq.  (3.19),  we  see  that  the  pseudo-solutions  Eqs.  (3.17)  and 
(3.18)  contain  the  action  of  both  spatial  and  temporal  terms,  but  not 
their  utual  interaction.  The  solutions  to  the  stochastic  Helmholtz 
equation,  (v2  + k2)p  = 0,  to  be  considered  in  Chapter  IV,  can  be  seen 
as  partial  or  pseudo-solutions  giving  spatial,  but  neither  temporal  nor 
mixed  terms. 

F«:r  simplicity's  sake,  we  introduce  the  following  definitions: 
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afrvj.tj)  = a ( i j ) (for  any  function  a). 


(3.20) 


a(r,t)  = a (00) > 


(3.21) 


Gt  e J (-)dt 

to 


(fixed-space,  generalized, 
temporal  integration). 


{ ( * )dV 


(fixed  time,  general- 
ized spatial  (3.23) 

integration) , 


+ G 


t* 


(3.24) 


rtD 


G d((-)|r) 
r dt 


+ G v-v( • ) 


(3.25) 


In  Eg.  (3.23),  the  volune  V and  surface  S are  defined  by  a connec ted 
equipressure  surface  containing  r.  The  integrals  are  intimately  con- 
nected with  the  extension  of  the  divergence  theorem  (Section  1.2. 1.2). 
Thus,  we  have 

G : power  density  -*•  pressure, 

G^:  power  density  -*•  pressure, 
and 

|(*) dV:  power  density  ■+  power. 

The  integral  /v* n dS  = n(ij)  in  Eq.  (3.23)  is  the  required  spatial  ror- 
S 

malizing  factor. 
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In  Eq.  (3.24),  we  follow  the  convention  established  In  Eqs.  (3.15) 
and  (3.16),  namely 

= [®r  + \]a  = Gr[a(10)]  + GtCa(01 )]  (3.26) 

where 

G : a(10)  -*■  b ( 00 ) (3.26a) 

r 

and 

G : a (01 ) -v  b(00)  . (3.26b) 

In  the  sequel  we  will  find  It  convenient  to  use  the  substantial  com- 
pression in  notation  allowed  by  Eqs.  (3.20)  to  (3.25). 

These  conventions  and  definitions  can  be  made  clearer  by  illus- 
trating an  initial  construction.  Apply  first  temporal  Integration 
t 

J (*)dt  to 

to 

d(p|r) 

— -7- — + v.(vp)  = p(v*v)  + u (3.  !4d) 


which  yields 

t t 

p(r,t)  = p(r,t0)  + \ p(r,ti )v*(v(r,t! ))dtj  + / u(r,ti)dt 
to  ' t0 

t 

- j v*(p(r,t1))v(r,t1)dt1  (3.27a) 

to 

or 
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p(0,0)  = p(0,to)  + Gtp(01)  v-v(Ol)  + Gtu(01) 

-Gt  V.(p(0l)v(01)).  (3.27b) 

Next,  integrate  Eg.  (3.14d)  spatially  to  obtain 

./^•(vpJdV  = /pv*vdV  + /udV  - /—  pdV.  (3.28) 

V V V Vdt 

For  v and  p continuous  in  V the  divergence  theorem  holds.  We  are  not 
guaranteed  this  continuity  in  our  problem,  however.  Our  theory  here  is 
limited  to  the  type  of  discontinuities  which  may  be  treated  by  an  ex- 
tended divergence  theorem.1  We  have  assumed  this  extension  implicitly 
In  the  temporal  integration,  Eq.  (3.27). 

Under  this  limitation,  we  may  then  write 


|v*[v(r,t)p(r  ,t)]dV  = (pv-nds  + s(r.  ,t) 

= pn(r ,t)  + s(r\,t)  (3.29) 

since  S in  an  equipressure  surface  and  s(r.,t)  = jV*(vp)dV  is  a 

1 r discontinuous 

residual  due  to  discontinuities.  From  the  definition,  one  sees  that 
these  discontinuities  are  both  "active"  and  passive  (inasmuch  as  these 
latter  have  an  effect  only  when  illuminated  by  a pressure  field). 

The  passive  discontinuities  have  the  effect  of  additional  (distributed) 
sources  and  must  not  be  neglected.  The  acoustic  source,  in  particular, 
is  represented  in  s as  an  active  discontinuity. 

'See  Chapter  I,  Sections  1.2. 1.1  and  1.2. 1.2. 
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Rewriting  Eq.  (3.28)  now  and  isolating  p(r,t),  we  have 
p(E't>  = nTrytT  C(p(r_,t))v-v(r_,  t)  + u(r,t)]dV 
' ^ /p(r,t)dV|r))  - s(r,t)J. 


(3.30a) 


Here,  by  using  standard  notation,  we  confuse  the  fixed  space  variable  r 
(LHS)  with  the  variable  of  integration  (RHS).  It  is  thus  convenient  to 
introduce  another  notation,  Eq.  (3.16),  and  rewrite  Eq.  (3.30a)  as 


p(^t)  = FTFTty 


/ p(rj  ,t)v*v(r_i  ,t)  + u(ri,t) 

n 


* Jt  PtD.tlr)  dD  - s(n»t)j,  (3.30b) 

P(°°)  = I / Cp( 10 )v • v( 10 ) + u( 10) 

* ri 

• P ( 1 0 1 r )] dr j - s(00)j  (3.30c) 

= Or[pvv  + u - ft  (p|r)]  - . (3.30d) 

Adding  Eq.  (3.30d)  with  Eq.  (3.27b),  we  have 
2p(00 ) = p(0,t0 ) + Gt[p(01 )v-v(01 )]  + Gtu(01 ) 
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- GtV-(v(01  )p(01 ))  + Gr[p(10)v-vO0):  + Gru(10) 

- Gr^p(10)  - s(00)/n(00),  (3.31a) 

or 

2p(00)  = 0(0, t0)  + Grt[(p(00)v.v(00))]  + Grtu(00) 

- G * p(00)  - 4^1  . (3.31b) 

rtQK'  ' n(oo)  ' 

This  first  application  of  the  operators  is  called  the  m = 0 
iteration.  We  point  out,  parenthetically,  that  Eq.  (3.31)  may  contain 
additional  terms  due  to  the  temporal  integration  G^  over  discontinu- 
ities In  time  (Gt  is  defined  as  a generalized  integral)  in  a manner 
analogous  to  the  spatial  case. 

Many  ways  of  iterating  are  possible.  We  next  produce  the  four 
possible  Iterations  of  the  generator,  pv-v.  Iterating  Eq.  (3.27)  into 
Eq.  (3.27),  we  have 

p(0,0)  = p(0,to)  + Gtv-v(01 )p(0, to ) 

- GtGt(v-v(01 ))(v-v(02))p(02)  - Gt(v-v(01 ) )p( 01  ) 

♦ GtGtp(02)v.v(01  ) + G^u (01  ) + GtGt(v-v(01 ))u(02);  (3.32a) 

for  Eq.  (3.27)  into  Eq.  (3.30), 

P(0,0)  = Gr(v.v(10))p(l,t0)  - GrGt(v.v(10))  V-  (p(ll)v(ll)) 
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“ ®r  <Jt  p(10)  + GrGt(v*v^(10))  p(ll)v*v(ll) 

+ Gru(10)  + GrGt(v.v(10))u(ll)  - s(0C/n(00) ) ; 

for  Eq.  (3.30)  into  Eq.  (3.27) 

p(00)  = p(0,t0)  - GtGr  (v-v(Ol))  ^ p(ll) 

- Gtv.  v(01)  (p(01 ))  - Gt  (v-v(Ol)) 

+ GtGr(7.v(01))  ( p ( 1 1 ) v * v_(  1 1 )) 

+ Gtu(01)  + GtGr(v-v(01)u(ll)) 

for  Eq.  (3.30)  into  Eq.  (3.30) 

P(00)  = - GrGr7.v(10)  fa  P ( 20 ) - Gr  fa  p( 10 ) 

- sjioj.  . ifljjjj. 

+ GrGr(v.v(10))7.(p(20)v(20)) 

+ Gru(10)  + GrGrv-v(10)u(20)  . 

Adding,  we  have 

4P(00)  = 2(p0,t0)  + Gt(v.v(01))p(0,t0)  + Gr(v.v(10))p(l,t0) 


(3.32b) 


1 

i 

(3.32c)  \ 


(3.32d) 
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+ GtGt(v-v(01))p(02)v-v(02)  + GrGt(v-v(01))p(ll)-v-v(ll) 

+ CVG  (v-v(10))p(20)v.v(20)  + GtGt( v- v(01 ) ) p(ll)v-v(ll) 
r * — u l 

+ Gtu(01)  + GtGt(v.v(01))u(02) 

« 

+ Gru( 10)  + GrGt(v.v(10))u(ll) 

+ Gtu(01)  + GtGr(v.v(01))u(ll) 

+ Gru( 10)  + GrGr(v.v(10))u(20) 

- GtP.(v(01)p(01))  - Gt(v.v(01))p(01)  - Gr  |f  p(10) 

- Kit  p<10>  - 

- Sr(v-v.<10))  0}  - 6t(»-v(01))  $jrf 

- G.Gt  (v-v(01 ) ) (v-p(02)  v.(02) ) - GrGtv.v(10)v.(p(ll)v(ll)) 

- GtGr(v-v(01))  • p(ll)  - GrGr(v-v(10))  |f  p ( 20 ) . (3.33a) 

Now,  using  the  convention  in  Eq.  (3.26),  we  get 

4p( 00 ) = 2p(0 , t o ) + Grt(v.v)p(0,t0)  + Grt(v- v)Grt(v-y)p 
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which  may  be  found  in  Eq.  (3.33a). 

At  this  point,  the  reader  may  easily  comprehend  why  so  many  solu- 
tions to  the  acoustic  problem  abound.  Each  term  of  Eq.  (3.33a)  con- 
tains one  or  more  potential  approximations. 

A second  reiteration  on  the  same  generator  will  produce  eight 
separate  and  distinct  expressions  for  p(r,t).  Each  expression  will,  of 
course,  be  considerably  more  complicated  than  the  above. 

Thus,  for  m = 2,  the  second  iteration,  we  obtain  in  compact 
notation, 


8p(00)  = 4p(O,t0) 
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+ 26rt(v-v)p(0,t0)  + Grt(v-v)Grt(v-v)  (p(Q*t0)) 


+ 4Gnu  + 2Grt(v.v)Grtu  + Grt(v-v_)  Grt(v-v)Grtu 
+ Grt(v-v)Grt(v.v)Grt[pv-v] 


- Grt(v-v)Grt(v-v)  Gr 


^ (•)  + (v(* )) 


- 2Grt(v.v)  Grj^  (•)  + GtV-(v(-)) 


- 4G. 


• ( • ) + Gj.V(\K  • ) )j 


- 4 | - 2Grt(v-v)  | - Grt(v-v)Grt(v.v)  | . (3.35) 


The  mth  Iteration  can  be  written  (using  a right  to  left  order  of  oper- 
ators) as 


.(i) 


(Grt(»-v))  - 


p(00)  = l — i+1  Grtu 
i*0  i 


m 


( Grt(v*v)  )(l) 


+ k ' T\'*~  P(0’t0) 


p(0,0) 


no 
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(3.36) 


For  convergence,  the  term  ^Grt(v*v)^mVv‘V/2m+1  collapses  to  zero  with 
Increasing  m,  (except,  possibly,  in  the  case  of  reacting  fluids). 
Continuing  the  iteration  indefinitely,  we  thus  obtain 


P(0,0)  = 


[p(0,to ) + Grtu 


- G 


rtD 


(p>  - 


(3.37) 


Note  that  the  initial  condition,  p(r^,t0),  indicates  the  initial  condi- 
tion of  the  acoustic  pressure  field  throughout  the  volume  at  time  t0. 

In  many  practical  cases,  this  initial  condition  is  zero;  in  others,  it 
may  not  be  neglected. 

The  final  pressure  term  in  the  RHS  of  Eq.  (3.37)  may  be  eliminated 
formally  as  follows: 


- I 

i=0 


(Grt(v.v))(l 


3+T 


[p(0,t0)  + Grtu 


so  that 
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This  Is  the  desired  general  solution  to  the  hydrodynamic  equations. 

These  results  have  been  derived  painstakingly  (begging  the  reader's 
tolerance)  to  underscore  the  meaning  of  the  symbols.  They  may  be 
derived  much  more  simply  by  using  the  feedback  theorem.1  From  Eq. 

(3.31 ),  we  have 

r _ Grt^(,)1  p „ P(°»to)  + Grtu  - Grtpp  - | 


and 


If  now  we  segregate  s0,  the  acoustic  source,  (s  = Sj  + s0),  we  may 
find  the  transfer  function  of  Fig.  3-2  from  Eg.  (3.40),  rewritten  as 
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p(r,t) 


(3.42) 


with 


(3.43) 


Diagrajnatically , this  is  given  in  Fig.  3-10. 


so 


1_ 

2n 


Sl 

p(r,tQ)  + Grtu  - — 

2 

Fig.  3-10  General  Pronation 


Fig.  3-11  The  General  System  Function 


Note  that  the  random  field  contained  in  u and  si  acts  as  a secondary 
source.  These  are  physical ly  the  interfering  noise  sources  of  all 
types  and  their  propagated  effects f 

The  stochastic  nature  of  (given  v,  u and  si,  stochastic)  is 
plainly  evident. 
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^(•)|r)  + 7-(v(0) 


3.2.2  The  General  Transform  Solution 


It  is  a property  of  generalized  functions  always  to  oossess  Four 
ier  transforms.  It  Is  not  surprising,  therefore,  that  transform  meth 
ods  are  widely  used  in  the  literature.  We  give  a brief  summary  of 
transform  theory  needed  for  this  analysis.  First  definitions: 
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2*  K = r ( • dr  Z.  F = F‘»  = — L_  /"{ . )e^*H  dr 

H -co  - - (271  ) 3 -oc 

3.  F = (“t-JL-r.) 


The  integrals  are  repeated  as  necessary,  i.e.,  / ( • )dr  = JJJ  (-)dr3  . 


We  postulate  that  the  functions  to  be  integrated  in  each  dimension 
are  general i zed  functions,  which  condition  assures  that  the  operators 
always  exist  and  are  consistent.  But  we  must  use  rules  consistent  with 


generalized  functions,  e.g_. , / drdt  = 6(k,<u).  Then,  if  a and  b are 

— oo 

scalar  function  of  space-time,  we  have 


F(ab)  = F ( a ) * F(b)  = j afk-k^ ,w-u>0)b(k0 ,w0 )dk^dai0 


F ( a I n)  * -JuF(a) 


F(va)  = jkF(a)  . 


If  a and  b are  vector  functions  of  space-time,  we  have 


F(a  b)  = F(a)*F(b)  = F(axbx)  + F(ayby)  + F(azb2 ) 


F(v-a)  = jk-F(a) 
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(3.49) 


(3.45) 

(3.46) 

( 3.47} 


drdt  3'  F'1  = — / ( . )e‘3^wt'-'Il^  dkdu,. 

( 2 71  ) -00 
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These  in  hand,  we  give  solutions  based  on  the  first  and  second 
order  general  Eqs.  (1.22)  and  (1.27). 

3. 2. 2.1  The  General  Transform  Solution:  First  Order 
Write  the  first  order  Eq.  (1.22)  as 
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Note  that  the  spacer-time  solution 


f p-1  g(n)  [u(k,a,)] 
n=0  jo) 


(3.56) 


cannot  be  compared  to  Eq.  (3.55)  in  individual  addends. 

It  may  be  observed  that  both  forms  have  the  same  general  charac- 
teristics: an  infinite  sum  of  nested  operators,  each  of  which  is  a 
random  space-time  integral. 


3 . 2 . 2 . 2 The  General  Transform  Solution:  Second  Order 

If  we  apply  F to  the  second  order  general  equation,  Eq.  (1.28), 
we  obtain 

(-Ju>)2F(p)  - F(ao )*jwF(p)  + F(aj  )*(-joi)  (jk)F(p)  + F(b, ) 

♦ F(a2)i(jk  F(p)  + F(bi ))  - F(a3*V*T)  = F(q0), 
or 

w2F(p)  + jF(ao )*wF(p)  - F(ai )*u(k  F(p)  + F(bj ) ) 

- jF( a 2 ) * (k  F(p)  + F(b,))  - p(a 3* (v -T) ) 

= - F(g0)  . (3.57) 

The  constituent  elements  are  qiven  by: 

1.  F(a0)  = ju.F(lnPc2)  = jF  ^ ~J  *<i(Pc2)  (3.58) 
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2.  F(aj)  = F(v)  (3.59) 

3.  F(a2)  = F(f)  - jF(v)*kF(v)  - F(a0)*F(v) 

+ jF  *k-F(T2)  (3.50) 

4.  F(§j)  = jF(c2)*k(l-F(lnP))  (3.61) 

5.  F(bj)  = jk.F(pc  + pj  (3.62) 

6-  F(g0)  = oj2F( po+p) ) - jF(a0)*uF(po+Pi) 

- jF(Pc2)*k  • F(f)  - F(v)*kF(v) 

+ F 1 *k-F(T0+T,)  . , (3.63) 

In  Eqs . (3.60)  and  (3.63),  the  item  kf(vj  is  an  outer  product  (second 
order  tensor). 

To  find  F( a 3 - ( v -X) ) . put 

V'T  = ‘VP  " b\  (3.64) 

so  that 

§j*(v*T)  = -c2(v  - vlnp)-(-'7p  - b3)  = c2(v2p  - vlnP.vp 

+ v-b3  - vlnP.b3)  . (3.65) 

Hence, 
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F §_3-(v-I)  - -F(c2 )*[k2F(p)  - kF(lnp)*kF(p) 

- JkF(b3)  + jkF(lnp)*F(b3)]  . (3.66) 

The  feedback  theorem  gives  the  general  solution.  Collecting  the 
acoustic  terms  of  Eq.  (3.57),  we  have 

o>2F(p)  + jF(a0)*u>F(p)  - F(aj)*o)kF(p)  - jFfa^'kFfp) 

- F(c2)*  k?F(p)  - kF(lnP)*k  F(p)  =F(u'),  (3.67) 

where 

F(u')  = - F(g0 ) + F(a_j  )*u,kF(bi ) + jF(aj  Wfb^ 

- F(c2)*[jkF(b3)  - jkF£np*F(b3)]  . (3.68) 

Now  define 

G = - ^|jF(a0  )*wF(  • ) - F ( a_j ) * kF(  • ) - jF(a2)*kF( -) 

- F ( c 2 )*[k2F(  • ) - kF£np*kF( •)]},  (3.69) 

so  that, 

* * - (n)  £•/ ,, \ 

F(p)  = [ G . (3.7C) 

n=0  u>2 

Again,  the  characteristic  of  the  general  solution  is  evident:  an 
infinite  sum  of  nested  operators.  Equation  (3.70)  is  convenient  for 
comparing  solutions  obtained  by  transforms  of  approximations  to  the 
general  solution. 


120 


TR  5871 


3.3  Summary 

For  the  most  part  the  contents  of  this  chapter  are  original.  We 
underscore: 

1.  The  operational  solutions  - Fig.  3-3  to  Fig.  3-9. 

2.  The  general  system  function  - Eq.  (3.42). 

a.)  The  homogeneous  system  function  - Eq.  (3.4). 

3.  The  general  feed-forward  operator,  G - Eq.  (3.44). 

4.  The  general  space-time  solutions  - Eqs.  (3.39), 

(3.40),  and  (3.41). 

5.  The  general  transform  solutions  - Eqs.  (3.55) 
and  (3.70). 

It  can  be  seen  that  the  solutions  to  adiabatic  acoustic  propagation  are 
complicated,  as  they  must  be  to  embrace  the  many  sound  fields  (including 
interfering  sources,  tides,  wakes,  internal  waves,  etc.)  which  they 
describe. 

Before  attempting  probabilistic  approaches  (Chapter  V),  however, 
let  us  complete  our  theory  by  reviewing  the  historical  solutions  of 
the  recent  past. 


121/122 
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IV.  HISTORICAL  SOLUTIONS 


4.0  Introduction 

Excepting  propagation  in  solids,  physiological  and  psychological 
acoustics,  and  similar  topics,  the  results  of  Chapters  I- 1 1 1 , obtained 
as  they  were  from  very  general  principles,  may  be  said  to  be  pertinent 
to  a broad  spectrum  of  acoustical  modelling  and  experiments.1  One 
might  include  theoretical  work  on  random  systems,  [23,  38,  114,  117, 
175],  continuum  mechanics,  [18,  43,  44,  89,  103]  and  the  extensive  work 
in  EM  propagation  [10,  27,  39,  62,  74,  225],  this  latter  when  based  on 
a scalar  wave  equation. 

We  will  attempt  to  indicate  succinctly  major  areas  of  recent 
acoustic  and  related  research  which  propose  to  some  degree  solutions  to 
acoustic  propagation.  Much  work  is  summarized  in  the  texts  of  Morse 
and  Ingard  [147],  Skudryzyk  [181]  and  Tolstoy  and  Clay  [194], 

Notable  in  the  study  of  general  random  inhomogeneities  are 
Tatarskii  [188-191],  Keller  [97,  99-101],  Middleton  [136-138],  Bourret 
[26],  Chernov  [40-42],  Dashen  [52],  Foldy  [69],  Frisch  [72], 

Neubert  [150,  151],  Wenzel  [203,  204],  and  earlier,  Mintzer  [141,143] 
and  Kraichnan  [108-110],  who  have  largely  discovered  approximate  solu- 
tions to  the  stochastic  Helmholtz  equation.  Since  much  of  this  work 
assumes  monochromatic  propagation,  it  is  especially  relevant  to  the 


‘By  itself  the  contemporary  effort  in  acoustics  is  voluminous.  We 
instance  F.E.  White  and  D.C.  Teas,  References  to  Contemporary  Papers  on 
Acoustics,  JASA  Suppl . 2.  1977,  which  covers  283  quarto  pages  of  bib- 
liography. 
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reverberation  studies  of  Faure  [63],  Jobst  [96],  Ol’shevskii  [158], 
Middleton  [138]  and  Vollerner  [197].  This  general  work  also  leads  to 
studies  of  coherence  and  fluctuation  spectra,  studies  which  have  at- 
tracted a large  following.  We  mention  in  particular  Nichols  [152-155], 
Porter  [166,  167],  Fitelsen  [65-67],  Adams  [1],  Jobst  [2],  Stanford 
[185],  Tuteur  [196],  DeFarrari  [53],  Dyer  [58],  Glotov  [77],  Meklyudov 
and  Chuprov  [149],  Baxter  [11],  Nefedov  [148],  Beran  [15],  and  Aikin 
[3].  Particular  note  should  be  made  of  Garrett  and  Munk  [75],  who  pro- 
pose a model  for  the  effects  of  internal  waves. 

One  tray  also  distinguish  research  on  the  basis  of  media.  Whereas 
much  of  the  work  mentioned  above  has  the  oceans  in  view.  Brown  and 
Clifford  [29],  Monin  [144],  Piercy  [161],  and  earlier  Obukhov  [157], 
have  directed  their  attention  to  the  atmosphere. 

Of  course,  the  statistics  of  the  given  medium  must  be  obtained 
experimentally.  A large  body  of  literature  has  grown  up  around  this 
subject.  We  mention  Dyer  [59],  Burnett  [37],  Vellen  and  Browning 
[132],  Williams  [209,  210],  Shvachko  [179,  180],  Sanford  [176], 
Pochapsky  [162],  Chuprov  [45],  Watson,  Siegmann  and  Jacobson  [201]. 

In  more  specialized  areas,  the  acoustic  effects  of  loss  mechanisms 
have  been  investigated  by  Schulkin  and  Marsh  [178],  Fisher  [64],  Fby 
and  Einstein  [60],  Mellen,  Browning,  and  P.oss  [133]  and  Thorp  [193]. 
Non-linear  effects  have  concerned  Blackstock  [19-21],  Westerveldt 
[205-207],  Lighthill  [118,  119]  and  Beyer  [16],  who  has  also  written 
a text  on  ultrasonics  [17], 

Conspicuous  among  the  scatterers  of  sound  is  the  surface  of  the 
sea.  A large  community  of  research  has  developed  around  solutions  to 
this  scattering  problem.  We  mention  Clay  [46-47],  Medwin  [130-131], 
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Middleton  [135],  Horton  [90,  91],  Marsh  [127],  Lysanov  [122-125], 
McDonald,  Tuteur,  Zornig  [129,  215],  Brown  [31,  33],  Gulin  [79-84], 
Harper  and  Labianca  [86,  87],  Parkins  [159],  Fortuin  [70-71],  Beckmann 
[14],  Barrick  [8],  Konrady  [107],  Boyd  and  Deavenport  [25],  Smirnov 
and  Tonakonov  [182],  where  much  of  this  work  stems  from  earlier  work 
by  Eckart  [61].  This  area  of  research  will  engage  our  attention  in 
Chapter  VI . 

Because  of  the  great  variety  of  proposed  solutions,  it  will  be 
impossible  to  give  in  this  chapter  a comprehensive  account  of  this 
development.  Rather,  we  will  select  certain  developments  which,  in  our 
opinion,  represent  many  others  of  similar  nature  in  the  hope  that, 
while  individual  selections  themselves  may  show  bias,  the  overall  pic- 
ture will  be  credited  a fair  and  accurate  account  of  our  subject. 


4.1  Velocity  Fields  and  Linearization:  Blokhintsev 

The  solutions  found  by  Blokhintsev  [22]  are  based  on  classical 
assumptions  concerning  the  velocity  vector  field  of  the  particle. 

After  exhibiting  his  deriving  equations  (Bl-4,  Chapter  I),  Blokhintsev 
proceeds  by  linearizing  (small  perturbations)  to  obtain  the  expression 


= r 2n2 


c^v^p  + hvS 


(4.1) 


where  h = = pc2  p~  ; p the  coefficient  of  volume  expansion;  t, 

\dS/n  CP 

the  temperature,  and  Cp  the  heat  capacity  for  constant  P2 . Pointing 
out  that  "the  propagation  of  sound  may  be  said  to  be  adiabatic  but  not 

isentropic  i.e.,  ~~  1 0 , he  nevertheless  proposes  solutions  based  on 
velocity  potential,  0,  (which  applies  when  the  entropy  is  zero).  For 
this  case,  he  obtains  a solution. 
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where 


P = 


302 

at2 


c2v20  + 


+ 


d0 

dt 


v-vlnc2  , 


(4.2) 


(4.3) 


which,  in  the  case  of  salt  water,  reduces  to 

/ v(p2  - C2Vp)-V0\ 

P = p/fc2v20  + J dt  (4.4) 

a reduction  which  he  justified  from  measurements  of  physical  constants. 

The  Blokhintsev  solutions  are  seen  to  relate  the  pressure  at  a 
spatial  point  (r)  to  the  previous  temporal  history  at  that  point.1 
The  method  has  been  outlined  here  as  an  example  of  the  approach  using 
velocity  potentials  and  small  perturbations. 


4.2  Stochastic-Helmholtz  Solutions 


The  solutions  to  the  St.ochastic-Helmhol  tz  equation,  Eq.  (1.34), 
enjoy  the  preference  of  much  theoretical  research  on  propagation 
through  a turbulent  medium  [62,  168].  The  popularity  of  Eq.  (1.34)  has 
been  so  great,  In  fact,  that  methods  originally  devoted  to  it  have  been 
developed  which  apply  to  a larger  class  of  solutions.  These  methods  are 
discussed  in  section  4.3  rather  than  here. 


'Blokhintsev  also  solves 


coordinates  related 
initially  spherical 


L . L iL) 

\ c2  at2/ 


0=0  for  a system  of  moving 


to  B = v/c.  Not  surprisingly,  solutions  for  an 
emanation  are  found  to  be  f(t  + r'/c),  where  r'  = 
(er  + (1  - 62)r)/(l  - B2).  It  is  from  this  point  of  view  that  he  gen- 
eralizes Kirchoff's  theorem. 
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4.2.1  Mintzer 

Mintzer  [141-143],  motivated  by  a discrepancy  between  ray  theory 
predictions  and  some  oceanographic  experimental  data,  solved  the  stoch- 
astic Helmholtz  equation  using  the  first  Born  approximation.  He  found 
that  the  resulting  expressions  evaluated  as  a time  average  (over  pulse 
length)  matched,  in  terms  of  statistical  variation,  the  experimental 
data . 

Given  a random  index  of  refraction  y(r)  = 1 + an(r),  a<<l,  the 
stochastic  Helmholtz  equation  can  be  linearized  to 

(v2  + k§  + 2kgan)p  = 0 . (4.5) 


For  a spherical  wave  of  unit  amplitude,  Eq.  (4.5)  has  a solution 


, x pjk0r  2k§a  /_■ } Jko|r-r'  | 

’W  ■ V-+^r/  n-JV-7r-  p(r>)dr 


• 3 


(4.6) 


i k p * 

The  (first)  Born  approximation  uses  p(r' ) = eJ  0 /r',  so  that  we  have 


pjk0r  2k§a 

P(L)  = + -47-  I n(r') 

v 


ejko(|r-r'|)  ejk0r • ^ 
|r '-r I r'  'r 


14.7) 


Since  <n>  = 0,  <p$>  = 0.  Mintzer  calculates  the  coefficient  of  varia- 
tion 


V = 


< | p | 2>  - | <p> | 2 a2k§  2 it  n 

= / d0  f sinede  ‘ 

<p>2  8tt  ( 2tt  ) 71  0 0 


l 


k2dkN(k,e,0)  { dx1 
-r 


r 1 

/ dx"  [exp  2 jkcose 


-r 
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. . „n  expjk2(x,2-x"2) 
• (x'-x")]  Bk^r ^ 


(4.8) 


where  N is  the  Fourier  transform  of  the  autocorrelation  function  of  n 
expressed  in  spherical  coordinates  and  p is  the  time  average  over  pulse 
length . 

One  notices  that  the  solution  to  the  turbulent  propagation  in- 
volves the  medium  variable  n(r). 

Mintzer's  model,  while  verified  by  a well  controlled  experiment, 
is  not  altogether  satisfactory  since,  even  as  Mintzer  pointed  out  [143, 
p.  189],  the  theory  predicts  that  the  signal  correlation  function  will 
have  no  •'ange  dependence  - a result  contradicted  by  other  data  then 

availaole. 

4.2.2  Rytov 

We  follow  Fante  [62]  and  Chernov  [40]  in  explaining  the  Rytov 
Method  [174],  This  method,  originally  developed  in  connection  with 
the  theory  of  diffraction  of  light  by  an  ultrasonic  lattice,  has 
been  shown  to  give  good  agreement  with  optical  experiments  over 
propagation  paths  less  than  1 km  in  the  atmosphere.  However,  in  the 
late  1 960 * s , it  was  found  deficient  for  horizontal  propagation  paths 
much  greater  than  1 km  [78]. 

This  method  postulates  an  incident  plane  wave 

Po(r,t)  = a0e  , |r|>  0,  ac  constant  (4.9) 

and  a solution 

p(r,t)  = a(r)e‘j(wt's(-))  , (4.10) 
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also  written 

p(r,t)  = a0e"j(a,t‘,,'(-))  , (4.11) 

so  that, 

/ a ( r )\ 

Mr)  = s(r)  - jin  (-£— J . (4.12) 

Using  p(^)  in  the  stochastic  Helmholtz  equation,  one  obtains  for  ip 

v<i!‘7ip  - j v2»p  = k2  = k^(l  + u2)  = k^n2  . (4.13) 

Tnen,  setting  ^ = ijii  + (|i0,  where  4, 0 satisfies  the  equation  for  the 
homogeneous  medium,  [(v)2  - jv2 ]ip 0 = ko’  and  assuming  that 

Nil  Nil 

«1,  — r — «1,  and  w<<1,  (4.14) 

I VlPo  | 

one  obtains 

2vii>0'Vip1  - jv2ip1  = 2uk2  (4.15) 

for  the  perturbed  field  ^j.  The  solution  for  is  thus  found  to  be 

-jk^  expjk-(L-L’ ) 

*1^  “ ?.expj»o(r)  I )expj*0(r-)  dr'  . (4.16) 

The  amplitude  and  phase  fluctuations  can  thus  be  obtained  by 
separating  the  real  and  imaginary,  parts  of  <p j . 

The  assumed  form  of  the  solutions  shows  that  temporal  interactions 
are  neglected,  while  the  restrictions  limit  these  solutions  to 
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situations  where  the  cumulative  effect  of  turbulence  is  relatively 
Insignificant. 


4.2.3  Prokhorov 

A.M.  Prokhorov  and  his  associates  [168]  have  commented  recently  on 
a stochastic  approach  suitable  for  optical  beams.  Here,  the  stochastic 
Helmholtz  equation  to  be  solved  is  given  by 

v2p  + k^(l  + 2p(r))p  = 0.  (4.17) 

The  solution  is  assumed  to  be  a plane  wave  propagation  along  the  z-axis, 
of  the  form, 

p(r)  = a(r)expjkz  . (4.18) 


For  mostly  forward  scattering  over  small  angles 


v2p 


= v2 


xyr 


= O.  + 


3X‘ 


ay2 


so  that  a(r)  satisfies 

aa  (r) 

2jkQ  + vxya(r)  + 2k2ya  = 0 (4.19) 

Rather  than  seek  approximate  solutions  which  directly  link  a(r)  and  p 
(as  in  the  P.ytov  method),  this  method  proceeds  directly  to  statistical 
moments  across  z planes.  For  the  second  moment 

<m1?>  = <a(x1,yi)a(x2,y2)>, 
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for  example,  one  obtains 

2jko  h <mi2>  + Vx,yi  - 7x2y2  <m»2>  + 2ko<pimi2> 

" 2kQ<U2mi2>  = 0 • (4.20) 

In  order  to  deal  with  the  cross  terms  <uimi2>,  the  local  method  of 
small  perturbations  is  used.  For  the  field  between  z0  and  z0  + az,  let 

a(z)  = a°(z)  + al[z)  , (4.21 ) 

where  a0  is  the  homogeneous  component  and  a1  is  the  first  order  scat- 
tered amplitude.  Using  this  and  other  assumptions  (no  backscatter, 
small  inhomogeneities,  etc.)  one  arrives  at  the  equation: 


3_ 

ot 


<m12> 


" fer 


x i y i 


<m12> 


* i’,x2y2<"i2>  * k2[R(0) 


- R( 1 ,2)]<m12>  = 0 , (4.22) 

where 

R(1,2)  = / <u(r  ;z)g(r  ;z')>dz' 

7 -x iy i -x2y2 

L o 

is  related  to  the  correlation  function  of  g.  It  may  be  seen  that 
<m12>  characterizes  the  angular  spread  of  scattered  radiation. 

Similarly,  one  obtains  for  the  first  moment  cm^,  (the  average 
field) 


vyu<m>  + kf)R(0)<mi>  = 0 , 

zk0  *y 


(4.23) 
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and  for  the  fourth  moment  <m24>  (which  characterizes  fluctuations  of 
intensity) 

2-  <m?4>  - (v2  + v2  - v2  - v2  \<m2i«> 

3t  24  2Vo  l Xjyi  x2y2  x3y3  x4y 24 

+ k2<m24>[2R(0)  - R( 1 ,2 ) + R(l,3)  + R( 1 ,4 ) 

+ R(2,3)  + R(2,4)  - R(3,4 )]  = 0 . (4.24) 

Solutions  to  the  non-stochastic  equations  (Eqs.  4.22  to  4.24)  may  be 
obtained  routinely  and  applied  to  the  effects  under  study  (for  instance, 
the  limitations  on  focal  ability  due  to  turbulent  propagation) . 

4 . 3 Quantum  Mechanical  Solutions 

Analytical  solutions  to  Chernov's  equation 


— - — - v2p  + Vlnpo *vp  = 0 (4.25) 

c2  at2 

are  comparatively  rare.  This  is  to  be  expected  since,  in  addition  to 
the  information  needed  for  the  stochastic  Helmholtz  equation,  a knowl- 
edge of  the  density,  po,  and  its  variation  in  space  are  required.  In 
this  section,  we  will  present:  (1)  an  abortive  attempt  at  solution  by 
Chernov,  and  (2)  a general  method  of  solution  usually  applied  to  the 
stochastic  Helmholtz  equation,  but  applicable  here  as  well. 

We  follow  Chernov  [41].  Assuming  p = Po  + Pi  where  Po  = 
a0exp[-j (a)t-k0r)] , a plane  wave,  and  that  p and  c deviate  only  slightly 
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from  their  mean  values,  one  obtains  for  p, 


1 


c 


2 

0 


. V2p  = . 

at2 


+ 


jk  avp 
po 


) 


a0exp-j  (wt-kr ) = 4ttQ 


(4.26) 


where  k = u>/c0.  Under  the  influence  of  the  primary  wave,  each  element 
of  the  inhomogeneous  medium  acts  as  a distributed,  secondary  source  of 
radiation.  Q may  be  interpreted  as  the  density  of  these  elementary 
secondary  sources.  The  solution  for  the  scattered  wave  is  then  given  by 

Pi  = -4^-  J ^2k2  ^- + it  1 expjk(r+r' )dr'  . (4.27) 


co  po  dr 


for  the  harmonic  case. 

Chernov  continues  by  relating  propagation  velocity  and  density 
changes  to  temperature  and,  finding  velocity  change  an  order  of  magni- 
tude larger,  drops  the  density  terms.  He  notes,  honestly  enough, 
"...that  neglecting  density  fluctuations  is  equivalent  to  neglecting 
the  additional  term  vlnp-vp  ir  the  original  wave  equation."1 

A wave  propagating  through  a turbulent  medium  has  something  aoout 
it  redolent  of  quantum  field  theory.  Pursuit  of  this  analogy,  in  addi- 
tion to  the  application  of  new  methods,  brings  other  benefits.  As 
Tatarskii  remarks,2  the  "...application  of  the  mathematical  tools  of 
quantum  field  theory  enables  us  to  leave  the  limitations  of  the  theory 
of  small  perturbations  and  to  obtain  a solution  valid  in  the  case  of 
strong  fluctuations." 


1 


1 [41 ] p.  50. 

2[187]  p.  335. 
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Many  researchers  have  taken  this  lead.  We  follow  an  especially 
fine  and  lucid  exposition  by  D.  Dence  and  J.  Spence  [55].  One  begins 
by  separating  the  deterministic  from  the  random  parts  of  the  problem. 
Let  L be  the  deterministic  operator  and  £ a random  point  function, 
so  that  the  problem  may  be  stated  as 

Lp(r,r')  = S(r)p(r,r ' ) + s0(r,r')  (4.28) 

where  s0  is  a deterministic  source  at  r'.  If  L has  an  inverse, 

/ g(*)dv,  and  if  <£>  = 0,  a solution  is  easily  found  to  be 


p(r,r 1 ) = J g(r,r'  )s0 ( r , ,r ' )dr]  + J g(r,r*  )rjr1  )p(r:  ,r'  )drf  . (4.29) 


One  may  now  reiterate  this  solution  in  a manner  analogous  to  continued 
fractions,  and  so  produce  an  infinite  series,  only  the  last  term  of 
which  contains  p.  All  other  terms  contain  interactions  of  the  random 
field  quantities.  Assuming  the  necessary  existence  properties,  one  may 
now  calculate  the  mean  <p(r,r_‘  )>  and  other  moments  of  the  scattered 
field  in  terms  of  the  n*^  dimensional  correlation  functions  of  the 
random  component,  i.e.,<Cj  S2  • • ^ £ 's  normally  dis- 

tributed,1 then  these  nth  dimensional  correlations  can  all  be  decom- 
posed into  products  of  two  point  correlation  B(i,j).  In  this  latter 
case,  one  may  introduce  the  following  notation: 


Middleton  has  shown  (July  1977)  in  a private  correspondence  with  the 
author  that  this  will  be  the  case  whenever  a comparatively  large  number 
of  scatters  interact  per  unit  domain.  In  general,  as  Middleton  also 
shows,  the  statistics  will  be  multi-point  poisson  whose  order  depends 
on  the  complexity  of  interaction. 
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= 


a dummy  variable  over  which  integration  is 
taken 

G 

<p> 

The  correlation  function,  B 


Then,  the  infinite  series  can  be  represented  in  Feynman  diagrams  as 


r r 1 


» ./~V- , nn  .. . . 


One  may  "factor"  the  diagram  to  obtain  Dyson's  equation 


<p(r,r'  )>  = \ G(r,r!  )s0(D  )dr?  + 
v 


/ G(r,rj  ) Q(rj  .r^Kptrj^r'  )>dr|dr^ 


(4.30) 


(4.31) 


where  Q represents  an  infinite  subsequence  called  the  "mass  operator." 
Extension  of  these  techniques  may  be  used  to  obtain  higher  order  mo- 
ments . 

We  first  show  that  this  approach  is  suitable  for  Chernov's 
equation,  Eq.  (4.25). 

Noticing  that  the  general  form  Eq.  (4.28)  contains  no  time  vari- 
able, we  reduce  the  Chernov  equation  to  its  harmonic  form: 


k2p  + (7  - vlnP0)-7p  = -s(r'),  k=uo/c 


(4.32) 
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with  harmonic  source,  s(r'). 

For  k2  = kg(l  + y)2,  this  reduces  to 

kg  + (v  - vlnpo ) *v  p = -kgp(y  + 2)p  + s (4.33) 

so  that 

L = kg  - (v  - vlnp0).v  (4.33a) 

Z = -kgy(u  + 2)  . (4.33b) 

The  general  form  Eq.  (4.28)  thus  applies  to  the  harmonic  form  of  the 
Chernov  equation.  The  inverse  operator  is  obviously  a function  of  po 
here.  If  it  can  be  found,  Dyson's  equation,  Eq.  (4.31),  can  be  used 
immediately. 

Solutions  have  been  found  for  L = v2  + kg,  £ = ~kgv,  which  is  the 
stochastic  Helmholtz  equation  for  small  variation  in  the  index  of 
refraction. 

Here 

- e-jkok-r'l 

9 = *-*-  • 

-4n|r-r' | 

Putting 

representing,  in  expanded  form,  the  "bilocal"  approximation  and  an 
assumption  of  local  independence,  i.e., 

<C(rk(D)p(rj>)>  = <e(r)dD>)><P(D)> 

one  obtains 

p-jko  In'Ll 

(v2  + kg)  <p(r)>  + kft  j B(r,ri)  <p(rj)>dr?  = s(r)  (4.34) 

r 4n (r-r 1 1 
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where  B is  the  second  order  correlation  function  of  y_. 

If  B(r,r‘)  is  stationary,  Fourier  transform  methods  may  be  used  to 
obtain 


(-k2  + kg)P(k)  + kftK(k)P(k)  = 1 

where  P and  K are  transformations,  i.e.,  K = J(e  J k°p/4np  )B(p  )e  jk*rdr3. 

v 

One  must  now  know  B(p),  the  correlation  statistic  of  v in  order  to 
invert.  Assuming 


B = Bgexp | r-ro I a , 

then  we  have  as  solution 

p(r)  = a^i-r  + a?e-jk2”:  (4.35) 

wher" 

ai  = - 5-  n + o + 4B2k2a2/(l  + 2jk0a)2)]->s,  (4.35a) 


a2  = jji  [1  - (1  + 4B2k2a2/(l  + 2jk0a)2)]' 


(4.35b) 


kl  = 


k2  = 


1 


/ 2 a 

J 

/ 2a 


k2a2  - (1  + jk2a)  - [(1  + 2 j k 0 a ) 2 + 4Bgk^a‘*P 
kga2  - (1  + jk0a )2  - [(1  + 2j k0a ) 2 + 4Bgk^a‘4]!" 


, (4.35c) 

. (4 . 35d  ) 


Thus,  depending  on  conditions  in  the  media  (especially  the  relative 
measure  of  k0  and  a),  the  randomness  excites  a sound  wave,  perhaps 
evanescent.  Moreover,  each  wave,  and  in  particular  the  coherent  wave, 
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has  a complex  wave  number,  which  indicates  that  it  is  subject  to  a 
turbulence  loss,  independent  of  other  attenuation.  Also  the  real  part 
of  the  wave  number  increases,  "...causing  the  coherent  wave  to  travel 
slower  than  if  these  were  no  randomness."1 

The  existence  of  limits  in  these  representations  (the  convergence 
problem)  is  a source  of  major  theoretical  difficulty.2  We  note  here, 
for  later  comment  in  Chapter  V on  this  matter,  that  (1)  only  selections 
of  the  correlation  structure  are  used  in  the  bilocal  approximation  and 
that  (2)  the  assumption  of  local  independence  amounts  to  the  use  of  the 
first  term  of  a Taylor's  series.  Both  these  matters  must  be  duly  con- 
sidered in  assessing  the  convergence  of  sums  (or  subsums)  expressed  in 
Eq.  (4.30).  Furthermore,  it  has  been  recognized3  that  the  formulations 
based  on  the  bi local  approximation  are  not  energy  conserving. 

4 .4  FOM4  Solution 

The  "classical"  approach  to  our  subject  generally  taken,  and  in- 
deed taken  up  to  this  point,  attempts  to  describe  the  entire  pressure 
field  from  knowledge  of  the  physical  laws  locally  applicable  (as  dif- 
ferential equations).  One  must  add  to  the  local  phenomenon  the  bound- 
aries, geometry,  waveforms,  transmitting  and  receiving  apertures,  etc. 


1 [55]  p.  140. 

2 [ 1 28 ] p.  6,  45. 

3Rosenbaum,  1968.  "On  energy-conserving  formulations  in  a randomly 
fluctuating  medium,"  in  Proc . Symp . Turbulence  Fluids  Plasmas , Poly- 
technic Press  of  the  Polytechnic  Inst.  of  Brooklyn,  p.  163. 

4F0M  r "Faure  - 01'shevskii  - Middleton"  after  Faure  [63], 
Ol'shevskii  [158],  and  Middleton  [138]. 
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for  practical  engineering  results.  This  "bottom-up"  approach  may  be 
contrasted  with  a more  recent  "top-down"  method,  in  which  the  general 
engineering  problem  is  initially  modelled  to  include  all  major  relevant 
factors,  each  of  which  is  then  developed  in  detail  as  warranted.  This 
"top  down"  approach  is  analogous  to  methods  used  in  communication 
theory,  or  system  design  where  the  methods  have  met  with  clear  success. 

We  follow  a vigorous  exponent  of  the  latter  method  [38]  in  com- 
menting on  the  FOM  model,  applicable  not  without  justification  [95]  to 
a domain  of  discrete  scatters. 

Our  interest  in  these  models  centers  on  a waveform  U measured 
through  an  aperture  (perhaps  moving).  For  an  active  scattering  region, 
A,  in  which  a Poisson  (spatial)  scattering  process  operates,  one  ob- 
tains as  the  characteristic  function  of  the  received  process,  X, 

n 

Fn  ( j C i » t j . jCn,tn|t',A)  = exp  Jp<expj  l C^UU^-.A.e)  - l>QdA_  (4.36) 

A £=1 

where  p(A_)  is  the  process  "density,"  U is  the  scattered  waveform  asso- 
ciated with  each  individual  scattering  event,  and  A is  a positional 
variable.  The  moments  of  the  received  process  may  then  be  taken 
directly  from  the  characteristic  function  in  the  usual  way.  For 
example,  the  mean  and  covariance  are  given  by 

<X>  = J p ( A^t ' )<u ( t j , A )>dA  (4.37) 

A 

Ky  = J p(>,t')<U(t1,A)U(t2,A)>dA  • (4.38) 

* A ' ' 
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Under  the  assumption  that  the  scatterers  are  in  the  far  field  to  and 
from  which  ideal  propagation  in  a homogeneous  medium  (constant  density) 
holds,  one  has  here 

Uj  = d-  iaR(-,t_x  + iR.'~/c)dT 

j R ^ 

( t 1 > T ) 

* J h'M(T-Tl~tdiCTi  *T^T-rp  —? |Rt  )dn 

j j 

• 4^77  l I «j(S'U-'2  + lx  • ^)sin(T2*^dT2  (4-39) 

ij  Vy  -®  J 

where  aD  and  a_  denote  the  receiving  and  transmitting  apertures,  (which 

K 

act  like  linear  space-time  filters);  S.  , the  input  signal,  h'  the 

in  M 

filtering  effect  of  a typical  scatterer  at  . This  relation,  Eq. 
(4.39),  includes  the  effects  of  both  doppler  due  to  receiver  and  trans- 
mitter motions  and  doppler  due  to  scatterer  motion. 

Thus,  the  major  segments  of  a practical  acoustical  problem  have 
been  sketched  in  considerable  generality.  While  this  approach  is  in- 
teresting in  its  results,  it  is  still  more  interesting  in  its  method- 
ology. We  expect  to  find,  under  differing  conditions,  results  quite 
different  from  this  early  model,  yet  the  methodology  can  be  expected  to 
hold . 

It  should  be  noted  that,  in  addition  to  the  limitations  of  a first 
order  (single  scattering)  model  this  early  work  depends  heavily  on  the 
independence  of  the  individual  scatterers.  It  thus  may  be  expected  to 
model  weak  scattering  regimes,  where  fish,  for  example,  provide  a 
physical  scattering  mechanism,  or  again  a high  frequency  model  of 
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surface  scatter.  Where,  however,  the  scattering  mechanisms  are  corre- 
lated this  early  model  encounters  difficulties.  We  shall  see  in  Chapter 
VI  Middleton's  further  development  of  this  model  with  new  methods  that 
allow  far  greater  applicability. 

4.5  Summary 

In  this  Chapter  we  have  attempted  to  give  an  overview  of  recent 
historical  solutions  to  acoustic  propagation  by  first  indicating  the 
extensiveness  of  research  effort  devoted  to  these  solutions  and  then 
by  selecting  certain  typical  solutions  for  exposition.  In  the  main, 
the  reader  will  note  that  the  effort  is  directed  to  solving  the  (narrow- 
band)  stochastic  Helmholtz  equation  in  two  broad  categories:  initial 
plane  wave  and  initial  spherical  wave  propagation.  The  more  recent  work 
formulates  the  solutions  in  a statistical  sense,  that  is,  the  solution 
is  expressed  in  terms  of  the  moments  of  the  received  pressure  viewed 
as  a random  process. 
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V.  PROBABILISTIC  METHODS 


5.0  Introduction 

In  the  middle  life  history  of  a pressure  wave,  that  age  subsequent 
to  when  its  acoustic  properties  dominated  the  medium,  and  yet  prior  to 
its  decadence  into  background  noise1,  the  wave  may  be  thought  of  as 
composed  of  two  parts.  The  first  relates  to  the  source  (correlated); 
the  second  does  not  (uncorrelated).  It  is  this  intermediate  epoch  of 
the  wave's  history  which  we  concentrate  upon  below. 

In  this  chapter  we  propose  to  develop  the  statistics  of  the  re- 
ceived wave  (first,  second,  third,  and  fourth  moments)  in  terms  of  the 
statistics  of  the  medium.  The  first  moment,  <p(r,t)>,  gives  the 
ensemble  (not  the  temporal)  mean,  and  generally  does  not  equal  zero. 

The  second  moment,  <-p(  rj,t1)p2(r^,t2)>,  refers  to  various  physical 
properties  (spatial  or  temporal  correlation,  intensity)  depending  on 
the  choice  of  (r2,t2),  or  conjugates,  etc.  The  fourth  moment  is  im- 
portant for  determining  fluctuations  in  intensity. 

Our  development  is  made  in  light  of  the  methods  used  successfully 
to  obtain  the  general  solution  of  Chapter  III.  By  insisting  on  ap- 
proximations which  model  temporal  and  mixed  effects,  we  may  hope  to 
ad'/ance  the  solutions  given  in  the  literature.  Both  as  an  illustra- 
tion and  because  of  its  practical  importance,  we  specialize  in  this 
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and  the  remaining  chapters  to  the  following  form1  of  the  wave  equation 

(v*  - 1_  (l*d(r,t))  - — ) p(rjt)  = s(r^,t0)  (5.1) 

' c?  " »’  ' 

The  spatial-temporal  function  d(r,t)  is  defined  by 

c2(r,t)  [1  + d(r,t)]  = c?  . (5.1a) 

— — o 

The  conditions  for  the  validity  of  Eq.  (5.1)  may  be  appreciated  from 
Chapter  I,  Sec  1.5.2.  Equation  (5.1)  can  be  seen  to  provide  spatial, 
temporal  and  mixed  space-time  effects.  The  reader  will  likewise 
notice  that  (5.1)  is  a linear  relationship  which  contains  no  inde- 
pendent noise  sources.2 

In  the  sequel,  we  shall  occasionally  use  Eq.  (5.1)  in  a different 
form,  the  so-called  M- form, 3 given  as 

so  as  to  accent  the  acoustic  source,  s0,  and  to  distinguish  surface 
(d  ),  volume  (d  ) and  bottom  (d  ) scattering.  The  M-form  frees  solu- 

S V D 

tions  from  the  practically  impossible  problem  of  boundary  conditions 
(classical  method)  in  accordance  with  the  understanding  of  solutions 
(Chap.  III).  In  this  conception,  interfaces  behave  as  localized  scat- 
tered and  are  so  treated  formally. 

1 1 n this  form  harmonic  solutions  are  not  generally  possible  because 
d(r,t)  is  allowed  a temporal  variation. 

2See  Sec.  7.3  for  a treatment  of  "noisy"  models. 

3From  a development  made  by  Middleton  [136]. 


144 


Tk  5871 


An  instructive  comparison  between  Eq.  (5.1)  and  the  general  solu- 
tion can  be  made  with  transforms. 

Applying  the  transform  F to  Eq.  (5.1),  we  obtain 


-k2F(p)  + — <«(k,o>)  + F(d))  * w2F( p)  = F(s„),  (5.3a) 

eg 

k2F( p)  - — a)2F(p)  - F( d)*  a)2 F( p ) = -F(s0)  . (5.3b) 

eg  eg 


Equation  (5.3b)  may  be  put  in  the  form 


F(p) 


Fd  * ui2F(  p)  _ co^  ~s° 

C2k2  - u,2  C2k2  - a)2' 


(5.4) 


Applying  the  feedback  theorem  with  G = — ^ u ^ 


c2k2  - ^ 


we  have 


F(P)  = l (G)(n) 
n=0 


eg  F( -s0 ) 

c2 k2  - ,o2 

o 


(5.5) 


for  solution. 

The  formal  differences  between  solutions  to  Eq.  (5.1)  and  the 
general  equation,  Eq.  (3.70),  may  thus  be  set  down1  as  in  Table  5-1. 


*Tnis  comparison  is  awkward  from  Eq.  (5.1)  being  a pressure  flux  re- 
lationship while  the  general  equation  in  Sec.  3. 2. 2. 2 is  given  in 
terms  of  temporal  variation  of  power  density.  Further,  c2(l+d)  = eg 
implies 

F( c2)*F(  1 + d)  = cg<$( k ,oj)  = F ( c 2 ) + F( c2 )*F( d) , 

so  that 

F(c2)*F( d)  = cg6(k„0)  - F( c2)  = c§F( c2 )*F  ^ - F(c2)  . 


It  follows  that 
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One  can  see  that  even  In  the  perfect  medium  (v-T  = -vp)  postu 
lated  for  Eq.  (5.1),  the  introduction  of  a medium  related  variable 
brings  on  a feedback  solution. 

Space-time  considerations  provide  insight  as  well.  Let 


[ eg  at 

so  that  Eq.  (5.1)  has  for  solution 


(5.6) 


F ( c 2 ) = eg  M - F(d)  + F(d)*F(d) 

+ . . . + (-l)(n)(Fd*)(n)  + . . .)«(k,M) 
One  may  argue  to  the  result  directly  from 

cS-^n i-^c2 


d K 


from  which 


c2  = eg  l (-1  )r'dn  , if  |d|  < 1 
n=0 

From  power  density  relations  one  would  have 

00  'fnl  T F(so) 

F(p)  = l Gjn)  

n=0  L u2 


and 


Gj  = — [F(c2 )*k2F( • )]  . 

cl 
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TABLE  5-1.  COMPARISON  OF  THE  GENERAL  SOLUTION  TO  THE 
BROADBAND  WAVE  EQUATION  SOLUTION 
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P 


G(s0)  + Gl- 


xc  § at2 


(5.7) 


A ^2  \ (n)  - 

d-d—\  G(s0)  . 

eg  3t2/ 


(5.8) 


In  Eq.  (5.7),  we  recognize  &(s0)  as  the  unscattered  wave,  pu,  (solu- 
tion for  d=0),  while 


co 


(s0) 


(5.9) 


may  be  termed  the  scattered  wave,  p$.  Comparing  Eq.  (5.7)  with  Eq. 
(3.40)  highlights  three  assumptions  made  in  the  model  described  by 
Eq.  (5.7): 

1.  a medium  assumption:  -s/n  -*•  G(s0),  deterministic; 

2.  a subject  assumption:  [p(o,t0)  + Grtu  - s/n]  -*•  G(s0); 


3. 


an  operator  assumption: 


1 

2 


- GrtP 


(n) 


5.1  General  Methods 

In  Eq.  (5.1)  let  us  now  consider  d(r,t)  a random  variable  whose 
statistics  are  known.  We  turn  now  to  calculating  the  statistics 
of  the  output  random  variable  p(e^,t). 
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5.1.1  Moment  Equations 

This  path  will  be  travelled  more  than  once.  Here,  we  pass 
quickly  for  direction.  Subsequently,  we  will  look  for  detail. 

We  start  with  the  linear  formulation 

L p(n»Lo;ti,t0)  = £ ( Hi , 1 1 ) p(ri,r0;ti,t0)  + s(r0,t0)  (5.10) 

where  L is  a deterministic  linear  operator;  ? is  a random  operator; 
p is  the  random  process  and  s is  a source  at  r^. 

5 . 1 . 1 . 1 Means  (First  Moment) 

Taking  ensemble  averages  of  Eq.  (5.10),  we  have 

L<p>  = <£p>  + s . (5.11) 

Putting  <f,p>  Q<p>  and  applying  L"1  = G,  gives 

<p>  = G(s)  + GQ<p>  (5.12) 

which  is  Dyson' 


Note  that  <?;>  = 

Indeed  if  £=0,  <p>  = G(s)  = p In  some  cases  writing  c=5-<5>+<5>.  to 

produce  a zero  mean  process  L<p>  = < ( c-<C> )p>  + <£><p>  + s may  be 
advisable  depending  on  the  structure  of  <G U-<£>  + <C>)>^.  Also,  the 
definition  0<p>  = <^p>  may  always  be  made  uniquely  whenever  <p>^0  be- 
cause <p>  and  <£p>  are  simply  real  (complex)  numbers  for  any  space-time 
point  (r,t).  We  shall  return  to  the  interpretation  of  Q in  Sec.  5.1.2. 


s Equation.1  Q is  the  "mass  operator."  Thus 


<p>  = l (GQ)(n)G(s)  = [ <Gc>(n)G(s)  . (5.12a) 

n=0  n=0 


0 does  not  imply  that  <rp>  = 0,  or  that  <p>  = 0. 


'See  [55],  p.  136. 
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5. 1.1. 2 Second  Moment 

Several  choices  are  available.  We  mention: 

<PiP2>  : <p(r,t)p*(r,t)> 

<PjP2>  e <p(n1»t1)p(r2,t2)> 

<PiP2>  = <p(rj  ,ti)p(rj  ,t2)> 

<ptp2>  e <p(r1,t1)p(r^,t1)> 

For  complex  conjugation,  we  have  from  Eq.  (5.10) 

[Lp]*  = C*p*  +s*  , 

which  has  a solution 

p*  = G*( s*)  + G*^*p*  . (5.13) 

The  various  choices  pertain  to  different  physical  realities:  peak 
pressure,  spatial  correlation,  temporal  (ensemble)  correlation,  etc., 
to  be  chosen  as  needed.1  In  the  sequel  we  develop  <pjp2>  as  a type 
for  any  of  the  choices. 


^he  reader  should  not  confuse  correlation  with  coherence.  Vlith 
respect  to  the  source,  s,  define  Rsr  as 

R - <sp>  = s<p>  . 
sr  K 

We  see  that  the  correlation,  R„,  generally  does  not  equal  zero,  be- 
cause <p>^0  generally.  The  coherence  (mutual  coherence  function), 
however,  is  defined 

Csr  H <(s-<s>)(p-<P>)>  0 

for  a deterministic  source.  Both  notions  differ,  of  course,  from  the 
average  over  time. 
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Multiplying  pj  and  p2  gives 

PjP2  = (^1(^1)  Pi ) (®2  ( ^2^2P2^ 

= (Gj (Sj ) ) (G2 (s2  ) ) + (Gj (s j ) ) (G2^2P2 ) 

+ (G2 (s2 ) ) (GjCjPj)  + G j (G2 ( £ 1 P 1 62p2 ) ) > 


so  that 


Defining  B by 

^ 1 2<P  1 P2 > E 1 ^2 P 1 P2"*  » 

allows  us  to  write  Eq.  (5.15)  as 


<p.f>2>  ■ PUlPU2  + pu1M2<p2>  * p„2Mi<Pi> 


(5.14) 


'P.P2>  ■ PU,PU2  * pu,M2<p2>  * pU2Mi<Pi> 

(5.15) 

+ Gj  (G2<Cl C2P1 P2> ) . 

(5.16) 


+ Gj (G2B12<PiP2>) 

® . - - - (n) 

= l ( G ! ( G2 B j 2 [p  p + p G2Q2<p2>  + Pu  G1Q1<pi>] ))  . (5.17) 

n=0  U1  U2  ul  u2 


Equation  (5.17)  is  not  the  Bethe-Sal peter  expression 

<PjP2>  = <pj><p2>  + <p2><p2>B<p j p2> 
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which  may  be  obtained  by  another  choice1  of  B.  This  Tatter,  Eq. 
(5.18),  is  of  less  use  to  us,  since  it  does  not  generalize  to  higher 
order  moments  as  easily  as  Eq.  (5.17). 

5. 1.1. 3 Third  Moment 

We  develop  the  third  order  moment,  <pjp2p3>,  principally  for  its 
influences  on  the  fourth  moment.  Form 

P 1 P2 P 3 = £ lPl+^ 1 j ) ) ( G2£2P2+G( ^2 )) (G3£3p3+G( ^3  )) 

= PUlVu3  + pu  j^2(G3(c2£3P?P3))  + PU261(G3(C1f,3PiP3)) 

+ Pu  ^Gj  (G2  ( Cl  C2P1  P2  ) ) + PUlPu2^3P3  + Pt,iPU2G2C2P2 


Recognizing  that 

* p , xp^  > = p p + p 62Q2p  + p G,Q,p  + G,(G2QjQ2p  p ), 

1 r2  Ui  U2  l.l  1 1 U2  U2  1 1 Ul  1 2 1 2 Ui  u2 

the  second  moment,  upon  taking  ensemble  averages,  becomes 

< P l P2 > = <Pi><Pz>  * (GiQj<Pi >)(G202<p2>)  + Gj (G2<CiC?PiP2>)  • 

The  Bethe-Salpeter  equation  follows  immediately  upon  defining 

-(G]Qi<P>)(G2Q2<p2>)  + Gi (G2<CiCiPiP2>)  = <Pi><P2>B^Pi P?> 

Unfortunately,  the  Bethe-Salpeter  expression  generalizes  awkwardly;  as 
a consequence,  we  have  preferred -to  give  a simpler  definition  of  B 
which  results  in  Eq.  (5.17). 
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+ PU2PU3^l^lPl+  G1 (G2 (63 (?i?2^3PlP2P3 ) ) ) • (5.19) 


Taking  ensemble  averages  and  defining  T123  e <C1C?C3p1p2P3>/<PiP2P3>  » 
in  the  usual  way,  we  have 


<p,p2p3>  = p p p + p p G3Q3<p3>  + p p G?Q2<p?> 

" 1 “2'  0 Uj  U2  U3  Ul  U2  i 3 3 U]  U2  1 1 2 


+ PU?PU3G)Ql<Pl>  + PUlG2(G3B23<P2P3>)  + Pu?G](G3B13<PlP3>) 


+ p^ ^Gj ( G2B j 2< p j p2 > ) + G1(G2(G3T123<p1p2p3>)) 


(5.20) 


5 . 1 . 1 .4  Fourth  Moment  and  Beyond 

Whenever  p,p2  = p 3 p 3 * , that  is,  "intensity,"  the  quantity 
(p1p,*p2p2*-<p1p1*><p2p2*>)  describes  the  mean  square  fluctuation  in 
intensity.  Fluctuations  in  intensity  represent  a limitation  imposed 
by  the  medium  on  image  forming,  beamforming,  etc.  In  general,  the 
fourth  moment  <PiP2P3P4>  will  contain  2U  - 16  terms.  Defining 
W<pjp2p3p4>  = <f,i6253f.i4PiP?P3Pi<>.  we  put  dov/n  immediately 


<PlP2P3P„>  * PU|PU2PU3PUu 

* '>u,VU3M''<p‘>  * Vu/u^'P^ 

* * Vu,pu,6'°1<p'> 

+ PU,PU2G3(n,*B3^<P3P4>)  + PUj  PU3G?  (Gl<B2U<p2P‘4>) 
+ PU!PUI(G2(G3B23<P?P3>)  + PU2PU3®l(®-B**<PlP->) 
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+ PU2PU4^(^Bl3<PlP3>)  + PU3PU4Gl(G2B12<PlP2>) 


+ Pu  G2(G3(G4T2  34<:P2P3P4;>))  + P^Gj  (G3  (G4Ti  34<Pl  P3P4>  ) ) 

+ p G1(G2(G4T124<p1p2P4:>))  + P..  Gj (G2(G3T123<PiP2P3>)) 

U 3 u 4 

+ Gj (G2 (G3 (G4W<Pi p2p3P4>  )))  . (5.21 ) 

In  this  scheme,  higher  order  moments  may  be  defined  immediately. 


5.1.2  Operational  Solutions 

Reasoning  by  analogy  to  the  general  operational  solution  (Chapter 
III,  Sec.  3.2),  we  may  expect  some  valuable  insights  from  the  opera- 
tional solution  to  Eg.  (5.1).  For  this  reason  we  write  Eg.  (5.7)  as 
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for  some  operator  G.  The  operational  solution  is  given  in  Fig.  5-1 


Fig.  5-1.  Operational  Solution  to  Eq.  (5.1) 


Since  the  operator  £ is  random,  the  output  p of  this  system  is  also 
random. 

Correctly  understood.  Fig.  5-1  elucidates  the  controversy  con- 
cerning the  convergence  of  the  series  solutions,  Eqs.  (5.8)  and 
(5.12a).  If  we  concentrate  on  the  loop's  sequential  operation,  we  see 
that  on  the 

First  pass:  px  = G(s) 

Second  pass:  p2  = G(s)  + G^G(s)  = G [s+£g( s) ] 

Third  pass:  p3  = G(s)  + G?GcG(s)  = G [s+£g( s ) +£g£g( s ) ] 


Nth  pass: 


N - (n)  , 

Pn  = l (GO  G(s)  . 
n n=0 


(5.2-4) 


Thus  Eq.  (5.23)  says  that  p - £ (Gj;)  G(s)  is  a correct  representation 

n=0 

always,  provided  only  G is  closed  and  the  functions  s and  ^G(s)  come 
from  a suitable  set  of  functions.  These  are  exactly  the  conditions  for 
the  validity  of  the  feedback  theorem.1  The  question  of  convergence, 


'Chapter  I,  Preliminaries,  Sec.  1.1.1 
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however,  embraces  not  only  form  but  also  a numerical  limit.  For 
instance,  the  form 


is  valid  for  x=-l , but  does  not  converge  (i.e.,  ln(0)  = -»  = - £ -) . 

n=l  n 

This  second  consideration,  when  judged  in  the  light  of  the  opera- 
tional solution,  is  simply  the  loop  stabi 1 ity . One  can  expect  many 
types  of  stability  problems.  A local  finite  instability  results  when- 
ever and  wherever  the  feedback  is  positive.  This  results  in  a concen- 
tration or  focusing  of  the  field.  One  may  also  generate  an  infinite 
local  instability.  This  condition  characterizes  a sharp  focus 
p(Li»ti)  = 00  f°r  some  (D>ti)  at  which  the  energy  density--but  not 
the  total  energy--is  infinite).  By  manipulating  the  loop,  it  should 
be  possible  to  produce  all  the  usual  types  of  instability  (neutral, 
local,  global)  in  both  space  and  time.  These  varying  types  of  insta- 
bilities correspond  to  the  physical  situations  represented  by  the 
proper  c,  s and  G. 

The  operational  solution,  therefore,  teaches  us  to  resolve  the 
question  of  convergence  into  questions  of  form  and  stabi 1 i ty . Approx- 
imations,1 however,  bring  other  problems.  Finite  truncations  of  the 
series  solution  correspond  to  an  incomplete  settling  of  the  loop. 

They  will  thus  converge  whenever  the  true  solution  converges  (and 
sometimes  even  when  it  does  not!).  Selected  subsums,  however,  create 

oo 

artificial  problems.  The  sum,  £ (-1)  (l/n)=ln(2),  whereas  the  subsum 

n=l 


*See  Section  5.3. 
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1 + 1/3  + 1/5  + ... 

is  unbounded.  The  question  of  convergence  in  these  cases  depends  not 

only  on  the  original  series  but  also  on  the  selected  subsum.  This 

kind  of  approximation  may  produce  spurious  instabilities.  It  may  also 

converge  when  the  original  series  does  not. 

Usually,  we  may  expect  convergence  because  ^ - - — — - 

co  dt2  c; 

produces  a negative  feedback. 


The  mean  value  of  p(r,t)  in  Eq.  (5.23)  may  be  found  by  taking  the 
output  mean  of  Fig.  5-1. 

This  may  be  set  down  as  in  Fig.  5-2. 


The  reader  will  notice  that  in  terms  of  input  and  output  Fig.  5-2  is 
deterministic.  The  Dyson  equation,  Eq.  (5.12),  replaces  the  system  of 
Fig.  5-2  with  a deterministic,  first-order  equivalent  medium.  Taking 
the  mean  of  Eq.  (5.23),  we  have 

<p>  = G<t;p>  + G(s)  , (5.25) 

a deterministic  equation.  Let  0 be  the  equivalent  medium  statistic 
i.e.,  Q<p>  = <cp>,  so  that 
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<p>  = GQ<p>  + G(s), 


(5.26) 


or  operationally  as  in  Fig.  5-3. 


Fig.  5-3.  Dyson's  Equation,  Operational  Form 

We  see  at  once  that  the  mass  operator  Q plays  the  role  of  a 
deterministic,  equivalent  medium,  replacing  the  real  medium  6.  We  thus 
call  Q the  first  moment  equivalent  medium. 

Higher  order  moments  may  likewise  be  interpreted  in  terms  of 
equivalent  media.  We  may,  for  the  second  moment,  generate  an  equiva- 
lent medium  by  letting  B<p1p2>  = <c l C2P1 P2> • The  second-order  equiva- 
lent then  is  described  by  two  deterministic  parameters:  (Q,  B)  as  in 
Fig.  5-4.  Similarly,  the  third  and  fourth  order  equivalent  media  are 
described  by  (Q,  B,  T)  and  (Q,  B,  T,  W). 

The  opposite  problem1  of  finding  suitable  approximations  for 
moments  turns  on  sequences  of  approximations2  Q j , . . .,  Qn; 

Blt  . . .,  Bn;  Tj,  . . .,  Tn;  and  W^  . . .,  W^.  In  other  words,  the 
validity  of  the  fourth  order  approximations  depends  on  the  validity  of 


1 Thi s is  the  usual  problem  of  the  literature,  e.g.  the  bilocal  approxi- 
mation of  Chap.  IV,  Sec.  4.3. 

2See  Sec.  5. 3. 2. 2 where  we  exhibit  methods  of  constructing  sequences 
of  approximations  which  converge  to  the  correct  equivalent  medium. 
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of  the  lower  order  approximations.  Thus,  we  find  that  these  approxi- 
mations tend  to  build  significant  error  in  the  higher  order  moments. 


Fig.  5-4.  Second  foment  Operational  Solution 

The  operational  solutions,  however,  suffer  little  from  this 
inconvenience.  When  the  input/output  structure  given  in  Fig.  5-3  is 
available,  the  estimates  may  be  made  to  any  desired  precision  and 
errors  can  be  readily  computed.1  We  can,  thus,  approach  the  moment- 
equivalent  media  in  a controlled  way. 

The  difference  between  Fig.  5-1  and  Fig.  5-3  is  a vast  quantity 
of  information.  Figure  5-1,  as  a process  generating  p,  requires  the 
knowledge  of  the  randomness  throughout  the  region  --  in  other  words,  a 
knowledge  of  the  entire  ensemble  of  the  space-time  random  variable.  If 
we  possessed  such  knowledge,  we  could  generate  p and  from  p,  <p>. 

1 Th i s is  the  system  Identification  problem.  See  Chap.  VII,  Sec.  7.2. 
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Figure  5-3,  however,  requires  only  knowledge  of  an  equivalent 
medium  (reducing  the  information  requirement).  We  need  know  only  the 
input  and  the  output  mean  to  specify  Q.1 

The  penalty  for  this  streamlining,  however,  is  that  from  a knowl- 
edge of  Q,  we  cannot  recreate  the  actual  medium. 

Again,  Q is  unique,  modulo  a null  space  of  G.  Suppose  Q' 
another  equivalent  medium.  Then, 

<p>  = G(s)  + GQ<p>  = G(s)  + GQ'<p> 
or 

G[Q  - Q ' ] < p>  = 0 . (5.27) 

The  reader  should  recognize  that,  as  with  other  equivalent  media, 
the  moment  equivalent  media,  Q,  B,  T,  W,  etc.,  have  only  a tenuous 
relationship  to  the  physical  medium  embodied  in  £. 

5.1.3  Moment  Differential  Equations 

In  this  section  and  the  following,  we  briefly  develop  two  tech- 
niques employed  in  the  literature  for  obtaining  moment  solutions. 


*An  analogy:  Let  { a ^ } be  an  infinite  sum  of  real  numbers  converging 
to  aa.  Between  ao  and  aa,  we  may  construct  a geometric  series  using 
ao>  + pa„  = a o/ ( 1 - p).  Then  the  equivalent  sum  is 


a0  + pa0  + p2a0  + 


Given  a0,  the  parameter  p allows  calculation  of  aa,  but  gives  little 
information  about  the  original  sum  { a -j } . 


160 


TR  5871 


Recognizing  that  moment  solutions  are  deterministic  solutions 
suggests  a direct  approach  to  moment  differential  equations.  Unfortu- 
nately, except  for  restricted  cases,1  such  a development  suffers  the 
inconveniences  mentioned  below. 

Define 

n 

m e n p(r . ) . (5.28) 

n i=1  1 


Then  multiply  each 

[v2  + kg]p(r.)  = £(r.)p(r.)  + s(r')  (5.29) 


by  m = n p(r^).  Summing  the  results  over  i0  and  taking  ensemble 
io  i^i o 

averages  gives 

l v2  «rmn>  = l <^-jmn>  * s(r')  l <m  > - nk§<m>  . (5.30) 
1 1 i i i o 

Equation  (5.30)  is  no  longer  a stochastic  equation  and  may  be  solved 
recursively  using  any  available  techniques  (e.g.,  numerical  methods) 
once  the  coupled  term  <f,m>  has  been  approximated.  For  reference,  we 
put  down  the  first,  second,  and  fourth  moments  equations.  These  are 


n=l : v2<p>  + k^<p>  = <sp>  - s ; (5.31) 

n=2 : 9?<p . p . > + v2.<p.p.>  + 2kn<p.p.>  = <£.p.p.> 

i rj  j i j 0 i j rr  j 

* - Si<Pj»  - 1 (5.32) 


'See  the  development  in  ref. 


[168]. 
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n=4 : v2i  (m(4))  + ^j(m(4))  + ^(<"(4 ))  + vf(m(4))  + 4kg<m(4j> 

= <^im(4)>  + <^jm(4)>  + <^km( 4) > + <r'lm(4)>  ' s l 4<m(4)>  • 

(5.33) 

It  is  obvious  that  the  coupled  terms  <c1-m(*)>  are  troublesome  and 
usually  involve  approximations  for  explicit  solutions.  Also,  the 
results  apply  to  a harmonic  case  only,  and  so  models  only  spatial 
variation. 

The  stochastic  terms  associated  with  s do  not  contribute  outside 
the  source  region  (considered  deterministic)  and  may  thus  be  omitted. 

5.1.4  Feynman  Diagrams 

One  of  the  many  advantages  of  the  operational  solutions  is  the 
pictorial  representation  given  the  solutions.  This  advantage  is  even 
better  exhibited  in  Feynman  Diagrams  [55,  72,  187]. 

These  diagrams  are  shorthand  expressions  for  writing  equations 

like1 


<p>  = G(s)  + G<d  [ (G'd)^n)>G'(s)  . 

n=0 


(5.34) 


If  we  let 


= <p> 

G ,G ' 


‘This  form  will  be  developed  in  Sec.  5.2  below. 
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= an  integration  node 


= an  n-point  correlation  <dj dn>  , 


equation  (5.34)  is  thus  diagrammed: 


(5.34a) 


The  approximate  solution1 


<p>  = G(s)  + G<d>  l (G'<d>)v  'g'(s) 
n=0 


(5.35) 


is  diagrammed: 


(5.35a) 


The  relationship  of  Eq.  (5.35)  to  Eq.  (5.34)  is  readily  appreciated, 
Again,  the  bi local  (Bourret)  approximation2  is  diagrammed  by 


where  the  odd-order  correlations  are  set  to  zero. 
The  Born  approximations3  are  given 


(5.36) 


(First  Born) 


(5.37a) 

(5.37b) 


‘See  Sec.  5 7.2.1 


2See  Sec.  5. 3. 2. 2. 
3See  Sec.  5. 2. 2. 2. 
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n=2:  = + a ^ (5.37c) 

so  that  the  truncation  can  be  readily  appreciated. 

In  the  M-form,1  the  diagrams  give  some  appreciation  of  the  sur- 
face volume  interactions.  For  d = d + d, , + dD,  we  have 

s v D 


<d>  = <d  > + <d  > + <d„> 
s v B 


did?>  =<d  d>+<d  d>+  <d„  dD  > 

12  Sj  s2  Sj  v2  S!  B2 


+ <d  d > + <d  d>+  <d  dD  > 

Vj  S2  V,  V2  Vj  B2 


+ <dB!  ds2>  + <dBj  dv2>  <dB!  dB2>' 


<d;d2d3>  -*  33  terms. 


We  see  here,  of  course,  the  "cross  terms"  signifying  volume  - surface 
(V  x S)  scattering  interactions,  etc.  This  breakdown  may  likewise  be 
diagrammed  as  in  Fig.  5-5. 

One  readily  appreciates  that  generally  solutions  dependent  on 
second  and  higher  order  correlations  involve  interaction  between  scat- 
tering classes. 


5.2  Special ization 

We  turn  now  to  detailed  structure  of  the  solution.  Equation 
(5.1)  requires  for  solution  a specific  inverse  operator  G.  In  this 
section  we  discover  G explicitly;  once  obtained,  we  will  find  new  for- 
mulations of  the  solution. 


‘See  Introduction  Sec.  5.0,  Eq.  (5.2). 
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5.2.1  The  Inverse  Operator  G 

We  seek  the  inverse  operator  for1 


L = 


v2(  • ) 


eg  dt: 


(•) 


(5.38) 


Our  approach  extends  the  usual  harmonic  case.  It  is  well  known 
that  if  32/3t2  = -wfj  , constant,  then 


p-jkn|r-ro| 

(v2  + kg)  = 6(r-ro)  , kD  = 

4n|r-r0|  o 


(5.39) 


Since  this  assumption  is  so  often  made,  let  us  perform  the  indicated 
operations.  Because  Eq.  (5.36)  indicates  propagation  radial  from  r 0 , 
we  rewrite  the  (.HS  in  spherical  coordinates.  Then,  in  this  case 


v2 

p 


1 3_ 

iL'Lo ! 2 a|r-r0| 


p = In-no  I 


jj  + _L_  a(-) 

3 ln-ro  1 2 In-no  I »ln-no  I 


For  q = e"J  ^ /47r  )r-ro  | 


, we  have 


v2 

p 


e-jk0  in-no  I 

4 it  (r-ro  ( 


1 

4 TT 


a 

3 In-no  I 


,-jkolr-rol 
I r-ro | 


lSee  Sec.  5.1 . 
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2 e'jko In-no  I 


-jko  - 


r-M 

ln-r.o  I / 


"e-Jko I n-no I"  _ 
. In-ro  I . 


4ti  j"0 


-jkne_:,'ko  lr-no  I / -jko 


n-n0 1 in-rjo 


+ e"J‘ko  In-no  I 


l lko  + 2 \ 

V In-no  1 2 In-no  1 7 


e-jko  In-no  I / ,,  ! 

z — (- 1 ko 1 

In-no  I2  \ |r-r0| 


_ i e-^ko In-no  I 

4 IT  I I 

I n-n  I 


k o + jko  + 2__ 

n I In-no  I2  ln-n 


-'Ho  t2) 


Then  v2g  is  given  by 


-k6  e-jk0 |r-r0 | 


V2g  = _ § 

p In-n 


We  must  have,  then,  for  every  r f r0 


, , fe-1k  In-no  I “I  , , -jk  | r-r 

' » 5)Vi — r ■ (-k  * *■*> 

. 4,1  In-n  I J **11  r-r 
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On  the  other  hand,  when  r = r0,  the  function  is  unbounded.1  The 
troublesome  constant  (4*)-1  comes  from  the  normalization  of 

aj  6 | r~Ho  I dr  = 1 . 
r 

Because  x = |r-r0|  represents  a spherical  shell,  if  we  interpret 
6 1 r-r o | * 6 (x ) , we  must  have 


a j 6|r-r|)|dr  = j 4ir6(x)dx  * 4tt  . 


(5.42) 


In  other  words,  the  assumption  of  radial  propagation  allows  the  three- 
dimensional  problem  to  be  considered  in  one-dimension,  with  suitable 
normalization. 

The  considerations  of  Eq.  (5.39)  do  not  suffice  to  invert  L. 

This  happens  because  in  general  qLp  i pig.  However,  by  requiring 
regularity  and  a radiation  condition  (see  Appendix  D),  we  may  put 


-jk|r-r0| 

5 * Wlo.r') 

4. I r-r, | p 


-jko|r-r0| 

= P(r0,r'  )[v2  + kg]  - 

p 4n|r-r0| 


p(r0,r')6(r-rj0) 


(5.43) 


'We  put  here,  as  in  the  literature  (v2  + k2  )e*jkop/4np  = fi(^),  but  not 
without  misgiving.  See  Appendix  H. 
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Physically,  Eg.  (5.43)  says  that  the  dynamic  condition  at  a point, 
radiated  spherically,  is  the  contribution  to  the  received  pressure 
from  that  point.1 

We  conclude  the  harmonic  case  by  noting  that  given  Eg.  (5.43) 


-jk|r-rJ 

G - L-i  « J e , '4-  (-Odr,, 


(5.44) 


rjo  4tt  I r-r^ 


For  the  harmnnir  case,  the  solution  to  Lp  = sp+s  is 

P = l (Gc)(n)G(s) 
n=0 

with  G given  in  Eq.  (5.44)  and  £ = -kgd(r). 

We  return  to  our  search  for  an  inverse  to 


(5.45) 


L = 


"y  2 + I_  9£_" 
Cg  8t2_ 


This  ray  be  obtained  readily  from  the  harmonic  case.  First  note2  that 


^uygen's  principle  states:  "...each  element  of  a wavefront  may  be 
treated  as  the  center  of  a secondary  disturbance  which  qives  rise  to 
spherical  wavelets;  and  moreover  - that  the  position  of  the  wavefront 
at  any  later  time  is  the  envelope  of  all  such  wavelets."  [24],  p.  132. 

2The  reader  should  notice  that  for  the  harmonic  case  k2  = wg/c2,  ran- 
dom; for  the  non-harmonic  case  k2  = w2/c2,  also  random.  The  non- 
harmonic case  assumes  a given  reference  velocity  Co>  so  that  we  may 
put  k?  = <d?/c2.  In  particular  for  the  non-harmonic  case,  we  put 
kg  = wg/cg,  variable  (but  not  stochastic).  The  table  shows  our  con- 
ventions. 


Wavefront 

Harmonic , 

Non-Harmonic 

Velocity,  c 

(u0  constant) 

k? 

(u0  variable) 

= w?/c2,  variable 

c , constant 

k2  = w2/c2,  constant 

1 

1 0 

0 

0 00, 

(kj  ■ »*/€*> 

c,  variable 

k2  = w2/c2  variable 

k2 

= (d?/c2,  variable 

or  stochastic 

or  stochastic 

or  stochastic 
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1 32  1 eJC“^t“t°)*|ciln.-D>IO 


y 2 . 1_  iL 

eg  3t2. 


4Tr|r-r0| 


= eja)i(t'to)(v2  + °- 


4ir|r-r0|  J 


k2  = -1 
1 c§ 


(5.46) 


Now  It  is  well -known  that 


0)  . - 
1 


f e-J'“l(t*tO)du,i  = 2tt 6 ( t- 1 0 ) , (5.47) 


so  that 


*1 


1 32  ] ej[wi(t-t0)-ki |r-r0 | ] _ 

8 ir2  |r-ro  | 


J da)^  fv2  - — —1  e"~  — — — — = 6(t-t0)6(r-r0).  (5.48) 

=-«  1 eg  3 1 2 J “ 


Thus , 


‘ r 1 a2  1 e"j CoJi ( t~t0 )-ki  I n-no  1 3 

I j j dtodrodoo,  p(r0,t0)  72  

L eg  at2J 


Ho  ^0 


87,2  Ih~Lo  I 


* / / p(r0,t0)6(t-t0)6(r-i^)dt  dr,,  = p(r,t)  . 
Ho  to 


(5.49) 


The  object  of  our  search  Is  therefore: 


G = L 1 = J / J dWodnodto(  • ) 
ro  to  wo 


ej[wo(t-to)-k0|r-ro|] 


8 ir 2 |r-r0  | 


(5.50) 
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The  formal  solution  to  Eq.  (5.1)  can  be  written  immediately  as 

9=1  (Gj )(n)G(s)  = G(s)  + G^G(s)  + GcGcG(s)  + . . . (5.51) 

n=0 

- la2  ~ 

where  £ h — d(r,t)  (•)♦  an  operator,  and  G is  given  by  Eq.  (5.50). 

c§  at2 

Before  proceeding  to  statistical  solutions,  we  must  surmount  a 
difficulty.  Both  G and  s are  operators  so  that  we  may  not  rearrange 
elements  in  the  terms  of  Eq.  (5.51)  indiscriminately.  Discrimination 
here  lies  in  separating  the  operator  in  £ by  first  operating  before 
rearrangement.1  Note  first  that 


^-P  (1)  = G(10)(s(0)) 

at2  u at? 


= ^7  III  do30dt0dr^ 

3t?  t0  Lo  “o 


8n2  I r 


Ll'Loi 


or 


~ PuO)  = / / / du>odtodro(-i»>3) 
at?  to  r0  IDO 


e-j[wo(ti-to)-k0|ri-r0|] 

8n2|ri-r0| 


• ( s ( r.o , 1 0 ) ) . (5.52) 

Using  this  intelligence  in  Eq.  (5.51),  we  have 


•See  Sec.  6.1.5  for  an  alternate  development  by  Middleton. 
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l 

n=0 


(Gc)(n)G(s) 


- l 

n*0  \ eg  at2  ) 


(n). 

G(s) 


or 

P = G(s)  + G(-l)  101  G(-o)2(s)) 

eg  0 

+ G(-l)  101  G(12)(-Wg)  -i.G(-a)§s)  + . . . 

co  co 

= G(s)  + G(-l)d(l)6(10)[-kgs] 

♦ G(-l )d(l )G(12)(-kf )d(2)G(20)[-kgs] 

+ G(-l)d(l)G(12)(-k?)d(2)G(23)(-kg)d(3)G(30)[-kgs] 

+ . . . . 

Nov/  define 

G'(n-l.n)  r -k*^  G(n-l.n)  (5.54) 

so  that 

p = G(s)  + GdG'(s)  + GdG'dG'(s)  + GdG'dG'dG1 (s)  + . . . 

We  thus  ohtain 


p = g(s)  + Gd  l (n*d)(n)n* (s) 

(5.55) 

n=0 

p = G (s  + d l (G'd)(n)r,'(s)V 

(5.56) 

n=0 
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Some  idea  of  the  generalization  introduced  by  Eq.  (5.1)  may  be  seen 
from  the  grouping  of  the  exponential  terms  in  Eq.  (5.55).  The  second 
term,  for  instance,  is 


0)() 

'//////  d ( r x , t i ) — s(r0,t0) 

£0  to  4)0  n tl  11)1  C§ 


expjCwiU-tiJ-k!  | r-r;  | ] 
8tt2  | r-ri  | 


expjLuo(ti-to)-kola-r0|] 
8n2 |ri-ro | 


drp dr ] d to  d 1 1 duo  dw i 


, [(w j t- (u! -w0 ) t j'O)0 10 ] expjfkjr-rjl+kolr^-rol] 

= -J  Jd(l)k2s dnd 


0 1 


8u2 |r-rj 


8-n 2 | r 


U i-0  I 


oui  • 
(5.57) 


In  the  harmonic  case  a>o  = wi  = w so  that 


<*>0  w i WO 

— - expj  wi(t)  - (wj-wo  )t j - w0t0 | Hj  -Ho  I " ~ I r_i - rn  | 

c§  c° 


r2 

c0 


expj  w(t-t0) 


(5.58) 


The  effect  is  noticeable  in  both  the  temporal  and  spatial  portions. 

We  are,  in  fact,  constructing  a model  with  both  spatial  and  temporal 
interactions. 

The  effect  of  defining  G\  by  Eq.  (5.54),  is  to  allow  this 
operator  to  commute  and  thus  allow  statistical  solutions  in  terms  of 
the  moments  <d  . .n.  . d>  similar  to  the  harmonic  case.  It  is  princi- 
pally because  of  this  definition  (original  with  this  Thesis)  that  the 
broadband  case  becomes  manageable. 
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5.2.2  Statistical  Solutions 

With  the  formal  solution  to  Eq.  (5.1)  in  hand,  we  now  calculate 
moments.  Statistically,  it  is  these  moments  which  constitute  the 
solution. 

Equation  (5.55)  is  so  arranged  that  ensemble  averages  may  be 
taken, 

<p>  = <G(s)  + Gd  l (G'd)(n)G'(s)> 

0 


= G(s)  + G<d  l (G'd)^n)>G(s)  (5.59) 

n=0 

Where  the  nth  tern)  is  GG ' G ' . ? . G'<d.?.d>G'(s)  and  <d.?.d>  e <d(ri,ti) 

• d(r2,t2). . .d(rf),tp)>  is  the  (space-time)  nth  order  correlation  of  d. 

A closed  form  (Dyson's  Equation)  may  be  obtained  from  the  orig- 
inal solution.  With  G as  in  Eq.  (5.50),  we  have 

p = G(s)  ♦ G — ^ , 
c§  at2 
and 

<p>  = G(s)  + G <—  p>  . (5.60) 

c§  at2 


Letting 


Q<P>= 


(5.61 ) 


define  Q one  has  immediately  Dyson's  equation: 


<p>  = G(s)  + GQ<p> 

(5.62) 

From  Eq. 

(5.59), 

we  have 

1 the  identity 

q 

kp>  = <d  l (G'd)(n)>G'(s)  . 

(5.63) 

n=0 

Further, 

from  Lp 

= Ip  + 

s,  L<p>  = Q<p>  + s,  we  have 

L<p>  = 0<p>  + s 

(5.64) 

or 

(L-Q)<p>  = s . 

(5.65) 

Given  <p>  and  s,  we  may  readily  determine  0.  From  Eq.  (5.65),  it  is 
obvious  that  the  medium  (described  by  the  statistics  of  the  d^ ) is  not 
thus  uniquely  defined.  We  see  that  Q plays  the  part  of  a fictitious 
but  equivalent  medium  and  Dyson's  Equation  is  the  description  of  the 
results, 


<P>  = l (GQ)(n)  G(S)  . . 

(5.66) 

n=0 

The  practical  upshot  of  this  observation  is  simply  that,  in  the  frame- 
work of  Eq.  (5.1),  no  amount  of  source/receiver  statistics  will  defi- 
nitely establish  the  characteristics  of  the  medium. 

Let  us  digress  momentarily  to  consider  approximations1  to  these 
infinite  series. 


'Approximations  are  discussed  more  extensively  in  Sec.  5.3  following. 
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Equations  (5.63)  and  (5.66)  provide  immediately  a set  of  approxi- 
mations represented  by  truncations  as  in  Table  5-2.  These  are  the  i 

Born  approximations,  B(l).  We  will  call  these  approximations,  "of  i 

truncation  order  m."  j 

m approximation,  Q<p>  approximate  solution 

- 

0 0 <p0>  = G(s)  = pu  I 

1 <d>G'(s)  <pp  _ Pu  + G<d >G ' ( s ) 

2 6'<dd>G ' (s ) <p2>  = pu  + GG'<dd>G'(s)  j 

Table  5-2.  Approximations  for  Q Based  on  the 

Born  Approximations,  B(l)  ] 

! 

Solutions  for  the  m=l  case  are  given  for  the  first,  second,  and 

7 

fourth  moments  In  Section  5.3  following. 

Beyond  these  truncated  solutions,  another  order  of  approximations 
is  possible  by  means  of  selective  summation,  B(2).  These  arise  from 
comparing  Eqs.  (5.66)  and  (5.59)  directly.  For  instance,  if  in  Eq. 

(5.66),  we  put  0 = -<d>w2  ^ , we  have 

<p>  * G(s)  + G<d>  l G*<d>(n)G'(s)  (5.67)  ! 

n=0  j 

which  holds  for  <d.?.d>  = <d>.?.<d>,  an  independent  correlation  struc- 
ture. For  this  reason,  we  call  the  B(2)  approximations,  "of  independent 
order  n. " 
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1 

I 

Jfc 


Specifically,  for  selected  subsums  we  have  Table  5-3. 

n approximation  <dnp>  approximate  solution 

0 d = 0 <p0>  = G(s)  = pu 

1 <dp>  = <d><p>  <Pl>  = G ( s ) + G<d>  J ( G 1 <d>) ^G 1 ( s ) 

n=0 

2 <ddp>  = <dd>p  <p2>  = l (G'G'<dd>)(n)[G(s)+G<d>G,(s)] 

n=0 

Table  5-3.  Approximations  for  <dnp>  Based  on 
Selected  Subsums  B(2) 

For  n >_  1 , numerous  decompositions  are  possible  which  are  described  in 
Appendix  E.  The  example  given  in  Eq.  (5.67)  is  one  of  the  n=l  cases 
for  which  Q may  be  directly  expressed.  Normal  processes  with  zero 
means  become  one  of  the  n=2  solutions  since,  in  this  case,  all  higher 
order  correlations  can  be  decomposed  to  the  second  order.  The  bilocal 
(BourreL)  approximation  is  yet  another  selection  from  B(2),  n=2,  (B(22)). 

It  is  obvious  that  B(l)  C B(2)  in  each  order.  It  does  not  thus 
follow  that  B ( 2 ) solutions  are  more  accurate  than  corresponding  B(l) 
solutions.  For  example,  if  <dn>  = 0,  n > 2,  then  G(s)  + G<d>G(s)  + 

GG ' <dd >G * ( s ) is  an  exact  solution,  (B(12)),  while 

<PB(21)>  = G(s)  + ^<d>  l (G'<d>)(n)G'(s)  (5.68) 

; n=0 

(a  B ( 21 ) form)  remains  an  approximation. 
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The  second  moment  is  <PiP2>  = <Pi  (Li  >*1  )P2(l2 » *2^ 
cases  arise  when  r.i  * Ij  or  tj  = t2.  From  the  solution 
for  p2 


P2  " P,,  + G2d2  l 

u2  m=0 


( G->d  2 ) ^ ^G£ ( s 2 ) 


Thus,  we  write 


P:P2 


<V 


Gidi  l (Gidx  )(n)Gj (Sl ) 
n=0  ) 


(P“2  ^ ^ Jo 


Pt!  P||  + P||  G2d2  1 ( G^d  2 ) ^ ^2(52) 


u>  u2  - - m=0 


+ Pu  Gidi  £ (GJdj)^  ^ G i ( s x ) 
2 n=0 


(G 


+ (G 1 d 1 £ ( G {d x ^G 1 ( s 1 , 

n=0 


or 


G2d2  £ ( G^d  x ) ^ ^Gi ( S2 ) ) » 
m=0  / 


<P‘P2>  ' * P.,4«‘d*  j0  M> *i(“> 


+ 


P G,<d! 
U2  1 1 


GJd  x (n)>G{ (sx ) 


Special 

for  p,  we  have 

(5.69) 


(5.70) 
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+ <^G2d2  £ (6^2)^  ^G2  ( s 2 ) ) 

m=0  / 


( 

(m>  l 

' n 


( G 1 d 1 )^n^G{  (si )/  > . 


(5.71) 


Recognizing  from  Eq.  (5.63)  that 

1 ( ^ . r 1 1 


G<dG'  l ( G { d ) v ;>G 1 ( s ) = GQ<p>,  Q<p>  = <dp>  , (5.72) 

n 


we  see  that  Eq.  (5.71)  may  be  rendered 


<PiP?>  - PU]PU2  + PUlG2C)2<P2>  + Pu?G1Q1<p1> 

+ < (s2d2X(Gid2)(n,)G5(S2))(  G1d1X(Gid1)(n)G{(s))>  . (5.73) 

V m ' ' n ' 


Noting  again  that 


Gd  l (G,d)(n)G'(s)  = Gfp 


(5.74) 


and  defining  B as  earlier,1  we  obtain 


<PiP?>  = PU]pu?  + pUlG2<P?>  + PU]Qi<P?>  + fiiG2B<Pip2>  . (5.75) 


Equation  (5.71)  may  be  used  for  second  moments  whenever  the  field 
variable  d is  statistically  known.  Equation  (5.73)  may  be  used  in 
conjunction  with  approximations  for  0.  An  important  aspect  of  these 


JSee  Eq.  (5.15). 
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developments  lies  in  the  ability  to  write  the  error  equation  imme- 
diately for  any  approximation  chosen.  For  a qiven  situation,  direct 
experimental  measurement  of  some  portion  of  the  error  may  thus  be  made 
(e.g.,  a direct  test  of  the  third  order  correlation). 

One  may  appreciate  that  B is  again  a fictitious  second-order 
medium  descriptor  in  the  manner  of  Q. 


Mow,  we  particularize  the  general  fourth  moment  previously  given 
(Eq.  (5.21))  to  Eq.  (5.1)  using  the  definition  of  G and  G'  previous. 
The  following  definitions  hold: 


Q<p>  = <dp> 

(5.76a) 

B<(PiP2 )>  = 

<d  j p2d2p2> 

(5.76b) 

T<p1p3p3>  h 

<d1p1d3p2d3p3> 

(5.76c) 

W<PlP2P3P4> 

= <di Pid2p2d3P3d4p4> 

(5.7  6d ) 

We  may  thus  put  down  the  fourth  moment  immediately 


<Pl  P2P3Pu>  = P,.  P,.  P..  P.. 

U1  u2  U3  u 4 


+ PU1PU2PU3G‘*Q‘*<P^>  + PU,PU,PULG2Q2<P2 


1 u 3 u4 


+ 


!PU2PU 


03Q3<P3>  + P 
4 


U 2 


OiQrPi 

4 


> 


+ PN  P,|  P’3(G4B34<P3P4>)  + PN  P..  G?(G4B24<p2p4>) 

Uj  U2  Uj  u3 

+ P„  PM  G.->(G3B23<p2p3>)  + p p G1(G4B14<p1pl4>) 

U]  Ul,  U2  u 3 
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+ PU2PU^l(^Bl3<PlP3>)  + PU3PU4^  ^2^12<P1P2>) 

+ PUj^2^3^‘t^234<P2P3P4>))  + Pu?^  1 ^ 3 ^4  ^1  34  <P  1 P 3P4  > )) 


+ Pu3^1^2^4^124<PlP2P4>))  + 1 ^2  ^ 3^  1 2 3<  Pi  p2  P 3*  ^ 

+ G1(G2(G3(G4W<p1p2p3p4>)))  (5.77) 

in  the  equivalent  media.  From  the  necessity  of  estimating  Q,  to  ob- 
tain an  estimate  of  B,  to  obtain  an  estimate  of  T,  etc.,  it  can  be 
readily  appreciated  that  the  error  associated  with  approximations  of 
the  higher  moments  may  rise  dramatically. 

One  may,  of  course,  calculate  the  hiqher  order  moments  directly 
in  terms  of  the  field  correlations  available. 


5.3  Approximations 

The  formulations  of  Sec.  5.?  are  exact  solutions  of  Eq.  (5.1). 

It  is  easy  to  appreciate  in  light  of  the  operational  solutions  that 
the  series  solutions  will  not  usually  be  capable  of  simple,  closed- 
form  expressions.  Because  only  the  series  form  of  the  exact  solution 
has  been  available  heretofore,  the  literature  has  been  mainly  devoted 
to  finding  suitable  approximations  and  determining  their  validity. 
This  type  of  approximation  we  have  labelled  Type  III  (See  Preface). 

In  this  section  we  propose  a new  set  of  approximations  which, 
when  added  to  the  approximations  presently  available,  allows  a canon- 
ical ordering.  The  complete  set  of  possible  approximations  we  label 
B.  It  is  divided  into  two  groups:  truncated  sums  B ( 1 ) and  selected 
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subsums  B(2).  Within  each  qroup  are  found  various  orders.  In  this 
designation,  B(12)  means  a truncated  sum  of  second  order,  while  B ( 21 ) 
means  a selected  subsum  of  first  order. 

5.3.1  Truncated  Sums,  B ( 1 ) 

The  (first)  Born  approximation  truncates  the  series  solution 

p = l (H){n)ks) 
n=0 

to  term  n=l . Thus,  we  have  explicitly  from  Eq.  (5.55) 

dwi duodtidtodridrp 

8tt  7 


P<r..t)  = pu(r,t)  -////// 

B ( 1 1 ) ti  n to i to  ro  too 


For  economy  of  expression,  we  put 
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so  thet  Eq.  (5.78)  becomes 

p - G(s)  + Gd(1)G(s) 

B(  11 ) 

= G(-,0)(s)  + G(-,l )d(l )G' (1 ,0)(s).  (5.80) 

Taking  ensemble  averages  gives 

<p>  =p  + G(-l)<d(l)>G'(10)(s)  (5.81) 

B( 11 ) u 

so  that  If  <d(l)>  = 0 (i.e.,  everywhere  at  all  times),  <p>  = pu> 

The  second  moment  Is  here 

<PoPi>  = < P.j  + Go ( -1  )do(l  )Go(10)(so) 

B ( 1 1 ) U0 

• p + G1(-l)d1(l)G1(10)(s1)  > . (5.82) 

Thus,  we  obtain 

<P0Pi>  = Pn  P„  + PM  <Gj (-1 )dj ( 1 )>Gj (10)( Sj ) 

B ( 1 1 ) u0  ui  u0  1 1 

+ Pu<G'(-l)d0(l)>G0(10)(s0) 

+ < G1(-l)d1(l)G1(10)(s1)  G0(-l  )d0(l  )G0(10)(s0)  >.  (5.83) 


<P0Pl 


B(ll ) 


-P  P 
u 0 Ui 


^0^ 


Ui 


+<  G0(-l )d0(l )Gq(10)(s0)  Gj (-1 )dj (1 )G{ (10)(s, ) 
since,  from  Eq.  (5.81 ) 


(5.84) 
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G!(-l)d.(l)r,!(10)(s.)  = p - p . (5.85) 

I II  1 I U ^ 

i.  We  emphasize  here  that  the  second  order  correlation  is  a space-time 

variable,  i.e., 

<PoPi>  = <P(D),t0)p(D*ti)>  (5.86) 

for  which  special  cases  are  obtained  when  t0= 1 2 and  r^r : . 

Following  Middleton  [136],  we  further  anatomize  d into  the  fol- 
lowing components: 

d = d + d + d , (5.87) 

S v B 

where  d$  = d(surface)  is  associated  with  the  surface 
dy  = d(volume)  is  associated  with  the  volume 
dg  = d(bottom)  is  associated  with  the  bottom. 

These  components  may  generally  be  regarded  as  independent,  except 
perhaps  for  the  volume  and  surface  at  the  moving  surface  layer. 

Inserting  this  anatomy  of  d and  taking  ensemble  averages,  we  have 

<P>B( 1 1 ) = Pu  + G(-l)G'(10)[<ds(l)>  + <dy(l)>  + <d  B ( 1 )>] (s ) . (5.88) 

We  call  Eq.  (5.88)  the  M-form  of  solution  (Eq.  (5.81)).  For  this 
approximation,  B ( 1 1 ) , the  mean  contains  no  interaction  between  scat- 
tering classes. 1 

However,  the  second  order  correlation  of  the  M-form  does  contain 
such  interaction  terms.  From  Eqs.  (5.84)  and  (5.87),  we  calculate 

<PoPl>B(i1)  = -PUqPUi  + + PUl<P°> 


•This  is  sometimes  called  the  first  order  scattering  theory.  It  is 
assumed  by  the  FOM  model.  See  Chap.  IV,  Sec.  4.4  and  ref.  [138]. 
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i 


* G,(-l)|G„(-l)Gj(10)G|(!0) 


s»Sl  <(ds0  * d»o  * dB„><ds,  * dv,  * dB 


>’’)  ' 


(5.89) 


The  RHS  of  Eq.  (5.89)  is  established  from  Eq.  (5.88),  except  for  the 
last  term.  Here 

d,  + dv  + dR  d<:  + du  + dR  = dc  dc  + de  du  + dc  dR 

S0  v0  B0  S1  V1  B1  s0  S1  S0  V1  s0  B1 


+ d d + d d + d dR 
vo  si  vo  vi  vo  Bi 


+ dR  d.  + dR  d + dR  dR  . (5.90) 

B0  S1  B0  V1  B0  B1 

In  terms  of  Interacting  scatterers,  this  is  a matrix  of 


SxS 

SxV 

SxB 

VxS 

VxV 

VxB 

BxS 

BxV 

BxB . 

It  is  easy  to  see  that  for  Independent  classes,  the  Interaction 
terms  SxV,  VxS,  VxB,  etc.,  are  second  order  for  small  mean  values. 

Since  dv0ds,  = dv(!l0*to)ds(^*tl)  f ds(Lo.to)dv(D,ti),  VxS  i SxV 
generally. 

If  the  surface,  volume  and  bottom  scattering  are  Independent,  we 

have 


<d0dj>  = <d  d.  > + <d,  ><d„  > + <d„  ><dD  > 
s0  S1  S0  Vi  s0  bj 


+ <d  ><d  > + <d  d , > + <d  ><d„  > 

vo  s,  v0  v,  %o  UBj 
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+ <de  ><d  > + <d0  ><d„  > + <dn  ><dR  > . (5.91) 

B0  S,  B0  V!  »0  “ j 

If,  further,  the  surface  volume  and  bottom  have  mutually  orthogonal 
statistics,  then  Eq.  (5.91)  becomes 

<d0di>  = <dc  d > + <dl(  d > + <dR  dR  > . (5.92) 

so  si  vo  vi  Bo  Bi 


The  simple  case  of  <d$>  = <dv>  = <dg>  = 0 with  independence 
prod uces 

<PoPl>B(  11 ) = ^Uj^Uq  + Go(-1)^j(10)GA(-1)G1(10) 

• SnS j <d,  d > + <d„  dw  > + <dR  dR  > | (5.93) 

so  sj  v0  V!  B0  Bj  j 

for  which  no  interaction  between  scattering  modes  takes  place.  Thus, 
even  in  this  simple  approximation,  one  must  have  independence  and  zero 
means  to  avoid  interaction  between  scattering  classes  in  the  second 
order  statistics.  (We  note  that  only  two  of  the  three  mean  scatters 
need  be  zero;  e.g., 

■ <dSodSi>  * <d„od#i>  * <dBodBi>  (5.94) 

If  only  <d,  > = 0 = <d„  > even  if  <d  > 1 0. 

5o  °o  v 

The  fourth  moment  may  likewise  be  calculated.  We  write 


PgPiP2P3b(h  ) 


n p..  + G.(-1)G.(10)  Si/d  + d + dR  \ . (5.95) 

1=0  U1  y 1 i 1/ 


The  expansion  results  in  one  deterministic  term,  p p p p 


u0rUiru2ru3' 
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and  fifteen  stochastic  terms.  Of  these  latter,  four  are  of  type  A: 


Pu0Pu1Pu263(-1  ^O0)[s3(0)d3(l)]  , 


six  are  of  type  B: 

PUoPuiG2(-l)G^(10)^G3(-l)G^(10)[s2s3(d2d3)]^ 


four  of  type  C: 

PUoG1(-l)G{(10)^G2(-l)G'(10)^3(-l)G'(10)[s1s2s3(d1d2d3)]^ 


and  one  of  type  D: 

G0(-l  )Gp(10)  ^Gj (-1 )Gj (10)^G2(-1 )G2(10)^G3(-1 )G3(10) 

[sis2s3so(did2d3d0)]^  j\  . 

The  reader  should  recall  the  distinction  between  GG  and  G(G)  made  in 
Chapter  I,  Preliminaries. 

Following  the  decomposition  of  the  M form,  each  first  order  corre- 
lation (type  A)  may  be  broken  into  3 terms;  the  second  order  correla- 
tion (type  B)  into  32=9  terms;  a third  order  correlation  (type  C)  into 
33=27  terms  and  the  last  fourth  order  term  (type  D)  into  34=81  terms. 
The  entire  fourth  moment  expansion  in  this  approximation  results,  then. 


1 ♦ 4(3)  + 6(32 ) + 4(33 ) + 34  = (1+3)4  * 256  terms. 


Considerable  reduction  occurs  for  independent,  zero-mean  normal 

statistics.  For  this  case,  we  obtain 
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<PoPiP2P3>B(11)  * Pu0PuiPu2Pu3 

+ puoPu162(-1)®i(10) 

• s,s,  i<d  d > + 

2 3 y s2  s3 

+p  p Gj(-1 )G{(10) 

Uo  u2  1 

• * 

* PUOP„3G.(-I)e;oo) 

’ + 

+ Pu^u/’0^1  )«oOO) 

/ 

• S«53  (W* 
+ pu1pu3^0^"1 )G6C10) 

• s»s?(<ds0dsa>  + 

* PU!PU3«o(-nr.i(l°) 

• s°s'(<dSoV  * 


G3(-1)G$(10) 

<d  d > + <dD  dD  >) 
v2  v 3 B2  B3  J 

G3(-1)G^(10) 

<d  d > + <dD  dn  >1 
Vi  v 3 Bi  B3  J 

G2(-1)GJ(10) 

<d  d > + <d„  d„  >1 
Vi  v2  Bi  B2  ) 

G3(-1 )G  3 ( 1 0 ) 

<d  d > + <d„  dD  >) 

v0  v 3 Brj  B3  / 

G2(-1)G*(10) 

<d  d > + <d_  d„  >) 
Vo  v2  B0  B2  f 

Gi(-1  )Gj(10) 

<d  d > + <dn  d„  >1 
v0  V!  B0  Bj  J 


i 
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+ Gof-DGjdOjlGjt-DGfdOj^t-DGidOj^t-DGKlO) 

• 'd  d d d > + <d  d d d > + <d„  dn  dn  dn  > 
S0  Sj  S2  S3  Vo  V ] V2  V3  Bq  Bj  B2  B3 

+ <d  d >|<d  d > + <dD  dD  >1 
so  Si  I v2  v3  B2  B3  J 

+ <d  d > /<d  d > + <dD  dD  >1 
so  s2  l vi  v 3 Bx  B3  J 

+ <d„  d > (<d  d > + <dD  dn  >) 
so  s3  l vi  v2  Bx  B2  J 

+ <d„  d >(< d d > + <dn  dD  >) 

Si  s2  l vo  v 3 B0  B3  J 

+ ‘"siV^VoV  4 <dB0dB2>) 

t<ds2V(<Vv,>*<dB„v)])))  <5-96> 


or  34  terms.  For  the  Gaussian  case  the  four  point  correlations 
<d0d1d2d3>  may  be  further  decomposed  into  two  point  correlations. 

Similar,  though  correspondingly  more  complicated,  formulations  • ay 
be  made  for  the  B(l)  approximations  of  higher  order. 


5.3.2  Selected  Subsums,  B(2) 

The  B ( 1 1 ) approximation  contains  only  a single  scattering,  and  so 
has  proven  useful  in  weakly  homogeneous  media.  In  a strongly  turbulent 
situat'on,  the  error  formed  by  omitting  the  multiple  scattering  may  not 
be  igrnred.  We  thus  turn  to  approximations  based  on  selected  sums,  in 
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which  all  orders  of  scattering  are  represented.  The  first  order  of 
this  set  approximations  is  an  original  contribution  of  this  Thesis. 

It  also  forms  the  basis  for  a canonical  ordering  of  class  B(2). 

5. 3. 2.1  First  Order  Independent  Solutions,  B ( 21 ) 

This  approximation  presumes  that 

<£P>  = <C><P>  • (5.97) 

Then  Eq.  (5.12)  becomes 

<P>B(21 ) =-^s)  + P,<^><P>  (5.98) 

This  is  equivalent  to  Q = <£>  for  a mass  operator.  It  may  be  noted 
that  for  <s(r,t)>  = o,  this  solution  implies 

<p>  = p 

ru 

as  in  the  first  Born  approximation. 

If  <£>  i 0 then 

<p>  = G ( s ) + G<£>G(s)  + G<£>G<£>G(s)  + . . . 

= Pu  + g<c>pu  + (<G?>)(2)pu  + . . . 

= l (<Gc>)(n)Pu  • (5.99) 

n=0  u 

Since  the  general  solution  is 

A A A A A A 

<p>  = pu  + G<^>pu  +<GeG^pu>+  .... 
we  see  that  this  assumption  holds  if  <£i£2-  . X > - <Ci><C2>-  • .<Sn> 


• ■ •**  - 
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or  statistical  independence  of  all  orders.  For  <c^>  entirely  impul- 
sive, we  have  the  condition  for  independent  point  scatterers. 

In  operational  form,  the  first  order  independent  situation  for 
the  mean  is  shown  in  Fig.  5-6. 


<p> 


Fig.  5-6.  Operational  Solution  for  B ( 2 1 ) Mean 

In  terms  of  Feynman  diagrams,  this  is 


. . . + . . . (5.100) 


which  obviously  extends  the  first  Born  solution  but  does  not  account 
for  the  correlation  structure  of  the  scatterers. 

We  emphasize  that  the  operational  form  can  be  solved  directly 


recursive  techniques. 

Thus, 

we 

an  initial  solution: 

A 

O 

Q. 

V 

= p, 

first  iteration: 

<Pl> 

= P, 

second  iteration: 

A 

CM 

< Q. 
V 

= p, 

’ u , 

G<£>G<F>p 
Ku, 

so  that  given  <$>,  the  empirical  solution  is  straightforward. 
For  isotropic  scattering,  <e(ri,tj)>  h <e(^,t2)>,  we  have 

<(Gj)Sn)  ■ <d!  (G')(n>, 


(5.101  ) 


(5.102) 
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so  that  Eq.  (5.65),  decomposed  to  form  M,  and  using  Eq.  (5.55)  becomes 

<P>„(21)  ■ - 0,  + <Jb)5g[5'3(")pu  ■ (5.103) 

Here,  obviously,  the  mean  contains  contributions  from  interacting 
classes. 

Following  the  literature  [55,  p.  189,  Eq.  (2.46)],  we  press  for  an 
analytical  solution.  Using  the  usual  approximation  (Taylor  series 
truncated  to  first  term) 

G<£><p>  = <p>G'<d>  , (5.104) 


we  have 


<P>B(21 ) 


u 


1 - G ' < d > 


(5.105) 


This  approximation  may  be  readily  evaluated.  The  Taylor's  series 
truncation  is  typical  of  Class  IV  approximations  mentioned  in  the 
preface.  In  space-time,  the  Taylor's  series  expansion  of  p(ri,tj)  is 


P ( r i , 1 1 ) = p(r,t) 


(r-ri).vp(r.t)  | - (t-t 

r 


+ 


(5.106) 


The  approximation  used  widely  in  the  literature  uses  only  the  first 
term,  that  is 


P ( Hi » 1 1 ) = P(H»0  (5.107) 

so  that  Gc(rj )p(rj ,tj ) * Gc(rj  )p(r,t)  = p(r,t)  Gc(rj).  This  approxima- 
tion then  allows  algebraic  to  replace  operational  solutions.  For  Eq. 
(5.1),  we  have 
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<p(-’t)>B(21)  = Pu^'^ 


If  I ^ 

Ip  to  0)0  Co 


<d(r0,t0)> 

8tt2  Ijr-rp  I 


. e”^0  t_to 


dIodt0dWo 


(5.108) 


Decomposing  to  form  M,  we  have  further, 


=pCr.t)>B(2i)  - pu(r,t) 


, . j j , ^ <ds(Io.to)td>(lj,t|,)»<lB(r,|.t0)> 
Iot0u)0Co  8n2|r- 


•LO 


ll-rpl 

Co  dr  n d t n do)n 


(5.109) 


In  this  case  (as  contrasted  with  the  Born  approximation)  interaction 
between  scattering  classes  occurs  in  the  mean.  For  example,  if  p$ , Py 

and  Ps«v  denote  the  surface  only,  volume  only,  and  combined  effects  on 
the  received  pressure,  we  have, 


[(PS+PV)  - Ps+V]  = P 


\1-G 1 1 


(d  ) 1 - G 1 ( d ) 1-G ' (d  )-G 1 (d  ) 

3 v s v ‘ 

Pu[(l-G,dv)(l-G'ds-G'd  ) + ( 1-Gd  ) ( 1-G 1 d -G'd  ) 


(5.110) 


(l-G’d  ) - (l-G'd  )][(1-G'd  ) ( 1-G *d  )(1-G'd  -G'd  )]_1 

v b V S V J 

(l-G'd  )(G'd+G'd)  - (l-G'd  )(G'd  +G'd  ) 

= — y s s v 

O-G'dJO-G'd  )(1-G'd  -G'd  ) P“ 

5 v S V 

B (G'dv)2  + g(G'dv)(G,dJ  + (G'ds)2  - 2(G'dc+G'dw) 

( 1-G~d  ) ( 1-G 'd  )(1-G'd  -G'dl  ~*V  (5J11) 

s v s v 
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For  |G'dv|  and  |G'ds|  « 1 

[(p  +p  ) - P A ] = -2(G'd  +G'd  ) p 

S V S+V  S V Ku 

or 

PS  + Py  2-(G'ds^'dv) 
Ps+v  2+Gds+G'dv 


(5.112) 


(5.113) 


Similar  error  forms  may  be  calculated  for  the  other  two  combinations. 

Because  the  first  order  independent  solution  is  a subset  of  the 
general  solution,  these  considerations  lead  to  a simple  criterion  for 
the  validity  of  the  first  Born  approximation: 

The  Born  approximation  is  valid  only  when  the  interaction  of 
scattering  classes  is  not  perceivable  in  the  mean  statistics. 

In  many  cases,  this  condition  can  be  easily  validated  experimentally. 


Second  Moment  of  the  First  Order,  Independent  Solution  B ( 21 ) 

It  is  well  known  that  specification  of  the  first  moment  does  not 
generally  specify  the  higher  moments.  Hence,  the  first  order  inde- 
pendent solution  is  generally  compatible  with  any  equivalent  B medium. 
For  the  approximation 

B<PiP2>  = <Si£2PlP2>  e <ClPl><f2P2>  = Qi<Pi>Q2<P2>»  (5.114) 

we  have 

<PiP2>b(21)  = PuiPu2  + PU]M2<P2>  + Pu?GiQi<Pi>  + Gi  (G2QlQ2<Pl><P2>) 

= pu2(Pu,  + GlQl<Pl> ) + (<PUj>  + GiQi<pi > )G2Q2<P2> 
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= Pu2<Pl>  + <Pl>G2Q2<P2> 


= P X > ( < Pu?  > + G2Q2<P2>) 


= <Pl><P2>  • (5.115) 

So,  as  we  might  expect,  insistence  on  independence  leads  to  independent 
solutions.  Experimentally,  this  is  a simple  test  to  conduct,  and  pro- 
vides some  immediate  information  on  the  correlation  structures  of  the 
med i urn . 

If  B = <£i£2>  = <£i><£2>,  then  we  have  only 

<PiP2>B(21)  ■ Pu i Pu2  + Pu^Q^Pz5  + Pu2GlQi<Pl> 

+ G1(G2Q1Q2<p1p2>)  , (5.116) 

so  that  the  second-order  correlation  structure  may  be  interpreted  in 
terms  of  the  first. 

We  examine  this  latter  in  M-form.  Writing  Eq.  (5.116),  accord- 
ingly, as 

<plp2>g(  21  ) = PU1PU?  + PU2Mi<Pi>  + PUlG2Q2<P2> 

+ 6^ds1+dv1+dB1>(G2<ds2+dv2+dB2><PlP2>)  (5.117) 

and  using  again  a truncated  Taylor's  expansion,  we  have 

PUlpu2  + PUl^Q?<P2>  + PU2giQi<Pi> 

<p,P2>  = 7 — 7 . (5.118) 

1 - G{(G2  <d  +d  +dR  ><d  +d  +dR  >) 

S1  V1  B1  s2  v2  B2 
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Again,  the  nature  of  the  independence  is  clearly  noticeable.  Moreover, 
volume  interface  interactions  can  occur  (even  with  <dy>  = 0). 


Fourth  Moment  of  the  First  Order  Independent  Solution 

As  with  the  lower  moments,  the  fourth  moment  is  not  determined 
solely  by  lower  moments.  Hence,  the  first  order  independent  solution 
is  generally  compatible  with  any  equivalent  W medium.  A very  large 
number  of  possibilities  exist.1  We  shall  deal  only  with  the  lowest 
order  independence.  If  we  assume  independence  of  the  scatterers  (and 
independence  in  the  lower  order  moments),  i.e.. 


W<PlP2P3P4>  - <Cl><f.2><C3><C4><PlP2P3P4> 


(5.119) 


then  again  we  use  a truncated  Taylor's  expansion  to  obtain 


<P 1P2P3P4 


pu1pu2pu3pu4  + * • • + PUltGlG2G3Ti23<PlP2P3> 
1 - G( (G2 (G3(G4<d 1><d2><d 3><d4> ) ) ) 


(5.120) 


It  becomes  apparent  that  a rule  of  thumb  for  <np^ - is 


np 


<npi> 


ui 


1 - n(Gi<d.>) 

i 


(5.121) 


It  is  easy  to  see  that  the  generalization  of  this  rule  is 


np 


<npi> 


u . 
1 


1 - <Jl(G!d.>) 

i 


(5.122) 


^ee  Appendix  E. 
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which  now  embodies  the  correlation  structure  <d,d,...d  > 

Since  the  moments  are  available  in  experimental  data  and  the  d. 
are  presumably  given,  this  rule  of  thumb  can  be  checked  conveniently 
for  insight  into  the  correlation  structure. 

5. 3. 2. 2 Second  Order  Independent  Solutions,  B ( 22 ) 

This  approximation  presumes 

<CiC2P>  = <CiC2><P>  • (5.123) 

From  the  basic  solution 

p = G ( s ) + Gcp 

we  easily  derive 

p = G(s)  + G?G(s)  + GGCfp  . (5.124) 

Thus , 

<p>  = G(s)  + G<£>G( s ) + GG<CCP>  • (5.125) 

The  second  order  independent  solutions  approximate  Eo.  (5.125)  by 

<P>B( 21 ) = ^(s)  + G<£>G(s)  + GG<££><p>  • (5.126) 

This  gives 

p..  . .. 

0 = <C>  — + G<CC>  (5.127) 

<p> 

so  that  here,  Q absorbs  the  second  order  field  correlations.  Equation 
(5.126)  may  be  expanded  to 
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<P>B ( 21 ) = ^ ( GG<  CC  >)^n^CG(s)  + G<£>G(s)] 
n=0 

= G(s)  + G<£>G(s)  + GG<CC>G(s)  + GGG<f^><?>G( s ) 

+ GGGG<££xf;£>G(s ) + ...  (5.128) 

which  compares  to  the  exact  solution 

<p>  = G(s)  + G<{;>G(s)  + GG<££>G(s)  + GGG<£££>G(s) 

+ 66GG<;;a>G(s)  + . . . . (5.129) 

We  see  that  this  solution  only  allows  correlation  structure  up  to  the 
second  order;  the  comparison  between  Eqs.  (5.128)  and  (5.129)  justi- 
fies our  naming  these  solutions  "second  order  independent." 

In  operational  form,  the  second  order  independent  solution  for 
the  first  moment  is  shown  in  Fig.  5-7. 


Fig.  5-7.  Operational  Solution  for  B(22)  Mean 
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In  terms  of  Feynman  Diagrams,  this  solution  is 


= * — — ♦ — /"Y  . * • • • 

+ / 1\_ + • • • (5.130) 

This  pattern  accounts  for  the  second  order  correlation  structure  of  the 
scatterers.1  It  also,  obviously,  extends  the  second  order  truncation 
series  B(12)  and  generalizes  the  first  order  independent  solutions. 

While  the  operational  forms  may  be  implemented  directly,  analyti- 
cal expressions  may  be  obtained  only  approximately.  We  note  that  for 
<C>  = 0,  the  second  order  independent  solution  is  the  bilocal  (Bourret 
approximation).  Bourret  (1962)  called  the  basic  assumption  2p>  = 
<CiC2><P>»  "local  statistical  independence." 

Particular  solutions  depend  on  the  actual  field  correlation  struc- 
ture, often  assumed  homogeneously  exponential  (e.g.,  B§e( - | r-r^ |/a ) ) 
[189].  Rather  than  examine  the  particular  solutions,  we  develop  the 
moment  structure  for  arbitrary  <djd2>. 

1.  Means : B(22) 

Putting,  as  before,2 

GG<£j62><P>  = <P>GG<djd2>  (5.131) 

we  can  write  Eg.  (5.125)  as 


Tatarskii  [188]  and  others  f 54 1 distinguish  a subclass  of  "strong" 

correlations  which  have  a form  This  subclass  is  a 

generator  for  the  entire  class  (<^>  = 0)  and  allows  a factorization 
from  which  Dyson's  eguation  emerges.  These  "strong"  correlations  have 
no  identity  with  numerically  large  physical  correlation  structures 
which  are  determined  by  the  medium  and  not  by  formalism. 

2Cf.  Eg.  (5.104)  and  the  Taylor's  approximation. 
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(5.132) 


(5.133) 

Here,  not  only  do  we  find  interaction  between  scattering  classes,  but 
correlated  interaction  as  well.  For  many  applications,  however,  the 
statistics  of  the  interfaces  are  independent  of  the  volume  statistics. 
Since  <d  d <<^VldS2>  1n  general,  S x V ? V x S,  generally. 


We  have  from  the  exact  solution,  (5.15), 


<p.P2>  ■ pu1pU2  * pUiM2«p2>  * pU2Mi<p,> 

+ G1(G2<C1C2P1P2>)  • (5.134) 

Let  B <p]p2>  = <Ci?2PiP2>  define  B;  then,  approximating  as  before1 

PU  ] PU2  + PUlM2<P2>  + PU2®l°I<Pl> 

<p1p2>  » 7 — . (5.135) 

1 - 6{(G2B12) 

This  latter  strongly  resembles,  in  form,  the  first  order  independent 
solution  Eq.  (5.118),  although  Q here  is  differently  defined,  and  second 

*Cf.  Eq.  (5.104)  and  the  Taylor's  approximation. 
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order  correlations  are  evident.  Indeed,  if  B12  = QXQ2  -*•  <Ci><t2>» 
then  we  recover  Eq.  (5.118). 


Following  this  lead,  we  evolve  a set  of  approximations  for  Q. 


a) 

exact: 

III 

A 

Q_ 

V 

<cr 

<£P> 

(5.136) 

b) 

first  order: 

Qi<p> 

= <£><P> 

(5.136a) 

c) 

second  order: 

Q2<p> 

= <i>  Pu  + <CGC><P> 

(5.136b) 

d) 

third  order: 

Q3<p> 

= <C>  Pu  + <CGc>  pu  + <cG^Gc><p> 

(5.136c) 

so  that 

e)  Q<p> 


1 im 
n-x» 


n_l 

l <C(G?)(m)xp  > ♦ XP>  . 

m=0  u 


(5.137) 


In  M-form,  we  have  for  Eq.  (5.135) 

A A A A 

PUlpu2+  Pu  G2Q2<P2>  + Pu 1 Q X < p 1 > 

<PlP2>  = z — : T w \ • (5-138) 

1 - G{  GWd  +d  +d  Ud  +d  +dD  \> 

1 2 { si  vi  B ! Jy  s2  v2  B2) 

Of  course,  the  decomposition  using  B may  not  be  homogeneous.  Valid  in 
one  part  of  the  field,  it  may  bring  on  large  errors  elsewhere.  The 
point  is,  however,  that  in  these  equivalent  media,  the  equivalence  is 
determined  by  the  input/output  relationships,  so  that  conditions  of 
experimental  verification  of  the  medium  need  not  enter.  These  types 
of  problems  (as  shown  by  the  operational  solutions)  are  essentially 
estimation  problems.1 


^ee,  for  example,  [216],  Chap.  17. 
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3.  The  Fourth  Moment,  Second-Order  Independent  Solution  B ( 22 ) 

This  moment  is  straightforward,  but  tedious,  depending  on  assump- 
tions about  0,  B and  T. 

'he  rule  of  thumb,  Eq.  (5.109),  may  be  extended  for  this  case 
typically  to 

P,i  P.i  pi<  Pii 

U i 1*2  U 3 U4 

<PlP2P3P4>  = r — 7 — r — 7 . (5.139) 

1 - 6{(6i(65(Gi<d1d2><d3d4>))) 

The  E ( 22 ) approximation  shows,  that  the  many  possible  correlation 
structures  bring,  each  one,  a new  type  of  approximation  in  the  higher 
moments.  We  might  write  Eq.  (5.139)  differently  for  <d1d2d3du>  = 
<djd3><d2du> , etc.  The  full  formal  complexity  of  the  correlation 
orders  (and  cf  the  approximations  they  accompany)  nay  be  judged  from 
Appendix  E. 

5.3.3  Comparison  of  Solutions 

If  we  compare  the  mean  solutions,  we  see  that 


<p>  = p + 6 ' < d > p 

E( 11 ) u u 

(5.140) 

<p>  = p /(I  - G'<d>) 

B ( 2 1 ) u 

(5.141 ) 

<p>  = (p  + G'<d>p  )/(l  - G j (G2<djd2>) ) 

B ( 22 ) u u 

(5.142a) 

* <P>  /(I  - G;(G2<d:d2')) 

(5.142b) 

B(  11 ) 


so  that  the  relative  errors  car  be  established,  i.e., 
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G <d>p  -p  G <d > - ( G <d>)(G  <d>p  ) 
„ u u u 

<p>  - <p>  = — — 

B ( 1 1 ) B(21)  1 - G'<d> 


(5.143) 


-<p>  G 'G 1 <d  jd2> 

> - <p>  = ..BUI) 

B(1 1 ) B(22)  1 - G'G'<d1d2> 


(5.144) 


and 


<p>  - <p> 

B ( 21 ) B ( 22 ) 


p G ' <d > -p  G 1 (G 1 <d , d,> )+(G ‘<d>)( G ' <d>p  ) 

JJ u u__  (5J45) 

(1  - G'<d>)( 1 - G'G'<d1d2>) 


While  <djd2>  i 0 (correlated  scattering)  implies  an  error  in 

the  Born  approximation,  B(ll),  it  does  not  follow  that  <dxd2>  = 0 

validates  B ( 1 1 ) , as  may  be  seen  from  Eq.  (5.143).  Note,  also,  that 

for  <d>  = 0,  <p>  = <p>  = p . For  correlated  scattering  to 

B( 1 1 ) B ( 21 ) u 

second  order,  Eq.  (5.144)  supplies  a measure  of  B( 11 ) error.  By  re- 
writing Eq.  (5.144)  as 

<P> 

<p>  - <p>  = , (5. 140) 

B ( 1 1 ) B ( 22 ) . 1 

I ” A A 

G ' G 1 <d id2> 

it  is  easy  to  see  that  the  error  depends  on  the  magnitude  of  <djd2>. 

In  particular  as  <djd2>  -*■  0,  <p>  = <p> 

B ( 22 ) B(  1 1 ) 

The  second  moment  solutions  obtained  here  contain 

a B ‘PUlpu2  + + PUl<p2>  (5.147) 
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and  are  given  by 

<PiP2>  = a + Gj  G2<dxd2>p  p > (5.148) 

B( 11 ) Ul  °2 


(5.149) 

(5.150) 

The  second  moment  relative  errors  may  thus  be  expressed  as 

<PiP2>  ■ <PiP2>  = G2<djd2>p  p - a(Gi<di>)2 
B ( 11 ) B ( 21 ) L Ul  U2 


a 

<PiP2>  = ' ~ » 

B ( 21 ) 1 - (Gl<dx>) (G2<d2>) 


<PXP2>  = S— 7s : 

B ( 22 ) 1 - Gj(G2<d1d2>) 


(Gx<dj>)2Gj  G2<djd2>PU) Pu^ J £l  - (G{<dx>)2J  ; (5.151) 


A A A A 

<pxp2>  - <PjP2>_  , = Gj  Gi<d1d2>pu  Pu  - aGx (G2<did2>) 

_ 12 


B(ll ) 


B ( 22 ) 


- Gj(G2<djd2>)  GjG2<d1d2>p  p 

“1  u2 

-1 

1 - G' (G2<did2>) 


and 


(5.152) 


a ( G1<d1>)2  - G1(G2<d1d2>) 

<PlP2>  " <PlP2>  = * * * 

B ( 21 ) 8(22)  (l-(Gj(<d>))2)(l-Gj(G2<d1d2>) ) 


(5.153) 


We  see  that  the  quantity,  a,  figures  in  the  error.  This,  in  turn, 
shows  that  an  error  in  the  first  moment  propagates  to  the  second 
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moment.  It  follows  that  a B( 11 ) solution  invalid  in  the  mean  will 
generally  be  invalid  in  the  second  moment  also. 

Again,  for  the  B ( 1 1 ) solution  to  hold  in  the  second  moment,  it  is 
necessary  but  not  sufficient  that  <d^d2>  = 0. 


5.4  Poisson  Statistics 

It  sometimes  happens  that  our  concern  centers  on  a domain  of 
independent,  discrete  scatterers.  For  these  cases  we  develop  a 
Poisson  model . 

We  suppose  a first  order  independent  solution  with 

€i  = - l ^ di6(r.-r)  (5.154) 

where  new  n is  a random  variable. 

Thus,  we  can  write,  using  Eq.  (5.55) 

-p>  = pu  - G < d.5(r.-r1)k§  PU(D> 

„ n * m 

+ G < l d 6(r\-Li)k§G  T d 6(r .-r^Jkfp  (2)>  + . . . . 
i=0  1 ^ j=0  ? “ u 

(5.155) 

We  may  interpret 

l Gd.6(r,-fj)kgp  (1) 

1=0  1 1 u 

in  two  ways:  n = <*>  and  d^  is  a random  variable  over  rj ; or  d^  is 
deterministic  but  n (<  ®)  is  a random  variable.  In  this  latter  inter- 

t 

pretation,  we  can  deal  with  the  problem  as  a random  sum.  Assuming  n 
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is  independent  of  x.  = Gd .«( r . -r , )k?p  (1),  each  of  which  has  an 

1 1 — | — i u u 

identical  value,  we  get 

< T x.>  = Gd .6(r.-r, )kSp  (l)<n>  . (5.156) 

„ i i — i -1  u u 


Further  precision  can  be  made  by  assuming  n poisson,  with  parameter  p, 
so  that  for  the  first  truncation  approximation,  B(ll),  we  have 

e-j(wt-iot0-k|r-r1.  |)p  (r  ) 

<p>  = p - Pd  . (5.157) 

u 1 4-n  r-r . 

i 1 i 

The  parameter  d.  acts  as  the  average  scattering  strength;  the  param- 
eter ; is  the  density  of  scatterers  (average  number  of  scatterers/uni  t 
volume).  The  extension  to  classes  of  similar  scatterers  separated  in 
space  is  immediate.1 

The  third  term  in  Eq.  (5.143)  leads  to  a form  of  the  type 


n m 6 (r2-r  . 1 ^ ^ ! 

I I Hi- l d , — p.  (r 

r2r i i=0  4tr|r-r1|  j=0  J 4tt  | r_-r^  1 


pu(ij) 


which  becomes  (harmonic  case), 


m n 

l l 

n i _ r\ 


-jk  I r-r. 
e o' 1 


d. 


-jk  1 r . - r . 
e o'-i  -j 


j=0  i=0  1 4n  | r-r..  | ] 4n  | r -r^ 


ko  ■ r • <5->58> 


Letting  a first  random  sum  run  over  m,  we  have  (with  identical  scat- 
terers in  a small  region  far  from  source  and  receiver),  for  Eq.  (5.158) 

'For  a fuller  account  of  this  development,  see  [138]. 


206 


TR  5871 


n e'jkol^il  e”'^  ko  I — i j I 


l d1 

-A 


d . 


i=0  4tt  |r-r^  | J 4 rr  | r_^ -r^  | u J 


p (r  )><m>  , (5.159) 


a function  of  r.  and  m.  If  further  decomposition  can  be  made,  we  can 
obtain 


-jk  I r-r . | -jk  Ir.-r.l 
e o 1 1 1 e o 1 -i  — j 1 

d-d. p (r.)  <m><n> 

1 J /i_l„  - I /i  i„  „ i 


4tt  ln-r.i  I lL-j~Lj 


(5.160) 


where  |r.-r  | acts  like  a correlative  distance  (average  distance  be- 

J 

tween  coupled  scatterers).  If  <m>  = <n>  = p then 


P>  = P..  * Pd4 

U 1 4»|r-r.| 


P (r . ) 
Mu  -i 


+ p2d^dj 


4,|r-rf|  4,|r.-r. 


p ( r . ) . 
Ku  -i 


(5.161 ) 


The  rapidity  of  convergence  of  Eq.  (5.161)  can  thus  be  seen  to  depend 
on 

(5.162) 


Pd, 


e-iKlLj-L, 


4"|rrr, 

under  these  circumstances. 


5.5  Summary 

Historically,  the  randomness  of  the  medium  was  first  accommodated 
by  a truncated  sum,  the  first  Born  approximation,  B(ll),  (which  gave 
adequate  results  in  weakly  inhomogeneous  media).  Where  this  initial 
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approximation  failed,  solutions  were  pursued  by  selectively  summing 
the  series  solution  (Eq.  (5.12a)).  Most  work  assumed  harmonic 
radiation. 1 

Our  exposition  has  followed  the  usual  path  of  the  literature: 

(1)  describing  the  random  process,  (2)  obtaining  moments  in  series 
form,  and  (3)  obtaining  approximations . 

By  beginning  with  broadband  radiation,  and  by  using  techniques 
developed  for  the  qeneral  solution  (Chap.  Ill)  we  have  been  able  to 
extend  the  solutions  of  the  literature.  In  particular,  not  only  has 
the  random  process  been  modeled,  (Eq.  5.23),  but  the  moments  (first, 
second,  and  fourth)  have  also  been  derived  explicitly,  (Sec.  5. 1.1.1  - 
5. 1.1. 4).  Moreover  a canonical  representation  of  approximations,  B, 
has  been  elaborated,  (Sec.  5.3).  This  representation  allows  the  par- 
ticular approximations  of  the  literature  to  be  more  readily  appre- 
ciated. In  terms  of  the  preface,  these  approximations  belong  to  class 
III  and  IV. 

In  addition  to  extending  the  literature,  our  methods  have 
elucidated  several  conundrums.  We  mention  the  problem  of  convergence 
(of  the  series  solution  and  approximations),  (Sec.  5.1.2);  the  exten- 
sion of  Feynman  diagrams  to  interfaces,  (Sec.  5.1.4);  the  criterion 
for  validity  of  the  first  Born  approximation,  (Sec.  5.3.2.1);  the 
"mass"  operator,  Q,  (Sec.  5.1.2). 

Perhaps  the  most  notable  innovation  in  this  chapter  is  the  inter- 
pretation of  the  mass  operator,  0,  as  a first  moment  equivalent  medium 
(Sec.  5.1.2).  This  allows  not  merely  extensions  to  higher  order  in  a 


:See  Chap.  IV. 
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simple  way  but  more  importantly,  opens  a new  avenue  for  exact  solu- 
tions to  Eq.  (5.1). 

The  original  items  of  this  chapter  are  listed  below. 

I.  Solutions 

A.  Broadband  solution  to  Eq.  (5.1)  - Eq.  (5.55). 

B.  Operational  solution  to  Eq.  (5.1)  - (Sec.  5.1.2). 

1.  The  broadband  feedforward  operator,  G - Eq.  (5.50). 

C.  First,  second  and  fourth  moments  of  the  broadband  solu- 
tion - (Secs.  5. 1.1.1  - 5. 1.1. 4). 

D.  Feynman  Diagrams  extended  to  interfaces  - (Fig.  5-5). 

E.  Hiqher  Order  Moments  - Eq.  (5.22). 

II.  Approximations 

A.  A canonical  decomposition  of  approximations  - (Sec.  5.3). 

B.  The  first,  second  and  fourth  moments  for  the  first  Born 
broadband  approximation  B ( 11 ) - (Sec.  5.3.1). 

C.  The  first  order  independent  approximations  B(21)  - 
( Sec . 5 . 3 . 2 . 1 ) . 

1.  The  operational  solution  of  B ( 21 ) mean  - (Fig.  5-6). 

2.  The  first,  second  and  fourth  moments  of  B ( 21 ) - 
(Sec.  5. 3. 2.1). 

D.  The  extension  of  the  Tatarskii  and  Bourret  solutions  to 
non-zero  mean,  arbitrary  distributions  (non-isotropic), 

B( 22)  - (Sec.  5. 3. 2. 2). 

1.  The  operational  solution  of  the  B ( 22 ) mean  - 
(Fig.  5-7). 
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2.  The  first,  second,  and  fourth  moments  of  B( 22 ) - 


(Sec.  5. 3. 2. 2). 

E.  A canonical  approximation  for  the  mass  operator,  Q,  - 
(Sec.  5. 3. 2. 2). 

F.  A rule  of  thumb  for  approximating  higher  moments  - 
Eq.  (5.122). 

G.  Definition  of  G ' , which  allows  operator  commutativity 
Eq.  (5.54). 

Insights 

A.  Moment  Equivalent  Media  - (Sec.  5.1.2). 

1.  A new  method  for  obtaining  moment  solutions  - (Sec 
5.1.2). 

B.  The  canonical  extension  to  second  and  higher  moments 
without  using  the  Bethe-Sal peter  expression.  - (Sec. 

5. 1.1. 2). 

C.  The  possible  correlation  structure  - (Appendix  E). 

D.  Misgivings  on  G,  6(p),  and  gLp.  - (Sec.  5.2.1  and 
Appendixes  D and  H). 

E.  A complete  set  of  moment  differential  equations  - (Sec 
5.1.3). 

F.  Criterion  for  the  validity  of  the  first  Born  approxima 
tion,  B(1 1 ) (Sec.  5. 3. 2.1). 

G.  Algebraic  solutions  by  Taylor's  series  approximations 
(Class  IV)  - Eq.  (5.105) 

H.  Elucidation  of  the  convergence  problem  - (Sec.  5.1.2). 
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Several  of  our  results  have  an  experimental  value.  For  instance, 

the  ratio  npu  /<npi>  may  be  easily  calculated;  it  allows  a quick 
i 

measure  of  turbulence  (see  Eq.  5.122).  The  criterion  for  B ( 11 ) should 
likewise  prove  useful. 

We  have  also  introduced  in  this  chapter  the  M-form  (Eq.  (5.2)) 
of  Sec.  5.1  and  occasionally  discussed  solutions  in  this  form.  This 
form  introduces  the  surface-volume  interactions  and  opens  the  way  to 
solutions  practically  impossible  in  the  classical  view.  This  is  the 
problem  of  moving  and  stochastic  boundaries  to  which  we  now  turn. 
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VI.  SURFACE-VOLUME  INTERACTION 

6.0  Introduction 

In  the  ocean,  the  most  conspicuous  scatterer  of  sound  is  the 
dynamic  surface  of  the  sea.  Because  of  the  large  difference  between 
the  densities  of  air  and  water  (and  their  corresponding  propagation 
velocities),  this  surface  acts  as  a sharp  discontinuity  which  scatters 
sound  strongly,  both  randomly  and  coherently. 

Being  conspicuous,  surface  scattering  has  attracted  a large  number 
of  investigators.  We  mention  the  recent  work  of  Middleton  [136], 

McDonald  and  his  associates  [129,  215],  and  the  earlier  work  of  Medwin 
[131]  and  Gulin  [79-84].  An  excellent  survey  is  given  in  Fortuin 
[71]. 

A large  complex  of  problems  falls  into  this  purview.  We  may 
consider  the  surface  over  a homogeneous  ocean,  (vc=0),  over  an 
inhomogeneous  one,  (vc^O),  over  one  with  discrete  scatterers,  with  weak 
or  strong  scatterers,  localized  or  not,  interacting  diversely.  The^f 
many  conditions  correspond  to  the  great  diversity  of  the  ocean  (atmos- 
phere) itself,  and  we  should  be  presumptuous  to  take  a particular  case 
for  more  than  its  worth.  Yet,  the  general  formulations  thus  far 
developed  provide  general  lines  to  the  subject,  so  that  particular 
cases  may  be  seen  in  better  perspective. 

Our  purpose  in  this  Chapter  is  to  develop  the  solutions  of  Chapter 
V for  media  with  stochastic  boundaries,  particularly  the  moving  surface 
of  the  sea.  We  shall  examine  and' derive  some  recent  (classical)  re- 
sults and  shall  as  usual  pay  attention  to  the  assumptions  needed.  Our 
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results  will,  for  the  most  part,  extend  the  classical  results  by  the 
broadband  formulation  of  Chapter  V and  because  of  the  insights  derived 
from  the  operational  solution. 

This  purpose,  in  turn,  will  serve  two  other  purposes  of  the  over- 
all thesis:  (1)  to  study  carefully  class  III  and  class  IV  errors1  and 
(2)  to  determine  criteria  for  the  importance  of  surface-volume  coupled 
scattering . 

We  begin  with  the  surface,  (Sec.  6.1),  continue  by  considering  an 
example  of  lossy  volume  propagation,  (Sec.  6.2),  and  finish  with  a sim- 
ple example  of  coupled  scattering,  (Sec.  6.4).  Along  the  way  we  will 
consider  a new  model,  (Sec.  6.1.5),  soon  to  be  published,  which  is 
especially  relevant  to  scattering  in  media  with  stochastic  boundaries. 

6.1  Surface  Scattering 

We  first  consider  the  case  where  other  than  surface  scattering  is 
negligible.  For  convenience,  we  will  restrict  our  attention  to  the 
known  solutions  of  Eq.  (5.1).  In  the  general  case,  Eq.  (1.5)  charac- 
terizes the  surface  pressure  interaction.  As  appropriate,  typical 
cases  will  be  drawn. 

Our  considerations  here  are  restricted  to 

d = ds  + dv  + dB  = ds  . dv  = dB  = 0,  (6.1) 

that  is,  surface  scattering  over  a homogeneous  ocean  any  point  of  whose 
dynamic  surface  is  r^.  Equation  (5.55)  becomes 
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A °°  A / n ) A 

p = p + Gd  l (G'd)'n  G'  (s) 

U n 


(6.2) 


where  0 in  homogeneous  ocean 
d = 

d’  in  the  atmosphere. 


Then  G = / / / dtdwdr’ 
t u r' 


.)ej(wt  - k|r'-r|) 


4tt  |r  *-r  I 


; that  is,  the  integration 


is  over  the  upper  volume  (r' 


Let  us  bring  the  above  considerations  more  precisely  to  the  sur- 
face. Figure  6-1  describes  the  geometry. 

Using  a generalization  of  the  divergence  theorem2  (to  account 
for  atmospheric  discontinuities),  put  (in  a non-unique  way) 


/ e"jkpl  - 
v.  d'  5 G 

Vs  4 np  ' 


'( S ))  = d 


^(G'd  ' )(n^G*  (sy  ^ 


-jkp* 


, p'  = |r '-r | (6.3) 


for  some  d'  (to  be  determined).  We  thus  obtain 


P = Pu  + / / / e+']U)^t  ^ dl *n  — — G'(s)  dr  dudt 


(6.4) 


t w 


5 Pu  + Gs  <U'n  G'(s>  • 


(6.4a) 


Equation  (6.4a)  defines  the  operator  G$,  which  implies  an  integration 
over  the  surface  {r^}.  The  vector  d^  has  dimensions  of  length. 

*In  this  way  atmospheric  occurrences,  such  as  layering,  independent 
acoustic  sources,  etc.,  which  affect  underwater  reception  are  accounted 
for.  Most  constructions  of  the  literature  omit  these  aspects,  Cf. 

[193]  pp.  193-199.  An  analogy  here  can  be  made  to  three  dimensional 
transmission  lines. 

2See  Sec.  1 .2.1 .2 
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Equation  (6.4)  says  that  the  effect  of  the  atmosphere  is  summarized 
completely  in  the  boundary. 

Something  of  d^  may  be  learned  from  the  differentiation  indicated 
in  (6.3) . 


/ e-jkp  . \ -jkp  - i 

V-(d^  5 G'(s)  ■ 5 [d‘-vG,(s)+G,(s)(7-d’-(^-  + j k ) p - d* ) ] , (6.5) 

\ 4irp  / 4-np 

so  that 


d1  l (G'd’)(n)G,(s)  = d*  .7G'(s)+G(s)[v.d'  -(J-+  jk)p*d-  ].  (6.6) 

n=0  s - s p - s 


Equation  (6.6)  gives  (T  in  terms  of  known  values  and  operations.  The 
LHS  shows  the  effect  of  multiple  scattering  in  the  atmosphere.  It 
should  be  noted  that  by  the  divergence  theorem  we  need  only  seek  cT(r^), 
that  is,  we  need  only  those  values  of  d'  at  the  surface. 

_s  — 

Because  Eq.  (6.3)  allows  specification  of  d^  in  an  arbitrary 
direction,  we  may  choose  for  convenience  the  receiver  direction,  i.e., 

(T  = d^p.  Then  Eq.  (6.6)  becomes 


°°A  /NA  A A 

d*  l (G 'd 1 ) n 'G ' (s ) = d'p-vG’ (s)+G'(s)[v *pd ’ 
n=0  s s 


•(-+  jk)d^]. 


(6.6a) 


Usually  pd‘  = d1  is  slowly  varying  spatially  close  to  the  surface 
s - s 

(7-pds=0),  so  that 


d'  l (G'd' )(n)G'(s) 
n=Q 

p.vG'(s)  - G' (s )(”  + jk) 


d' 

s 


(6.6b) 
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Under  the  assumptions,  d^-vG'fs)  = 0 = v-d^ 

d'  = -r—^—  I(G'd' )^n^G'(s)  = — - (6.7) 

1 + jk  jk 

P 

where  d-  e d 1 £(G 'd ' ) ^G(s ) and  for  a receiver  far  removed  from  the 
surface  (i.e.,  p-1  = 0).  Under  these  assumptions  Eq.  (6.4)  reduces  to 


, . j [u(t-t0)-kp]  / d-  \ 

P = P + J j j p-n  ( ) k2p  (r  )dr  d do)  . (6.8) 

u ^ t0  i 8.2p  \jk / u ■*  ^ t0 


One  immediately  notes  a first  power  dependence  on  frequency.1 

When  less  severe  assumptions  are  desired,  we  may  simplify  from 


G'(s)  = - G'  + jkjpis  , (6.9) 

vno 

wnere  pj  = it  , a unit  vector.  For  localized  sources  distant 

I I 

from  the  surface  ( o 1 “ 1 -^-0 ) , Eq.  (6.6)  becomes 

d'  7(G ’d ' ) (n ' (s ) 

dj  = , (6.10) 

jp  «pjG ' ( ks)  -jkG'(s) 


and  for  the  harmonic  case  we  get 

d'  £(G'd'  /(n^G'(s) 

d'  = — 7 . (6.11) 

S jk  (pj-p  -1)  G ' ( s) 


For  simplicity  (and  conformity  tc  the  literature)  we  shall  use  Eqs . 
(6.7)  and  (6.10)  in  the  sequel. 


i 


I 


ALI94J  p.  199  tQ.  (6.24;,  qives, 

-jk(oi+p2) 

p = Jk  B f(s)  R e , 

S 


f 

J 

r 

-s 


Do  e 


2j(dX+ey+->  z)dr 
-s 


218 


TR  5871 


6.1.1  The  Average  Surface 

The  ocean  surface,  r^,  is  best  regarded  as  a random  process  [.105]. 
If  we  adopt  this  point  of  view,  p,,(r  ,t)  and  d'(r\.,t)  likewise  become 
random  processes  and,  further,  the  operator  G$  of  Eq.  (6.4a)  implies 
integration  over  a random  surface.  The  problems  of  computing  and  of 
accomodating  these  variations  will  be  greatly  reduced  by  referencing 
the  quantities  to  the  mean  or  average  surface. 

Let  us  decompose  the  surface  into 

Es  = Ls  + (6.12) 


where  r-  is  the  mean  surface  and  z(r^)  the  deviation  about  the  mean 
surface.  Thus,  r^  has  a normal  projection  to  r^  through  z(r-)  as  in 


Fig.  6-2.  The  Average  Surface, 

We  assume  the  surface  gentle  enough  to  make  this  projection  one  to  one 
so  that  the  surface  Jacobian,  J(r,.,r-)  = dA(r  )/dA(r-),  exists  and  has 
an  inverse.  Surfaces  not  so  gentle  (say,  breaking  waves)  are  often  inde- 
pendent noise  sources  and  so  fall  outside  the  context  of  Eq.  (5.1) 

(though  not  of  the  general  solution). 

Many  experiments  have  shown  the  process  z_  to  be  centered  on  r^  and 
normally  distributed,  as  might  be  expected  given  the  wi nd -genera ted 
gravitational  nature  of  most  ocean  waves.  Conversely,  r-  is  an  ex- 

— 5 

tremely  slow  function  of  time,  mostly  influenced  by  tides. 
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First,  consider  the  incident  wave, 


DU^)  = Pu(^s  + 


sVrjj.t, 


\tl  + l(r-)- ro I , 

JI§ — dr, 

co  / -1 


4t ! Us  + z (4)  - 


(6.13) 


in  the  most  arbitrary  case  (see  Appendix  F) . At  any  appreciable  dis- 
tance from,  the  source,  !r-  + z(r-)  - r0 1 = jr-  - r0 1 , or 

S — — 5 — — 5 


Pu(l6>tl)  = Pu^’1!  + TS) 


(6.14) 


from  which  we  get 


r-  - r„  - r- 


L r | + z(r- , t) 


(6.15) 


so  that  ts  = _s (rr ,z( t ) ) . Rewriting,  we  have 


pu(Vtl}  - / 

rr 


;(—  ’t’. 


r - r_f  \ 

+ t (t)  - — — ) drr 

s c c / - 


4-  - r> 


(6.16) 


Fror  the  known  statistics  of  the  surface  elevation  z,  one  can  calculate 
the  statistics  of  - and  so  for  Py(ns)  (the  latter  in  terms  of  the  rean 
surface) . 

The  exact  solution  for  r$  can  be  found  from,  trigonometry  (given 
the  homogeneous  case  ccnsidered  here).  From  Fig.  6-3  we  see  that 


zsir 


sin  j + 2 


(6.17) 
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Although  this  is  essentially  a nonlinear  relationship  in  z (because 
0 = 0(z),  0 is  usually  so  small  ( *=*  |z  |/ Ir^-r^,  | ) it  may,  except  for 
sources  practically  at  the  surface  of  monstrous  seas,  be  safely  neglec- 
ted. We  thus  obtain 


Ts(  t) 


z(t)cose$ 


(6.18) 


the  estimate  being  always  somewhat  less  than  the  true  value.  For  Eq. 
(6.18),  the  probability  density  of  ts,  f(ts)  follows  quickly  from  f(z). 
In  particular,  if 


f(z)  = (v^  °z)~^ exp 


(6.19) 


then 


o=o  cos0/c„  and 

T Z 0 


c0exp 


-C^T 


f(T  J = 


2o2COS?8 
z s . 


v/ 2tt  o cose 

Y z s 


(6.20) 


using  elementary  manipulations  with  random  variables  (cosos/Cq  is  con- 
stant for  a given  r- ) . 

— s 

F.quation  (6.18)  similarly  yields  a simple  expression  for  second 
moments.  We  can  write 


E(ziz2)  = R 


ZjZ2 


= F 


cSt  T 
0 s i S2 


cose„  cose. 


, E(z)  = 0 


si 


so  that 


cjE(T^Ts2) 

cose  cose 
si  s2 


T 

S2 


. cose  cose 
Sl  s2 


ZjZ2 


(6.21) 


(6.20) 
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If  R has  a directional  dependence  (say  exp-cclr  - r I),  then  the 

Z1Z2  - si  -s2 

phase  contribution  from  p (r  )p  (r  ) will  likewise  depend  on  a. 

u -S]  u -So  _ 

Particular  note  should  be  made  of  the  angle  e^.  For  small  grazing 

angles  (e  -+  n/2),  t -+  0 and  p (r-)  p (r  ) independent  of  the  con- 
s s u -s  u -s 

dition  of  the  surface.  This  leads  to  a natural  isolation  of  the  "low 
grazing  angle"  geometry.  But  caution  is  advisable  because  a small 
grazing  angle  referred  to  the  source  may  not  imply  a small  grazing 
angle  referred  to  the  receiver. 

Next  consider  from  Eq.  (6.4),  the  random  process, 

d^-n  = d^p-n(t).  (6.23) 

The  quantity  d^  is  little  affected  by  the  random  surface,  (the 
local  variation  of  p»pj  in  Eq.  (6.10)  being  very  small),  so  our  concern 

A S'  /\ 

centers  on  p*n.  The  unit  vector  n is  a direct  observable  of  the  sur- 
face, with  statistical  distribution,  f(n(r<;)).  Statistically  this 
corresponds  to  the  distribution  of  slopes  defined  by  the  stochastic 
surface.  For  a flat  surface,1  the  surface  defines  only  one  normal, 
(n=z),  but  as  the  surface  grows  more  energetic,  the  distribution  of 
slopes  changes  in  a somewhat  predictable  way  [105], 


'For  a flat  surface  f(n)  =6(n-z).  Equation  (6.4)  becomes,  for  a unit 
harmonic  point  source, 


P = P„  I 


U-  e-jko(c>+,,)\  J»ot 


r- 

~s 


drr  e 

5 


16n^p 1 p 

which  shows  the  virtual  image  and 'phase  reversal  of  an  image  plane. 
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Finally,  we  must  deal  with  the  operator 


j(w0(t-t0)  - Ml-lJ) 

Gs  = / r J (.)  — j d^dt0du0 

U lo  % 8,1  ln-r^l 


(6.24) 


The  surfaces  r and  rj;  are  related  by  the  surface  Jacobian  J . so  that 
we  may  reduce  the  operator  Eq.  (6.24)  to  an  operator  over  the  mean  sur- 
face, G-  by 


%=///(*) 


r‘s  to  % 


= Gs  Jse 


jj (wo ( t — t o ) - k0|r  - rg  - z| ) 
8n2|r  - r-  - zj 


sdE^dt0dwo  (6.25) 


(6.25) 


As  before,  Eq.  (6.18),  the  exponent  can  be  interpreted  as  a time  delay 


zcose 


sr  c0 


(6.27) 


with  Gaussian  distribution 


coexp 


f<Tsr> 


v2°ieosV 


Jlv  azC0S6r 


(6.28) 


The  Jacobian,  J$,  must  equal  or  exceed  unity.  A suitable  function 


J = - - 


(6.29) 
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which  gives  J=1  for  a horizontal  surface  and  J=«.  for  a vertical  sur- 
face. This  choice  ignores  cusps  and  other  wave  deformations  which  must 
be  accounted  for  more  carefully. 

The  transformation  of  Eq.  (6.8)  to  the  mean  surface  may  thus  be  ex- 
pressed under  the  above  assumptions,  (Eqs.  (6.18),  (6.19),  (6.27),  and 
(6.29)),  as 


P = P 

(6.30) 


6.1.2  Locally  and  Globally  Coupled  Scattering 

Before  passing  to  moments,  one  should  note  that  Eq.  (6.30)  contains 
all  the  interaction  of  the  surface  "globally."1  The  scattering  orders 
covered  by  this  global  approach  may  be  elucidated  by  developing  the 
following  definition  of  d^  instead  of  Eq.  (6.3),  namely 


( / J 


jk„p*n 


WO  to  r^  z*n 


jw0T  j(u)0t-k  p) 
e a e 

8tt2p 


pu(r-s,to+Ts)  dw0dt0dr^ 


v.(d  I (G‘d * )(n: 
\~sn=o 


G'(s)* 


,-jkp> 
4np  t 


-jkoP 

e 

4up 


d'  l (G'd')(n)G'(s). 
n=0 


(6.31) 


Usually  this  approach  is  not  desirable  since  only  the  compounded 
result  is  of  direct  interest.  The  actual  physical  coupling  usually 
surpasses  observation. 

Our  development  gives  the  equivalent  surface  filter  directly.  If 
we  put 

p = G(s)  + Hs(s)  (6.32) 


Private  conversation;  concept  due  D.  Middleton. 
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where  H$  defines  the  surface  filtering  effect,  then  from  Eq.  (6.30) 


- -JKp  , 

\-l  J I -*l  ^•")s4,— 

“o  t0  M 


dWo  dt0dr^  , 


(6.33) 


or 


Hs  = J / J 


(d§)jk0P*n  e 


J“oTsr  j(w0t-kop) 


wo  to  r- 


z*r. 


8n2p 


pu^rs*to+Ts)d“od^dE5 


(6.34) 


The  stochastic  character  of  the  filter  is  seen  to  depend  on  n.  t , and 

sr 

ts>  as  expected. 

6.1.3  Solutions 

Using  Eq.  (6.30)  we  may  proceed  directly  to  moments  (which  constitute 
one  form  of  statistical  solution).  Accordingly,  for  the  mean  pressure 
we  obtain 


<P>  = P. 


Jo)0t 


* 1 1 LJkod-s  'f?e  r 


z*n 


j (njot-kop ) 

8tt2p 


d«0dt0drj  . (6.35) 


For  simplicity,  suppose  a point  source.  Then 


Pu^)  “ 


j(»0(t+xs)  - kjr^-rj)  jWots  j(a)0t-kn|r^-r^|) 


O ~s  “0 


8n2  | r--r 


(6.36) 


-5  -0  1 


JwoT«.  , 

■ e »u<4>  • 


(6.37) 


226 


TR  5871 


V 


We  see  that  a simple  phase  shift  is  induced  whose  statistics  are  given 
by  Eq.  (6.20).  Now,  from  Eq.  (6.35)  we  can  write 


j(l)n  ( T +T  ) 

* P /III  s> 


w0toI^ 


z*n 


p (r-) 
Ku  s 


j(uot-kQp) 

8ir2o 


dto0dt 0 dr~ 


-s 


(6.38) 


or 


<p>  = pu  + G-[  e ° sr  s)>pu(r^)]. 


(6.39) 


z*n 


where  G-  is  defined  as 
s 


G- 

s 


0 j[uo(t-t0)  - k |r-rg|] 

$ I / ; <-)  — s 

u>0t0  L:  c$  8n2tr-r- 


d^odtcdr^. 


(6.40) 


s 


If  surface  heights  can  be  considered  independent  of  slopes,  i.e., 
f(n,z)  = f(n)f(z),  we  may  put 


jw0(-;  + t ) ' j OJ q ( t + T ) 

<,£JLne°sr  s>=<.^iav><e°sr  s > 


(6.41  ) 


z*n 


z *n 


> 

(6.42) 

z*n 

because 

t + t = — (cose  + cose  ) , 
s sr  c0  s sr 

(6.43) 

and  <z>  = 0.  The  angle,  0sr»  is  the  angle  between  the  vectors  -t  and 
r-r-  (see  Fig.  6-3). 
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We  thus  obtain  the  following  results  for  the  mean  pressure  field. 


j(w  t-k  p) 

pu  + I M jVs-<^>Pu(rs->  e ° ° 

w0  t0  q z-n  8ir2p 


dWndt  dr- 

0 o -s 


(6.44) 


■ P..  + G- 


(6.45) 


The  result  in  Eq.  (6.45)  is  given  in  terms  of  the  distributions  of 
surface  normals.  If,  instead,  we  choose  as  observable  the  distribution 

of  slopes,  further  insight  may  be  achieved.  Suppose  at  r-,  we  choose 

~ s 

an  orientation  x,  y,  z as  in  Fig.  6-4. 


Fig.  6-4.  Coordinate  System  for  the  Mean  Surface 


Then, 


n 


Dr  ar 

= 00  -2- 
Dx  Dy 


(6.46) 


where  here  ® signifies  the  vector  cross  product,  and 


_I5.  = 1 im  /l(x+Ax)  - r(x)^  3r 
AX-*o  \ Ax  / mx  37' 


= mx  ax  - bz 


= b(x  - m z) 
x ' 


where  m = b/a  for  some  b. 


3r, 


Likewise  - b'(y  - m^z)  for  some  b1.  Then 


3r 


_iy.  xffiy-m^xffiz-m^y©  z 

3y  |x  ® z - m x © z - m y © z| 
y x 


or 


„ z + m x + m y 

n = x- 

I z + m x + m y| 
x y 1 


Now  the  ratio  p*n/z-n  may  be  expressed  as 


fi.n  . p*(z  + mx  x + VJ 

* * * a * 

z*n  z*(z  + m x ♦ m y) 

* y 


=p*(z+mx+my)  . 

x yJ ' 
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(6.47) 

(6.48) 

(6.49) 

(6.50) 

(6.51) 

(6.52) 
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For  this  rendition  Eq.  (6.34)  becomes 


which  has  a first  moment 


<p> 


p + G-  jk  d-  [p-z  + p-x<m  > + p*y<m  >]  p (r  ) 
u sos  x y u -s 


(6.54) 


The  term  p*z  is  the  specular  term  (being  identical  to  a flat  surface 


where  n = z).  The  terms  m p-x  and  m p*y  account  for  the  random  flue- 

* y 


tuations.  Whenever  <m  > = <m  > = 0 over  the  mean  surface,  then 

x y 


<p>  = p * G-  [jk  d-p*z]  p (r-)  . 
u s o sM  u -s 


(6.55) 


The  second  moment  may  be  pursued  in  an  analogous  way.  For  the 
assumptions  leading  to  Eq.  (6.53)  we  can  write 


plp2  = (pul  + Gsl^ko(ds^pl  {z+mxlx+myl^ 


e^“o^Tsl +Tsrl ) 


8tt2 


Pi 


pu(rsl>) 


(pu2  * G52Jko(di)»2(z*mx2x*V>'1  “ — %(t52»  <6-56> 


pulpu2*pu2Gll:|ko(di)»l<z*"xi;*,"y1J,)  e 


j'V'slNrl1 


pu(4> 


¥ 
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+ pul  Gi2Jk0(ds)p2-(z+mx2X+,nft 


da)o(T2+Tsr2) 


pu  (^2> 


2n  tr  - In  rr  1 J h (xsl +Tsrl  ^ + «2<Ts2+*sr2,] 


Gil  Gs2klk2(ds)  pu(^l)pu(^2)  e 


• [(prz)  (p2-z)  + (P]  -2)(p2-(mx2x+mv2y))  + (^-z) -(^  (mxlx+tnyly) ) 


(6.57) 


* ^ A A A A A A 

+ mxlmx2  (prx)(P2'x)  + mxlmy2(pl  'x)(p2'y) 


+ myl  mxl(pl'y)(p2*x)  + mylmy2(pry)(p2‘^^ 


If  surface  slopes  are  independent  of  surface  height,  and 
<mx>  = <my>  = then  Eq.  (6.57)  reduces  to 


<PlV  = pulpu2  + pu2G;ijk(di)(Vz)pu(I|l>  * pulGl2Jk(d;>(»2-2)pu(ts-2> 


Gil  Gs2  (ds>  klk2  pu(^1>  pu 


[{P| -z)(p2*z)  + <”xjmx2>(o1  -X )( P2-x ) + <rnxln,y2»(p-1  -X  )( P2  -y ) 


+ <myl,nx2>*cl  ■J'^p2'x*  + <lnylmy2>*‘Vy^c2'>'^  • (6.58) 


It  often  happens  that  slopes  are  correlated  only  over  short  distances, 
so  that 


mxl  %2>  = f(,xi  " X?D- 


1 2 1 


(6.59) 
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For  a completely  uncorrelated  surface,  the  correlation  of  the  field,  p, 

I 

becomes 


<plp2>  * Pulpu2 


+ pu2  dil  %<rsl>  + PU1  ds2  pu  (ri2> 


Gsl  ^Gs2  klk2  {ds]  pu  ^1  ^ Pu  ^2^  tprz^P2'z^  • (6.60) 


In  this  case  the  phase  delay  due  to  the  surface  statistics  do  not  ap- 
pear. If,  however,  the  surface  is  correlated,  then,  in  contrast  to  the 
first  moment,  (Eq.  (6.55)),  these  delays  appear  in  the  result. 

When  <m>  f 0,  as  one  might  expect  for  a wind-driven  sea,  one  finds 
surface  influences  even  in  <p>. 

If  we  now  compare  Eq.  (6.53)  with  the  classical  formulation1 


Jk  (pi+p2) 

jk  Bf (e ) R e 0 °°  2j(dx+By+rz) 

— 2 JJ  Dq  e dydx  , 


2lTp1pj 


it  can  be  seen  that  Eq.  (6.53)  is  broadband  (versus  narrowband),  is  rot 
restricted  to  a point  source,  uses  an  exact  aperture  (versus  Dq),  and  a 
rather  complicated  aperture  function  (versus  average  values).  Moreover, 
as  mentioned  earlier,  the  aperture  function  depends  explicitly  not  only 
on  the  received  pressure  at  the  surface  but  also  on  atmospheric  effects. 


l[194],  Eq.  (6.24). 
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6.1.4  Spectral  Response 

We  have  noted1  that  Eq.  (5.1)  is  linear,  so  that  a tone  of  frequency 
uo  will  be  received  at  the  same  frequency.  Equation  (6.30)  shows,  how- 
ever, that  the  received  pressure  will  be  a stochastic  process  more  or 
less  random  depending  on  the  randomness  of -the  surface.  Consequently 
the  received  pressure  will  grow  progressively  decorrelated  (ensemble- 
wise)  from  the  source  as  the  scattered  wave,  given  by 


„ “ i(dT  (t) 

Ps  -G;Jk0fHe  0sr  Pu'VW1” 


(6.61) 


dominates  the  unscattered  wave,  pu> 

This  may  be  shown  directly  by  taking  the  temporal  Fourier  trans- 
form Ft  of  Eq.  (6.30)  which  gives 


Ft[p(r,t)]  = p(r,w 1 ) = Ft.[p(j]  + / J / jkQd-  e 


-jkc 


“0  to 


8n^r 


/ , \ Jut  (in') 

' * P..(r;»^+t2(u'))  * e 0 sr  *6 (ui ' -to_ ) dw^dt„dr;. 

z*n(w' ) 


u -s  o 


o o s 


(6.62) 


The  integral  contains  the  random  phase  .contributed  by  t ^ and  -t  . 
Moreover,  because  n is  random,  these  random  phases  are  also  randomly 
weighted.  In  narrowband  radiation,  the  received  spectrum  will  be 
broadened  through  the  convolutions  with  resulting  stochastic  phase  and 
amplitude.  In  broadband  radiation,  each  spectral  element  will  aqain  be 
broadened,  again  with  stochastic  phase  and  amplitude.2 
^ee  Sec.  5.0. 

2For  a comprehensive  account  of  these  effects,  see  [135],  especially 
Eq.  (56). 
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Now  consider  the  first  moment,  namely  Eq.  (6.55) 

* 


:P>  = 


P + G- [ j k d-p. 
Ku  s o s 


pu(r;)] 


For  narrowband  radiation  the  mean  result  is  the  interference  result 

between  and  p^  = G-[jkQdp.z  pu(r-)].  In  other  words,  the  random 

phase  and  amplitudes  will  have  zero  means  about  the  deterministic 

interference  effect.  Whenever  <m  > / 0 i <m  >,  as  in  Eq.  (6.54),  the 

x y 

situation  changes  because  of  an  interference  of  altered  amplitudes.  In 
the  more  general  case  of  Eq.  (6.35),  the  mean  result  contains  inter- 
ference not  only  an  altered  amplitude  but  also  of  altered  phase. 

It  will  not  always  be  possible  to  reformulate  these  effects 
analytically  into  random  phase  (i.e.,  a=a0e^)  because  the  random  magni- 
tude of  the  interfering  p^  must  be  accommodated. 

For  broadband  radiation  each  spectral  element,  6(u'-o.0),  undergoes 
similar  changes,  except  that  the  "interference"  may  take  place  with 
different  frequencies  due  to  path  delays  and  the  emitted  signal.  For 
the  linear  case  of  Eq.  f 5 . 1 ) , then  the  medium  induces  a kind  of  "linear 
modulation."  The  detected  signal,  in  addition,  will  contain  the 
envelope  frequencies,  which  may  fall  outside  the  transmitted  band. 


6.1 .5  An  Alternate  Method 

The  characteristics  of  surface  scattering  described  above  are 
given  in  a somewhat  different  model1  by  Middleton,  who  has  extended  the 


'To  be  published.  The  material  for  this  section  has  been  privately 
communicated  to  the  author  in  conversation  and  notes  by  Middleton.  Cf. 
also  [136,  137]. 
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earlier  FOM  solutions  (Sec.  4.4)  to  include  multiple  scattering  and 
model  interactions  by  canonically  modeling  the  local  scattering  mecha- 
nisms. Middleton  begins  with  the  equation 

(V2  - — ~ - gM)  P = s0  , (6.64) 

C0  9t2 

which  may  be  regarded  as  extending  Eq.  (5.1),  (see  Sec.  2.4).  The 
scattering  operator  g^  is  now  defined  to  embody  a large  number  of 
observed  effects: 

4 

OD 

= J dNUIr^.t)  fi(r-r')  J h^f  ,t/r 1 .Z^D^r' 1 ,f  )( • )r,t-tdt  (6.65) 

Z J~cn 

d a2 

where  D =1  for  interfaces  usually  and  becomes  , here,  for 

° C§  3t2 

volumes.  Here  Z signifies  a radiation  event  space  x spatial  parameter 

variation,  etc.,  (f  Z.  x Z ) (ZD  is  an  aqtive  scatterer  in  the  same 

region);  hu  is  a (linear)  stochastic  filter  associated  with  each  active 
r 

scatterer  (at  r 1 ) , and  dN(Z)  is  a random  point  process  acting  like 
counting  functional  (i.e.,  counts  the  number  of  differential  scattering 
elements  (discrete  or  continuous)  which  are  activated  in  a physical 
region) . 

A key  feature  of  this  model  is  the  resolution  of  the  dN(Z)  into  an 

\ 

independent  hierarchical  structure,  by  the  following  definitions. 

dN  = <dN°>  + l dh-k\  d^k)  = dN(k^  - <dN^k^>0  (6.66) 

Kdu  — ^ ^ 

(k ) 

where  these  dN  represent  statistically  independent  random  point 
processes.  Physically  this  decomposition  may  be  thought  of  as  decom- 
posing the  scattering  event  into  a "continuum"  <dN°>  and  a set  of 
discrete  (single  point,  double  points,  triple  point,  etc.)  coupled 
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elements  which  produce  corresponding  scattering  events.  Thus  the 
scattering  structure  at  the  point  of  radiation  may  be  said  to  be 
"anatomized. " 

The  stochastic  filter  hu  Is  likewise  given  a definite  form* 

n 

hM  = y0(^)  6(i-td|Z)  (6.67) 

where  yo  is  the  intrinsic  "cross-section"  or  strength  of  the  scatterer 

(which  embodies  both  the  local  boundary  condition  and  any  associated 

statistics)  and  t,  is  the  dynamic  random  path  delay,  including  doppler.'' 
d 

With  these  canonical  definitions  and  results  (e.g.,  specific 

structures  for  Yn,x  etc.)  a general  canonical  model  has  been  devel- 
d 

oped  which  includes  "classical"  results  (contained  in  k=0  (e.g.,  the 
-dN°>),  the  FOM  model  (ka1),  and  higher  order  or  multiple  scatter 
effects,  not  given  in  most  other  models). 

The  solution  to  Eq.  (6.64)  proceeds  by  the  usual  iteration,  to 
produce  the  expression 

P » X (G  U(n)  [s0]  . (6.68) 

n*0 

The  correlation  structure  nay  now  be  immediately  addressed  because  both 
G and  g,.  are  integral  operators.3  It  may  readily  be  seen  that  the 

n 

Middleton  model  will  account  for  the  so-called  speckle  effect  (k=1 ) 
(which  is  readily  observed  with  highly  coherent  propagation)  whereas 

‘This  form  characterizes  the  so  called  basic  point  scatter  model  (BPSM). 
^See  [135]. 

3ln  contrast  to  f;  - -^7  of  Eq.  (5.1).  Therefore  individual  terms  of 

Eq.  (6.68)  will  not  generally  equal  the  terms  of  Eq.  (5.55). 
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the  classical  formulation  does  not.1  Also  one  of  the  most  impor- 
tant aspects  of  the  model  turns  on  its  handling  of  interfaces, 
which  are  seen  as  specialized  types  of  scatters  on  a point  by  point 
basis.  Multiple  scattering  and  the  associated  medium  correlations  are 
naturally  modelled  in  the  higher  order  terms  of  the  series. 

In  addition  and  more  specifically  with  this  formulation,  it  is 
also  possible  to  specify  the  statistics  of  dN^,  dN^k^,  and  asso- 
ciated Green's  functions,  as  well  as  to  include  surfaces,  volume  x 
interface  interactions,  etc.  The  new  method  also  provides  a physical 
interpretation  of  the  formal  Feynman  diagram  elements  in  the  context  of 
strong  scattering,  among  many  other  new  results. 

There  is  (almost  universally)  in  the  literature2  an  identifica- 
tion of  the  terms  in  the  series  solution  with  quasi-physical  phenomenon 
(e.g.,  the  B(ll)  approximation  with  the  mean  single  scattered  wave). 

The  complete  identification  of  the  series  solution  and  the  operational 
solution,  shows,  however,  that  this  is  not  the  case.  The  terms  in  the 
series  are  only  "overshoot"  terms  naturally  arising  as  the  loop  stabi- 
lizes, and  are  physically  meaningful  only  to  the  extent  they  approach 
the  stabilized  value.  From  this  point  of  view  the  Middleton  model 
restructures  the  usual  series  to  bring  the  more  meaningful  physical 
events  into  the  lower  orders. 

6.2  Volume  Reverberation  (An  example) 

We  now  turn  to  an  example  of  volume  scattering  which  attempts  to 
account  for  losses.  In  addition  to  extending  our  earlier  solutions,  it 


^ee  note  to  Eq.  (6.8). 
2 See  [55],  p.  122. 
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is  especially  our  purpose  here  to  demonstrate  how  the  methods  developed 
in  this  Thesis  provide  insight  into  problems  of  this  type. 

T.A.  Moroz  [146]  has  published  an  extension  of  Ea.  (4.35)  which  we 
use  for  illustrating  volume  reverberation.  Her  wave  equation  is 

7z  . LL.  0 ' (6.69) 

co  3t  cfj  at2/ 

where  y,  the  absorption  per  unit  of  path,  has  dimensions  of  inverse 

length.  Its  inclusion  is  meant  to  model  a relaxation  phenomenon. 

Linder  the  assumption  of  small  correlation  distances,  in  a statistically 

Gaussian  homogeneous  and  isotropic  medium,  for  a point  source  radiator, 

Moroz  obtains 

, x 1 /•  wo 

<p(r,w)>  = — explj  — < 

4n|r  - r0|  V cq 

where  d^,  the  effective  complex  refractive  index  is  given  by 

d = vl  + <d>  + — 7==r — J TB(r)dr  + J t2B(T)dT  (6.71) 
2Vi+<d>c2  0 2c3  0 

where  now  B(t)  is  the  temporally  varying  spatial  correlation.  The 
terms  in  <d^>  describe  a phase  aberration  and  an  attenuation  loss  due 
to  the  scattering  (distinguishable  from  absorption  loss  due  to  >). 
Equation  (6.70)  is,  in  fact,  an  approximation1  to  Eq.  (4.35),  excepting 
the  factor  y.  The  Moroz  treatmen t presumes  y constant  in  space  and 
time. 

Let  us  attempt  to  reformulate  the  general  equation  into  Eq.  (6.74) 
below.  In  the  general  equation,  Eq.  (1.28),  if  bs  is  taken  with 


^ee  [54],  p.  140. 
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■p»  it  becomes  a pure  loss  term.  We  thus  have,  neglecting  other  terms, 
d 2 

— (p|r)  + c2v.(-vp  - bj)  = 0 , (6.72) 

dt^ 

or 

r2p  + v *bj  - — - — ( p | r ) = 0 . (6.73) 

c2  dt2 

Writing  the  hydrodynamic  derivative  as  a partial,  and  using  the 
relationship  eg  = c2(l  + d),  we  have 

V2p  + v.b,  - (1-*d)  — p = 0 , (6.74) 

c6  3t2 

giving,  by  comparison  with  Eq.  (6.69) 

ft=c0v-k3  • (6.75) 

Eor  ?-b3  = -a  for  some  a,  that  is,  a frequency  dependent  loss,  we 
have  * • 

y = cca  • (6.76) 

The  solution  in  this  case  is  given  by 

OE 

P = 1 (G[-k2d  + ja^3)(n)G(s)  (6.77) 

n=0  0 0 

and 

<P>  = G(s)  + GQ<p>  (6.78) 

where  G is  given  by  Eq.  (5.5C)  and 
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Q<P>  « <d  ~ p + a > = <d  — p>  + <a  > (6.79) 

3t2  3t  at2  3t 

= Qj<p>  + Q2<p>  = CQi  + Q2]<P>  • (6.80) 

The  solution  Is  thus  given  in  terms  of  two  first  moment  equivalent 
media,  one  for  scattering  and  the  other  for  absorption.  These  two 
media  interact,  l.e., 

oo 

<P>  * l (GQj  + GQ2)(n)p  (6.81) 

n=0  u 


This  interaction  may  be  seen  by  rewriting  Eq.  (6.81)  as 

[1  - GQ2]<p>  - + GQj<p>  . (6.82) 

The  RHS  of  Eq.  (6.82)  has  a solution,  namely1 

<p>  = p + GQj<p>  = 1—7 — exp/j  -M  <d  (oj )> | r - rj),  (6.83) 

4*!e.  " Ij>l  V 0 * / 

which,  under  the  conditions  stipulated,  is  the  unattenuated  solution  cf 
Bourret  and  Tatarskii,  namely  an  approximation  of  Eq.  (4.35).  The 
solution  of  Eq.  (6.82)  is  thus  given  by 


<p>  = l (GQ2)(n)<p  > 
n=0  s 


The  Koroz  solution, 


‘See  Eq.  (6.70)  for  y = 0. 


(6.84) 
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<p>M  = e^Y  ll-rr_o  I (6.85) 

can  thus  be  seen  as  an  independent  and  uncoupled  approximation  of  Eq. 
(6.84),  i.e.,  consists  of  the  following  approximations: 

<p>  = l (GQ2 ) (n)<p>s  , (6.84) 

n=0 

( n ) 

e <P>S  l ( GQ2 ) ' » (approximation  1) 

= <p>$  e = <p>M  , (approximation  2).  (6.85) 

Equation  (6.84)  on  the  other  hand,  applies  to  situations  where  the  loss 

is  random  or  coupled  to  the  scattering.  Operationally,  Eq.  (6.78)  has, 
for  solution  the  process  of  Fig.  6-5. 


Fig.  6-5.  Operational  Solution  with  Absorption,  Eq.  (6.78) 
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The  Moroz  solution,  In  contrast,  Is  given  schematically  in  Fig.  6-6. 


Fig.  6-6.  Operational  Solution  of  Moroz  Formula,  Eg.  (6.85) 


Using  a Taylor  Series  expansion1  ([1  - GQ2]<p>  = <p>[l  - GQ2]),  we 
can  obtain  an  approximate  solution  of  Eq.  (6.84)  in  the  usual  manner. 
Thus  we  write 

<P> 

<p>  a —= — . (6.86) 

1 - GQ2 


For  the  harmonic  case,  with  constant  a,  we  have,  therefore 


<p(r.wp)> 


1 - 


/** 


-i^olL - rol 

ae  dr 

-o 


r0  4”Il  - £o 


(6.87) 


'P>c 


f 

1 - jw  a J 


-j^o In  - io\ 


0 r 4"ln  - r0| 
o 


dr-c 


(6.88) 


‘See  Chap.  V,  Sec.  5. 3. 2.1. 
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ko(kQ  4 

♦ V2 


<PS> 


(6.89) 


The  step  from  Eq.  (6.88)  to  Eq.  (6.89)  is  instructive  and  relevant 
to  class  IV  errors.  The  integral 


I ■ J 

r 


"Tkop 

^4 dr 

‘+7Tp 


(6.90) 


is  in  the  ordinary  sense  unstable.  This  can  be  seen  by  transforming  to 
spherical  coordinates  where 


/ / 
P 0 


-jkop 

e 

4tP 


d r_  s f 

p 


4iip2e 

4 Tfp” 


-jkoP 


dp 


so  that 


This  happens  because  the  assumed  function  which  is  included  in  the 
kernel  of  I is  the  constah  t function  f=l , which  does  not  satisfy  a 
radiation  condition.1 

The  problem,  however,  must  physically  obey  the  radiation  condi- 
tion, so  that  we  are  entitled  to  reimpose  such  a condition  where  it  has 
been  removed  artificially  by  the  Taylor's  approximation.  In  Eq.  (6.91), 


'See  also  App.  H for  an  explanation  of  these  effects. 
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the  integral  may  be  evaluated  directly.1  - 


1 -J*  p i“  _jk°P 

I = — e 0 C-jk  p-1]  | = § [jk  p+1]  | 

(-jk  )2  0 0 k2  0 0 

o o 


1 0 

— + lim  e [jk  p+1]  = 

ko  p~ 


(6.92) 


upon  Imposing  the  radiation  condition.  It  can  be  seen  that  the  limit 
is  indeterminate  (unstable).  Introducing  the  result  of  Eq.  (6.92)  into 
Eq.  (6.88)  gives 


ko-j> 


(6.93) 


remembering  that  a = y/cq.  Equation  (6.89)  follows  immediately. 


1 Indirectly  Ff  (v2+k2)  = 1 = (-  k2+k2)  / 


-jT<  o 

e 1 jk»r  . , 

e _ ~ dr  from 


Eg.  (5.36),  The  result  follows  for  kj=0.  Alternatively  one  may  use  a 

-( jkQ+a )p 

convergence  factor  e'ap,  where  I = lim  ? (-jk  -a-1)  = 

a+0  (jkQ+a)2  0 

-jk 

1 e 1 

+ lim  lim  ? (-jk  -a-l)  -♦  - — 

kg  a-0  p-*0  (jkQ+aj)2  0 k2 
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, # 

The  solution,  Eq.  (6.89)  recfu&fes  to  <p^>  whenever  y=0.  For  a 

fixed  y,  however,  the  solution  is  physically  meaningless  as  k ap- 

o 

proaches  zero  (no  propagation  at  low  frequencies)  or  as  k approaches 

4 ° 

infinity  (no  attenuation  at  hig'h  frequencies).  Indeed  such  a conclusion 

may  be  reached  directly  from  Eq.  (6.69y  by  comparing  the  relative 

1 8 


strengths  of  y versus 


co  3t 


w /c  = k . We  are  thus  led  to  conclude 
oo  o 


that  the  initial  problem  statement  of  Eq.  (6.69)  is  incorrect,  or  that 
Y must  be  specified  for  each  frequency. 

We  have  seen1  that  the  attenuation  modeled  by  Eq.  (6.69)  is  not 
the  mot  tqeneral.  The  Moroz  formulation,  as  can  be  seen  from  Eq. 
(6.69)  is  a temporal  relaxation,  which  we  have  found  in  Chap.  II  to  be 
usually  a small  effect. 

A radiation  relaxation  for  the  s iipulated  conditions  may  be  simi- 
larly modeled  by  setting 


b h a ^ vp 


(6.94) 


from  Eq.  (2.35)  giving  the  following  differential  equations 


0 , a ^ p i 0 . 


cl  at2 


The  identical  procedure  followed  above  gives 

1 + 


<p( r ,w)>  = 


1 + a2^2 


(6.95) 


(6.96] 


Equation  (6.96)  shows  a second  power  dependence  on  frequency  and  exhib- 
its a low  pass  characteristic.  As  we  have  noted  earlier,  attenuation 


'See  Sec.  2.5. 
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1 

(chemical, 
no  more  than 
radiative 

6.3  Surface  x Volume 

The  literature  of  scattering  in  random  media  has  listed  reasonable 
solutions  for  volume  scattering  and  surface  scattering  separately.1 

\ 

Most  experimental  evidence  indicates  the  received  effect  is  largely  the 
simple  sum  of  both  effects.  It  is  physically  intuitive,  however,  that 

; 

some  coupled  scattering  occurs.  We  propose,  in  this  section,  to  obtain 
an  estimate  for  this  effect. 

The  theory  advanced  to  this  point  permits  a frontal  attack  on 
interactive  coupling  of  interface  and  volume  scattering  (S  x V).  Prob- 
lems of  this  kind  we  may  expect  to  be  more  complicated  than  either 
surface  or  volume  scattering  separately. 

Consider,  for  example,  an  inhomogeneous,  but  deterministic  ocean, 
i.e.,  one  in  which  d (r_,t)  t 0 is  known.  The  case  of  pure  refraction 
provides  an  illustration.  Here,  the  simple  trigonometric  formulas  of 
Sec.  6.1  no  longer  hold,  or  rather  must  be  modified  by  the  refraction. 

Furthermore,  the  refractive  medium  allows  surface  coupling  of  various 
orders  over  widely  separated  areas  of  the  surface.  So  even  when  no 
random  scattering  occurs  in  the  medium,  the  solutions  may  grow  much 
more  complicated  --  so  much  so  that  purely  analytical  solutions  may  be 
impossible.  For  the  case  of  simple  refraction,  one  might  come  to 

lAs  indicated  by  the  references. 
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is  a physical  process  dependent  on  the  material  properties 
etc.)  of  the  medium.  The  basic  general  equations  can  give 
mechanical  insight,  which  for  the  ocean  points  mainly  to  a 
relaxation. 
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solutions  using  ray  theory  combined  with  the  surface  scattering  of  Sec. 
6.1  suitably  modified.1  As  a generalization,  we  can  say  that  these 
solutions  depend  even  more  heavily  on  the  particular  geometry. 

In  the  context  of  Eq.  (5.1%  problem^  dealing  with  refraction  can  be 
stated  simply.  Here 

d = d + d , 
s v 

where  d is  deterministic  and  related  to  the  index  of  refraction.  In 
v 

particular,  for  c2  c§ ( 1 + e)  . e(r,t)  = -d(l+d)-1.  From  its  definition 
C‘(l  + d)  eg,  d is  a real  variable  with  range  (-!,<*).  This  gives  e a 
range  of  (-«>,“>).  The  range  is  influenced  by  the  somewhat  arbitrary 
choice  of  c0.  For  purely  horizontal  profiles  a typical  situation  is 
shown  in  Fig.  6-7. 


INCREASING 

HEIGHT 


Fig.  6-7.  Typical  c,  d,  e for  Ocean  and  Atmosphere  (c0  = 1000) 


'Also  Cf.  [138],  Parts  III,  IV. 
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The  large  discontinuity  at  the  surface  produces  the  surface  effect 
described  in  Sec.  6.1  . 

The  solution  to  deterministic  refraction  is  formally  given  by 


P = P, , + G 


-c 

He 


l 

n=0 


■e 

He 


(nil  - 
G1 


(si 


(6.97) 


where  the  integrals  are  taken  over  the  whole  unbounded  volume. 

In  this  section,  we  pursue  more  closely  the  general  problem  of 
random  scattering  over  a scattering  surface,  a subject  begun  in  Sec. 
5.3.1.  The  context  of  the  solutions  remains  Eq.  (5.1);  following  the 
literature  the  solutions  are  based  on  Taylor's  approximation . 


6.3.1  Solutions 

Solutions  for  the  stochastic  case  are  given  in  terms  of  moments. 

VJe  shall  advance  from  the  more  exact  operational  forms  to  less  exact 
but  closed  forms. 

Equation  (5.55)  for  the  S x V case  is  given  by 

p = G(s)  + G(ds  + dv)  l (G'(ds  + dv))(n)G'(s)  (6.98) 

n=0 

which  contains  the  interaction  terms  formally  in  the  term  (d$  + dv)n. 
The  solution  for  the  first  moment  of  p is  given  operationally  in 

Fig.  6-8, 


Fig.  6-8.  First  Moment  Solution  of  S x V 
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where  is  the  equivalent  upper  medium  and  Qv  is  the  equivalent  lower 
med i um . 

To  obtain  closed  solutions,  we  use  the  approximations  B ( 11 ) , B ( 2 1 ) 
and  8(22)  of  Sec.  5.3.  For  the  B( 11 ) approximation  we  have 


<p>  = p + G<(d  + d )>p  = <p  > + <p  > 

B(  11 ) u s v u SB( 11 ) VB(  1 1 ) 


(6.99) 


where  no  interactions  occur.  The  second  moment  is 


<PiP2>  = - p p + p <p  > + p <p  > 

e(]])  ui  u2  ui  u 2' 


+ GMG~<(d  + d )(d  + d )>  p p 

11  si  V]  s 2 v2'  HUi  u2 


= pu  Pm  + <Pc  Pc  » + <PV  Pv  > + <Pc  Pv  > + <PV  P,  > 

Uj  u2  Sj  S2  Vj  V2  Sj  V2  V,  S2 


+ 


>) 


p (<p  > + <p  >) 

U2  Si  Vi 


= -P  ,p  2 + <P  P > + <p  p > 
U‘  U^  S]  S2  Vi  V? 


V 


(6.100) 


Each  item  in  Eqs.  (6.99)  and  (6.100)  can  be  separately  obtained  from 
methods  used  in  Sections  6.1  and  6.2. 

For  B(21),  Eq.  (5.105),  we  have  for  the  mean 

P P 

<p>  = — _ — y . = y — , (6.ioi) 

B( 21 ) 1 - G'<d  + d > (1  - G'<d  >)  - G'<d  > 

s v ' s v 
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so  that  the  volume  and  surface  interact.  The  second  moment  is 


<PiP2 


B(21) 


-P  P + P <P2>  + P <Pl> 

Ul  U2  Ul  1 U2  1 

1 - G|(G^(<ds  > + <du  > ) ( <dc. _ > + <du  >)) 


(6.102) 


-i  * 1 ' ' s,  v2 

where  we  have  assumed  again  independence  scattering  classes.  Sepa- 
rate items  of  Eqs.  (6.101)  and  (6.102)  may  be  found  from  earlier  con- 
siderations . 

For  B( 22) , Eg.  (5.132),  we  have 


<p> 

B(  22) 


<p> 


1 - Gi  G2<(  d + d )(d.  + d )> 

S1  VJ  s2  v2 


<P? 

BOD , 

1 - Gi  G2<d  d > - GJGj  <d  d > - 2G{  G^<d  ><d  >* 

bjS2  V1  v2  5v 


(6.103) 


so  that  interaction  is  again  evident  in  the  mean.  The  second  moment 
from  Eg.  (5.135)  is 


' P„  P„  + P„  <P2>  + PM  <Pi> 

Ul  U2  Ui  ‘ u2  1 

<PlP2>  = — - — r — — 

8(22)  l-G{(G$<d  de  >)-G|(G2<d  d >)-2G{(G£<d  ><d  > ) 


'1  v2 


(6.104) 


where  we  have  once  more  assumed  independence  of  scattering  classes. 

In  addition  to  these  "pure"  forms,  mixtures  are  possible.  One  may 
have,  for  instance,  a B ( 1 1 ) solution  for  the  volume  and  a 8(21)  solu- 
tion for  the  surface,  etc.  The  mixtures  provide  additional  solutions 
and  demonstrate  how  the  medium  influences  not  merely  the  numerical 
result  but  also  the  form  of  the  solution. 


250 


TR  5671 


As  we  shall  see  in  Chapter  VII,  this  is  analogous  to  using  differ- 
ent communication  channels.1 

Equations  (6.95)  to  (6.104)  show  how  the  result  may  be  considered 
in  terms  of  scattering  classes  each  of  which  may  be  considered  sepa- 
rately in  the  manner  of  Sections  6.1  and  6.2. 


6.3.2  Criteria 

One  purpose  of  this  Thesis  is  to  establish  the  relative  effects  of 
cross-coupled  scattering.  The  preceding  section  now  allows  this  to  be 
done  formally.  The  reference,  for  the  mean,  is  approximation  B ( 1 1 ) , 

Eq.  (6.99),  in  which  no  cross-coupling  is  evident.  We  thus  define 


mi 


<p>  - <p> 

B(11) 

<p> 


<p> 

BOD 

<p> 


(6.105) 


The  parameter,  mi,  is  thus  the  relative  contribution  of  the  cross- 
coupled  scattering  in  the  mean. 

From  its  definition,  it  is  clear  that  mj  depends  on  the  exact 
mean,  and  not  on  its  approximations.  Thus  mj  may  be  established 
directly  from  experiment. 

For  this  Thesis,  however,  we  make  do  with  analytic  approximations 
to  <p>.  For  B(ll),  mi=0.  For  B(21),  allowing  the  usual  Taylor’s 
approximation  on  G'(dpu),  gives 

pu(l+G'<d>) 

m1(B(21))  = 1 - r = 1 - ( 1 - ( G 1 <d> 2 ) ) = [G  ' (<d  >+<d  >)]2 . 

Pu/(1-G'<d>)  S V (6.106) 

^ee  Sec.  7.4. 
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When  <dv>  = 0,  mj  = [G'<ds>]2,  clearly  a second  order  effect  for  sur- 
face scattering  much  smaller  than  the  scattered  wave. 

For  B( 22) , we  have 

mj(B(22))  = G{G^<dSidS2>+  G { <d v ^ d >+  2GiG^<ds  ^ ><dv^>  (6.107) 

as  may  be  seen  from  Eq.  (6.103).  When  <dv>  = 0,  mi(B(22))  still 
depends  on  the  correlation  of  both  surface  and  volume  scattering. 
Equations  (6.106)  and  (6.107)  provide  simple  criteria  for  the  effect  of 
cross-scattering  in  the  mean. 

Even  for  B ( 11 ) , the  second  moment  contains  evidence  of  interaction. 
If  we  suppress  the  interaction,  the  reference  becomes  (from  Eq. 

(6.100)), 


<PlP2>rfif  = - PUlP„2  * PU1<P2>(11) 

* Gl(Gi(<dSidS2>  * <dV[dVj 

‘ Pu,pU2  * Gl'<dstdv>PUl  + 

* Gi(Gi(<dSidS2>  * <dV]dV2 
Analogously  to  Eq.  (6.105),  define 


+ 


P < 

u2 


Pi> 

B{  11) 


>)P..  P..  ) 
U1  u2 


Gj<d  +d  >p 
1 S V ku2 


>>PU1\ 


<PlP2>  ■ <PlP2^ef 
m2  = 

cpj  p2> 


(6.108) 


(6.109) 
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For  B(  11 ) , using  Eg.  (6.100)  we  get 


m2 ( B ( 1 1 ) ) = G((Gi(<d,  dv  > + <d„  dc  >)p  p ) 

S1  v2  Vj  S2 


-pu1pu2  + Py^Pi"  + Pu i <p2>  + G((G2(<dc  dc  > 


Ul 


S]  S2 


+ <du  d„  > + <d„  d > + <d  d >)d  d ) 
vi  v2  sx  v2  s2uvi  'pU!Pu2' 


. (6.110) 


Thus,  one  may  safely  neglect  the  cross-coupled  scattering  in  the  second 
moment  provided  <p>  - <p>B(n)  and  <ds  d„>  . <ds><dv>  • 0.  This  may 

often  be  the  case  with  weak  volume  scattering. 

For  B( 21) , we  get,  from  Eq.  (6.102) 


m2(B(21 )) 


PU^<P2>/  , ~ <P2>  ) + P,  (<Pi>  - <p,>  ) 

B(2D  B(  11 ) u2  1b(21)  B(ll) 


- G{(G2(<d  d >+  <d  d >))p  p 

S1  V2  S2  Vj  KUj  u2 


+ “P,,  P„  + P,,  <Pi>  + p <p,> 

V ul  ^2  U2  1B(11)  PU2PlB(ll) 


+ G{(G2(<dS1dV2>  + <dS2dV1>)PU1PU2))iGi(G2<dl><d2>) 

-1 

(6.111) 


■PUiPUj  + PUl<P2>  * V>V 


For  B(22)  we  likewise  find  that 


m2(B(22))  = 


Pu  (<p2>,  " -<P2>  ) + P (<Pi>  - <p,>  ) 

. 1 b(22)  B(ll)  u2  1g( 22)  B(ll) 
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+ - 


P.,P„.  + P„  <P2>.  + P„  <Pl>. 


U1  u2 


U1  b(  1 1 ) b(  n ) 


+ G{(Gl(<dSidV2>  + <dS2dVi>)pUiPU2) 


• G| (Gi<(d  +dv  ) (d.  +dv  )>) 

bj  Vj  b2  V2 

-1 

• K1pu2  + + pu2<pi>] 


(6.112) 


While  Eqs . (6.110)  to  (6.112)  provide  complicated  criteria,  the  result- 
ing formulas  clearly  contain  the  assumptions  governing  the  approxima- 
tion. So  as  was  to  be  expected,  the  "correct"  assumption  depends 
entirely  on  the  medium.  Thus,  the  question:  "Under  what  conditions 
can  cross-coupling  between  scattering  classes  be  ignored?"  presupposes 
an  anterior  question:  "Which  approximation  is  valid?"  For  B ( 1 1 ) 
propagation,  interaction  does  not  appear  in  the  first  moment,  but  may 
be  significant  in  the  second  moment  according  to  Eq.  (6.110).  For 
B( 21 ) and  B ( 22 ) propagation,  interaction  appears  in  both  first  and 
second  moments,  and  is  important  according  to  Eqs.  (6.106),  (6.107), 
(6.111)  and  (6.112). 


6.3.3  The  Global  Filter 

The  argument  of  Section  6.1.2  can  be  used  to  define  a global  sur- 
face and  a global  volume  filter,  i.e., 
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and 


(6.113) 


(6.114) 


The  global  filter  for  the  entire  coupled  propagation  can  be  modelled 
similarly  as 


H 


S x V 


d + d 
s v 


1 - G'd  - G'd 
s v 


(6.115) 


a — + v 

1 - G'd  - G'd  1 - G'd  - G'd 
s v s v 


From  input/output  data,  H$  may  be  estimated  directly.  In  general, 
the  surface  and  volume  global  filter  interact. 


6 . 4 An  Example 

Unders Landing  of  these  many  models  and  approximations  may  be  aided 
by  an  example.  Suppose  a harmonic  point  source  located  at  (0,0, z ) 

(z  downward),  a slab  of  independent  scatterers  of  uniform  density  p 
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(each  of  scattering  strength  d")  located  between  zx  and  z2  in  an  other- 
wise homogeneous  medium  under  a Gaussian  random  surface  (o  = a^),  as 
in  Fig.  6-9. 


Fig.  6-9.  Example  Geometry 


We  will  calculate  m1(B(21))  = [G ' ( <d^ > + <d^>)]  . (Cf.  Eg. 


(6.106)) 


Supposing  <dy>  = d"p6(ii  - r^),  then  we  have 


, -jk„tr-r„ . 

Zo  ® 00  0 1 V 1 


G'<d  > = -d"pk2  / J j 


— dr  . (6.117) 


Zj  y '=-«  x ' =-  4 ir  |r-r 


-v ' 


Changing  to  cylindrical  coordinates  (centered  a r wi  th  axis  z)  and 
putting  |r-r  | = (h2(z)  + x2)'2,  we  obtain 


-d"pk227i  » h.  "Jk0(h2+x2 ) 

G ’ <d  > = — / f ® — dxdz 

(h2+x2)'2 


4w 


(6.118) 


0 "(7 
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Applying  a change  in  variable,  y=(h2+x2)^  gives  us, 

00  hj 

l L 


-d"Pk2  oo  hj  -jk  y 
G'<d„>  = o f f e dydz  , 


h,  ,-v 


l ^ 


dz  , 


d"pk2  -J'koh(z)  ^ 
o e 

2 l 

O h n 


or  finally 


r<  a cTp  , -jk  h,  -jk  hn% 

G <d  > = -y-  (e  0 o 1 -e  o °)  , 


(6.119) 


where  we  have  used  a radiation  condition.1  It  should  be  noted  that  the 
use  of  the  Taylor's  approximation  has  altered  the  spherical  spreading 
to  a plane  wave  from  the  layer.  Moreover,  the  result,  Eq.  (6.119),  may 
be  used  only  for  tenuous  slabs,  because  as  p-*»,  G'<dv>-*«>,  as  well. 

Thus,  questions  of  applicability  immediately  arise,  together  with  the 
neea  for  experimental  justification. 

For  G'<ds>,  let  us  use  Eq.  (6.54),  where 

G'<ds>  = G-  jkQd-  [p *z . + p>(x+y)<m>]  (6.120) 


1 Th i s must  be  reimposed  because  of  the  initial  use  of  the  Taylor's 
approximation.  The  use  of  a convergence  factor  gives 


-jk0y  “ 

e 

-J*o  h 


1 im 
3->0 


(-jkQ-a) 


h 


+ 1 im  1 i m 

3-vO  y-*» 


■jko‘a 


See  also  Appendix  H. 
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for  <m  > = <m  > = <m>.  Writing  Eq.  (6.120)  in  terms  of  cylindrical 
x y v 

r > 

coordinates  gives  ^ 


“ T k n 

'<ds>  = jkQ  J d-[cose  + <m>  sine]e  J pdp 


= jk  ( d-  i-  ( 1 + <m>) )'  i 


dr  -jk  h2 

2^-  ( 1 + <m>)  e 


-jk0h2 


(6.121) 


where  h2  is  the  distance  from  the  source  to  the  mean  surface.  We  see 
again  that  the  Taylor's  approximation  has  altered  the  spherical  spread- 
ing to  a plane  wave  from  the  surface. 

If  now  we  neglect  the  phase  contributions  (and  thus  neglect  possi- 
ble mean  interference  effects  which  will  vary  from  point  to  point),  we 
may  write  from  Eq.  (6.106) 


m1(B(21))  = s (1  + <m>)  + d p 


(6.122) 


as  the  relative  effect  on  the  mean  received  pressure  of  the  S x V 
inter-mode  scattering  in  this  case.1  It  can  be  seen  to  depend  on  the 
roughness  of  the  surface  (<m>)  and  the  density  of  the  slab  (p).  Taking 
as  reasonable  values2  for  d-  = 19/20  and  for  d"  = 1 /4u  gives  Fig.  6-10. 


xThe  choice  of  m(B(21))  is  indicated  in  this  case  because  .the  slab  is 
composed  of  independent  point  scatterers  distributed  terj$5usly.  The 
surface,  moreover,  has  been  given  no  correlation  structure.  This 
amounts  to  saying  the  surface  is  spatially  incoherent.^* 


2For  d-=d'£  (G'd'r  yG'(s),  Eq.(6.7).  In  our  example  d'  = 


(1500) 


( 330 ) 


19.  The  operation  of  the  loop  is  to  bring  d-  <_  1 (as  it  must  be  phys- 
ically); that  is  the  loop  operation  has  the  Effect  of  making 

d' ( 1-d ' +( d ' )2-(d'  )3 . . . ) ->  which  we  have  chosen.  For  d",  we 

have  chosen  a spherical  wave  emanation,  i.e.,  a ratio  of  input  to 
o tput  equal  to  l/4u . 
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Granting  the  approximations,  the  results  corroborate  the  experimental 
evidence  that  S x V scattering  is  negligible  over  most  conditions.  The 
average  wave  slope  <m>,  for  example,  should  rarely  exceed  the  Stokes 
limit  of  1/7.  In  the  volume  layers  of  fish  are  acknowl edged  the  most 
conspicious  source  of  volume  scattering,  and  except  for  schools  their 

if- 

density  should  generally  fall  below  10"2. 

6 . 5 S umma  ry 

This  chapter  has  developed  the  formal  results  of  Chapter  V, 
(especially  Eq.  (5.55))  by  specifying  (although  rather  broadly)  physi- 
cal attributes  most  likely  to  be  found  in  the  ocean  and  atmosphere. 
Primary  among  these  latter  is  the  presence  of  a bounding  interface. 
Section  6.1  is  devoted  to  applying  Eq.  (5.55)  to  the  random  surface. 

The  treatment  involves  the  application  of  the  generalized  divergence 
theorem  (Sec.  1.2. 1.2)  and  readily  obtains  a broadband  generalization 
of  the  classical  result,  Eq.  (6.8).  Moreover,  our  results  may  be  cast 
into  a form  which  gives  the  specular  term  and  the  influence  of  the  wave 
slopes  (see  Eq.  (6.54)).  The.  filtering  effect  due  to  the  surface  is 
given  in  Eq.  (6.33);  the  spectral  response  is  given  in  Sec.  6.1.3. 

For  the  volume,  we  analyze  (using  thfe  insights  of  earlier  chap- 
ters) a recent  formulation,  Eq.  (6.70),  Cf.  [146],  of  scattering  in  a 
lossy  medium.  The  analysis  shows  how  the  formulation  can  be  extended 
to  show  the  combined  effect  of  scattering  and  loss  (Fig.  6-5  and  Eq. 
(6.90)).  This  shows  that  the  original  formulation  cannot  account  for 
the  main  observed  loss  in  the  oceans.  We  give,  consequently,  a formu- 
lation, Eq.  (6.96),  derived  from  a different  differential  equation, 

Eq.  (6.95),  which  has  the  correct  attributes. 
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The  final  sections  of  this  Chapter  are  devoted  to  obtaining 
criteria  for  the  interactive  coupling  of  interface  and  volume  scatter- 
ing. Our  results  are  obtained  in  Eqs.  (6.106),  (6.107)  and  (6.110)  to 
(6.112).  Finally,  a numerical  example  shows  that  our  formulations  give 

results  which  agree  with  observation.  Whfle  our  orientation  has 

♦ 

favored  propagation  of  sound  in  the  sea,  our  results  are  equally  appli- 
cable, in  principle,  to  the  atmosphere. 

Thus  this  Chapter  illustrates,  in  specific  ways,  the  power  of  our 
methods:  (1)  in  elucidating  classical  results;  (2)  in  extending  clas- 
sical results;  and  (3)  in  obtaining  results  not  heretofore  available. 

We  list  below  the  items  considered  original  either  in  method, 
result,  or  both,  of  this  Chapter.  With  respect  to  the  surface  only, 
these  are: 

1.  The  effect  of  atmospheric  occurrences  on  the  prop- 
agation of  underwater  sound,  (Sec.  6.1) 

2.  Extension  of  the  classical  surface  reflection 

over  a stochastic  surface,  (Eq.  (6.8)) 

3.  The  surface  filter  formulation,  (Eq.  (6.34)) 

4.  The  surface  response  giving  the  specular 

scattered  terms,  (Eqs.  (6.54)-(6.60)) 

5.  The  effect  of  the  stochastic  surface  on  the 

received  spectrum.  ' (Sec  6.1.3) 

For  volumes,  we  have: 

1.  The  extension  of  Moroz's  formulation  for 

scattering  in  a lossy  medium,  (Eq.  (6.93)) 

2.  4 formulation  giving  a correct  frequency 

dependence  of  scattering  in  a lossy  medium.  (Eq.  (6.96)) 
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For  combined  effects  S x V: 

1.  Propagation  in  a deterministic  medium  with 
boundaries.  This  result,  while  not  demonstrated, 

should  generalize  solutions  by  ray  theory.  (Eq.  (6.93)) 

2.  The  partition  of  equivalent  media,  <•  (Fig.  6-8) 

3.  The  S x V Solutions,  (Eqs.  (6.99)  - (6.104)) 

4.  The  criteria,  nij , m2 , (Eqs.  (6.106  , 6.107,  6.110-6.1  12)) 

5.  The  global  filter,  (Sec.  (6.33)) 

6.  The  result  that,  under  a large  variety  of 
circumstances,  the  effect  of  intermode 
scattering  on  the  mean  should  be  less  than 

-40  dB.  (Fig.  6-10) 

We  mention  finally  the  examination,  in  a qualitative  way,  of  the 
effect  of  the  Taylor's  approximation  (Class  IV)  on  the  solutions,1 
(Sec.  6.4)  and  our  brief  discussion  of  the  new  Middleton  scattering 
models  (Sec.  6.1.5). 


^ee  also  Figs.  7-10  and  7-11. 
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VII.  CONNECTIONS 


7.0  Introduction 

To  the  extent  the  preceding  theory  and  models  can  claim  some 
generality,  they  may  be  expected  to  approach  formulations  specific  to 
other  fields.  The  medium,  for  instance,  may  be  considered  for  its 
ability  to  transmit  information  so  that  one  may  naturally  ask  for  its 
"capacity."  In  this  chapter,  we  show  a few  of  these  connections  with- 
out attempting  either  a comprehensive  survey  or  a profound  development. 
Our  point  of  view  will  be  initially  restricted  to  Eq.  (5.1). 


7.1  Filters 

For  a fixed  source-receiver  combination,  the  medium  has  some 
aspects  of  a filter:  it  attenuates  the  signal;  it  introduces  delays  and 
phase  changes.  Furthermore,  it  can  be  exhibited  in  feedback  forms  sim- 
ilar to  eigenvalue  representation  of  a linear  filter.  To  pursue  the 
analogy,  the  exact  solution  of  Eq.  (5.1),  may  be  expressed  by  Fig.  7-1 
or  Fig.  7-2. 


v2  - 


1 


c2(r,t)  3 12 


Fig.  7-1.  Transmission  as  a Filter  (I),  Eq.  (5.1) 
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Fig.  7-2.  Transmission  as  a Filter  (II),  Eq.  (5.55) 

The  feedback  portion  of  Fig.  7-1  is  a stochastic  operator,  so  that 

although  s and  G are  deterministic,  the  output  is  a random  process. 

d s2 

The  feedback,  operator  -7-  -rry-  , is  medium- related;  G is  geometry- 

Cq  n 

related.  We  have  thus  a different  temporal  filter  for  each  geometrical 
configuration  (including  source-receiver  locations)  and  each  scattering 
medium.  Since  the  feedback  is  stochastic,  the  analogy  must  relate  to  a 
stochastic  filter. 

The  stochastic  filter  has  meaningful  representation  in  terms  of 
its  moments  as  these  moments  relate  to  statistical  outputs.  Analogous 
to  the  temporal  filter,  solutions  generally  will  not  be  available  in 
closed  form  unless  suitable  approximations  are  made.  In  the  case  of 
Eq.  (5.1),  the  exact  first  moment  solution  is  shown  operationally  in 
Fig.  7-3  in  terms  of  the  usually  unknown  equivalent  medium  Q. 

s 

Fig.  7-3.  First-Moment  Filter,  Eq.  (5.62) 

264 


I 


AD-A06S  760  NAVAL  UNDERWATER  SYSTEMS  CENTER  NEW  LONDON  CONN  NEW  —ETC  F/8  20/1 

A 6ENERAL  THEORY  OF  ACOUSTIC  PROPAGATION  WITH  APPLICATIONS  TO  S— ETC(U) 

JAN  76  JR  BRETON 
NUSC-TR-S671 


UNCLASSIFIED 


NL 


Equation  (5.62),  (Fig.  7-3),  which  preserves  the  feedback  form  may 
be  approximated  by  a feed-forward  form  as  shown  in  Fig.  7-4,  which  can 
be  seen  to  be  the  B(11)  approximation. 


(a) : 


or 


(b): 


s 


Fig.  7-4.  Feed-Forward  Approximation  B ( 1 1 ) , Eq.  (5.81) 

The  B ( 21 ) approximation  relates  directly  to  the  mean  medium,  as 
indicated  in  Fig.  7-5  below. 


(a): 


or 


(b): 


Fig.  7-5.  The  B(21)  Approximation,  Eq.  (5.98) 
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This  approximation  preserves  the  feed-back  characteristic. 

The  B( 22)  approximation  contains  both  feed-forward  and  feed- 
backward  elements  as  shown  in  Fig.  7-6. 


<p> 

B(  22) 


Fig.  7-6.  The  B( 22)  Approximation  (I),  Eq.  (5.125) 


The  form  using  G'  can  be  decomposed  into  many  different  forms,  a 
possible  one  is  shown  in  Fig.  7-7. 


Fig.  7-7.  The  B (22)  Approximation  (II),  Eq.  (5.125) 


Since  the  structures  of  Figs.  7-5  through  7-7  do  not  yield  closed 
forms  generally,  a further  approximation  is  often  made  in  the  litera- 
ture, i.e.,  Fig.  7-8  and  Fig.  7-9. 
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Fig.  7-8.  Taylor's  Approximation  B(21),  Eq.  (5.105) 


Fig.  7-9.  Taylor's  Approximation  B(22),  Eq.  (5.132) 


The  Taylor's  approximation,  using  only  the  first  term  of  a Taylor's 
expansion  of  p,  has  little  to  recommend  it  except  the  ability  to 


achieve  closed  solutions  (after  suitable  approximations  of  the  feedback 
loop).  It  introduces,  on  the  negative  side,  spurious  sources  and  non- 
linearities  (through  multiplication)  and  raises  questions  about  the 

A A A 

convergence  of  the  feedback  (i.e.,  G'<d>  and  G'G'<d1d2>  must  be  less 
than  unity). 

In  short,  the  medium  as  represented  in  Eq.  (5.1)  (with  given 
geometry),  acts  as  a stochastic,  space-variable  filter.  Temporal 


source,  or  receiver  adds,  furthermore,  a temporal 


TR  5871 


dimension  to  the  filter.  The  mean  output  can  be  described  in  terms  of 
a non-stochastic,  space-variable  filter,  for  which  a set  of  canonical 
approximations,  dependent  on  the  correlation  of  the  active  scatterers, 
can  be  made.  An  analogous  statement  can  be  made  for  the  higher  order 
moments . 

The  diagrams  of  this  section  may  be  regarded  as  the  beginnings 
of  a space-time  filter  theory,  analogous  to  the  temporal  filters  of 
conventional  circuit  theory.  The  particular  virtue  of  these  filters 
lies  in  their  accommodating  explicitly  the  distributed  nature  of  the 
medium.1  As  such  they  should  be  useful  in  modeling  multipath,  fluctu- 
ations (volume  and  surface  related),  etc.,  which  physically  characterize 
distributed  transmission  media. 

7.2  Control  Theory  and  Estimation 

The  operational  forms  of  Figs.  7-1  to  7-9  suggest  analogous  formu- 
lations in  control  theory.  Indeed,  the  terms  "feed- forward"  and  "feed- 
backward"  used  with  the  B ( 11 ) and  B( 21 ) approximations  (Figs.  7-3  and 
7-4)  come  from  classical  control  theory.  Again,  the  relationship  of 
filter  theory  to  optimal  control  theory  is  well  known.2 

In  terms  of  control  theory,  the  acoustic  source  is  the  "control 
function,"  the  medium  is  the  plant,  the  output  is  p(r,t).  In  contrast 
to  the  usual  treatment,  all  these  quantities  are  now  space-time  func- 
tions rather  than  purely  temporal  ones,  and  the  "plant"  is  stochastic 
rather  than  deterministic.  In  the  context  of  Eq.  (5.1),  the  stochastic 
output  arises  from  the  stochastic  plant  rather  than  from  a noise  input. 

‘See  rm. 

2See  [216],  Chapter  15,  among  others. 
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The  analogy  in  form  can  be  striking.  Consider  the  simple  feedback 
system  of  Eq.  (7.1),  shown  in  Fig.  7-10, 


dp 

dt  H p = ap  + s 


a constant 


(7.1) 


with  the  well  known  solution. 


(at  - ato)  t (at  - atj 
P(t)  = p( t0 ) e + J e s ( t ! ) dt ! 

to 


(7.2) 


s-» 


A + 


to 


a k 


->P 


Fig.  7-10.  A Simple  Temporal  Feedback  Loop,  Eq.  (7.1) 


If  we  apply  recursive  methods  to  Eq.  (7.2),  we  obtain  upon  initially 
integrating  Eq.  (7.2) 


t . t 

/ pdtj  = p(t)  - p(t0)  = / (ap  + s)dti 
to  to 


so  that 


p(t)  = p(t0)  + / (ap  + s)dtj  • 
to 


(7.3) 


Substituting  recursively  gives 


t t 

p(t)  = p(t0)  + / a p( t0 ) + j (ap  + s)dt2  + s dt1( 
to  t0 
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t t 

= P(t0)  + / ap( t0 ) dtj  + J 
t0  to 


a 


(ap)dt1dt2 


t t t 

+ / J as  dt j dt 2 + / sdtj  , 
to  t0  t0 


t t j 

= p(t0)  + a ( t - t0)p(t0)  + J { a2pdtidt2 

to  t0 


t ti  t 

+ / J as  dtidt2  + f sdti  . 
to  to  to 


(7.4) 


Continuing  gives 

/ a2( t - t0)2 

P(t)  = p( t0)  1 + (at  - at0)  + + 

\ 2'. 


t ti 

M a / a . 
ti  t0 


/ °°  (ap  + s)dti  . . . dt„ 


to 


t t t j 

+ j sdti  + J [ asdtidt2  + . . 
to  to  to 


t tx 

+ J a / a / . 
to  t0 


. a / sdt,dt2  . . . dt 

t 

lo 


(7.5) 


, a(t  - t0) 

The  first  term  of  the  RHS  is  easily  recognized  as  p(t0)e  . The 

second  term  must  vanish  for  convergence.  (Note  here  the  influence  of 

an.)  The  remaining  terms  contain  s and  are  equal  to 
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jl  e<at  ‘ aT)s(T)dT  . 


This  can  be  seen  for  the  first  iteration  by 


t ti  ti 

J a J at2dt2dti  = a(t  - ti)  f s(t2)dt2 
to  to  to 


to 


t t 

+ J (at  - ai)s(r)dT  = / (at  - a-r)s(T)dT  , 

to  to 


(7.e; 


using  integration  by  parts.  We  thus  obtain  the  known  solution,  Eq. 
(7.2). 

The  first  term  (RHS)  of  Eq.  (7.2)  is  called  the  "zero-input" 
response.  It  can  be  obtained  by  stimulating  the  system  with  an  impulse 
The  second  term  is  called  the  "zero-state"  response.  It  constitutes 
the  source's  contribution  to  the  output.  If  the  source  is  harmonic,  we 
may  speak  of  transient  and  steady  state  conditions.  These  correspond 
directly  to  experiments  possible  in  both  conventional  control  and 
acoustical  situations. 

Equation  (7.5)  corresponds  nicely  to  the  series  form  of  the  gen- 
eral solution  or  to  the  solutions  given  in  Chapters  V and  VI.  It  is 
easy  to  see  that  these  solutions  are  extensions  of  the  usual  control 
formulation,  i.e.. 


/ ( * ) dt ! - G 


to 


d( r ,t)  a2 
eg  3t2 


(7.7) 
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in  the  case  of  Eq.  (5.1).  Explicitly,  the  temporal  integral  is  ex- 
tended to  a space-time  integral  operator  and  a^  is  extended  to  the 
medium.  As  in  control  theory,  closed  solutions  like  Eq.  (7.2)  are 
available  in  only  a small  number  of  cases;  the  majority  of  cases  are 
adequately  analyzed  by  specifying  an  operational  solution. 

Two  further  points  are  noted.  If  we  consider  the  source-receiver 
(perhaps  with  beam  patterns)  as  points  in  the  field,  the  transmission 
process  becomes  a single  input/single  output  system  and  may  be  described 
by  a stochastic  transfer  function,  T.  Several  forms  can  be  set: 

T(r,s);  T(k^s),  T(rj  ,ti  ;k^s ) , etc.,  depending  on  the  transforms  em- 
ployed. These  transforms,  then,  formally  define  the  stochastic  space- 

Again,  the  problem  of  determining  Q,  the  equivalent  medium  (mass 
operator)  is  a type  of  system  identification.1  Given  experimentally 
<p>  and  s,  Q may  be  determined  by  the  scheme  given  in  Fig.  7-11. 


Fig.  7-11.  Operational  Method  for  Obtaining  Q 


^ne  reference  among  many:  A.  V.  Balakrishnan,  and  V.  Peterka,  1969; 
"Identification  in  Automatic  Control  Systems,"  Automatica  5(81 7) . 
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In  the  figure,  Q+  denotes  an  estimate  of  Q.  While  optimum  adjustment 
schemes  are  known  for  special  cases  (Wiener  filters,  for  example),  even 
suboptimum  schemes  (gradients,  for  another  example)  may  be  used  to 
drive  the  error  to  zero.  When  this  is  accomplished,  Q+  = Q.  In  experi- 
mental situations,  this  technique  may  often  be  available  for  suggesting 
allowable  approximations . 


7.3  Noise 

The  models  of  Chapters  V and  VI,  as  mentioned  earlier,1  do  not 
incorporate  independent  noise  sources.  The  propagation  is  more  or  less 
correlated  with  the  source  depending  on  the  strength,  nature  and  geom- 
etry of  the  scatterers.  This  is  typical  of  reverberation,  often  called 
"correlated  noise,"  whereas  it  is  more  precisely  a decorrelated  signal. 

The  general  theory,  on  the  other  hand,  does  incorporate  independent 
as  well  as  dependent  noise  sources.  From  Eq.  (1.27),  we  can  discern 
two  types:  "noise  only"  and  "signal  and  noise." 

The  "noise  only"  types  are: 


a) 

f • v(p0  + pj) 

(7.8a) 

b) 

- £ — ( (po  + pi ) In) 

(7.8b) 

St2 


The  "signal  and  noise"  types  are: 


c) 


(lnpc2) 


+ 


d((po  + Pi) 
dt 


(7.9a) 
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d)  v • ( ( vp  + v( po  + pi)) |r) 


(7.9b) 


f)  pc 


e)  fcy.v-  (lnpc2)  )r  v + .^vPo  + v(pi  + p2) 

■ (?) 

/ do + ii)  \ 

If  - vv-v  + v-  I . 

V “ “ p / 


■) 


g)  pc2y*lf  - vy.v.  + y< 


(7.9c) 

(7.9d) 

(7.9e) 


The  "noise-only"  types  are  generated  by  turbulent  and  background 
temporal  change,  Eq.  (7.8b),  and  spatial  gradients  acting  in  a force 
field,  Eq.  (7.8a).  The  "signal  and  noise"  types  arise  from  a large 
number  of  circumstances  (See  Chapter  II),  but  are  all  to  some  extent 
(sometimes  minimal)  influenced  by  the  acoustic  (signal)  pressure  field. 

The  "noise-only"  type  may  be  brought  readily  into  the  context  of 
Eq.  (5.1).  We  should  then  have 


f„2  . Q-*  41 

' eg  at2 


)p 


n(r,t) 


= - ( (Po  + Pi ) | n)  + i-v(p0  + Pi)  . 

dt2 


(7.10) 


The  solutions  of  Chapters  V and  VI  then  carry  over  directly  from 


v2  - — - — p = n(r,t)  + — - — (p)  + s(r0»t0),  (7.11) 

eg  at2  eg  at2 


or 

p • G(s+n)  + Gd  l (G'd)(ni)G'(s+n),  (7.12) 

m=0 
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= G(s)  + Gd  l (G'd)(m)G'(s)  + G(n)  + Gd  £ (G ’d) (m)G 1 ( n) , 
m=0  m=0 

= (p  + P ) + (p  + p ) . (7.13) 

Ku  s n ns 

Thus,  in  this  formulation,  the  received  pressure  is  made  up  of  four 
components : 

Pu  - the  unscattered  signal  = G(s), 

^ oo  ^ ^ 

Ps  - the  scattered  signal  = Gd  [ (G 'd)mG ' (s) , 

m=0 

p - the  unscattered  noise  = G(n), 
n ' ' 

p - the  scattered  noise  = Gd  l (G ’d) ^m^G(s) . (7.13a) 

ns  m=0 

Because  the  noise  is  independent  and  additive,  no  coupling  between 
th°se  components  occurs. 

Experimentally,  we  have  pp  + pns  usually  available  as  background 
noise,  so  that 

p ' (pn  + pns>  ’ p„  + ps  (7-U) 

may  sometimes  be  formed  into  a criterion  for  determining  the  effect  of 
gross  movements  of  the  medium  on  the  transmission.  (Note  that  many  of 
the  "signal  and  noise"  types  contain  particle  velocity  terms,  Cf.  Eq. 
(7.9).) 

For  second  moment  characterization,  the  received  signal  will  often 
contain  more  elements  than  the  four  output  elements  of  conventional 
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detector  theory:1  sxs,sxn,nxs,  and  n x n.  We  may  characterize 

the  transmission  output  as(p  + p + p + p ) x ( p +p  +p  + p ) 

u s n ns  u s n ns 

yielding  sixteen  types  of  cross  products.  The  additional  products  arise 
from  the  distributed  scattering  mechanism  which  influences  both  the 
signal  (p$)  and  the  noise  (p  ).  These  factors  play  a significant  role 
for  signal  detection  in  reverberation. 

7.4  Communication  Theory 

Consider  the  acoustic  transmission2  from  source  to  sensor,  as  a 
communication  channel,  T.  The  following  may  be  stated:3 

1)  In  the  context  of  the  Langevin  Equation,  Eq.  (5.1),  T is 
1 inear . 

2)  T causes  a phase  and  amplitude  randomization . 

3)  T has  "memory." 

4)  T is  not  measure  preserving. 

5)  T is  stochastic.  (7.15) 

To  show  the  first  statement  in  Eq.  (7.15),  let 

Pi  = Gj(sj)  + G j i j Pi  = T( s i ) (7.16) 

and 

f 2 = G2(s2)  + G2£2p2  = T(s2)  . (7.17) 


!See  [140],  Chap.  i3. 

2Specifically  excluded  are  all  modulation  and  demodulation  schemes.  We 
are  concerned  here  with  the  "medium1'  transmission  only. 

Considerations  derived  from  [140],  Chap.  3. 
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Then  for  si  = s*  6(r-ro)  and  S2  = s+  <5(r-ro),  we  have 
ti zz 

p(r)  = Pi(r)  + p2(r)  = G(s!  + s2)  + (Pi  + P2)  (7.18) 

or 

T(S!)  + T(s2)  = T( s i + s2)  (7.19) 

where  we  assume  r^,  r_  are  now  identical  for  Tj  and  T2.  In  other  words, 
the  linearity  is  purely  temporal.  If  either  the  sources  or  receivers 
are  separated,  then  we  have 

Pi  + P2  = Gj(Sj)  + ^2(52)  + ^i^iPi  + ^2?2p2  » (7.20) 

= Ksj)  + T(s2),  Ci  f C2»  Gj  f G2 

f T(sj+  s2) . (7.21) 

In  other  words,  the  point-to-point  channel  is  linear;  channels 
involving  multiple  point  sources  or  receivers  are  not  linear,  but  may 
be  Tooked  upon  as  a "packet"  of  linear  channels.  In  the  context  of  Eq. 
(5.1),  the  channels  do  not  interact. 

The  second  statement  of  Eq.  (7.13)  is  shown  in  Chapter  VI,  Sec. 
6.1.3  and  comes  from  the  numerous  paths  the  medium  allows. 

The  third  statement  of  Eq.  (7.13)  comes  from  the  finite  propaga- 
tion velocity. 

The  fourth  statement  of  Eq.  (7.13)  means  that  input  probability 
measures  may  be  distorted  in  the  output.  In  the  cases  treated  earlier, 
a harmonic  signal  (i.e.,  a spectrally  impulsive  probability)  is  dis- 
torted in  the  output. 
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Finally,  T is  stochastic,  from  the  stochastic  nature  of  the  scat- 
terers  considered  over  an  ensemble  of- media. 

The  acoustic  channel  is  tnus,  (for  Eq.  (5.1)),  a linear  channel 
which  produces  phase  and  amplitude  randomization.  In  this  context,  we 
may  put  precisely: 

f = G (•)  + d l (G *d)(n)G*( -)  (7.22) 

n=0 

from  Eq.  (5.55)  where  the  stochastic  nature  of  T is  evident. 

If  T is  linear,  what  is  the  impulse  function  of  the  channel? 
Suppose 

oo 

p(r,t)  = J H(t  - t | r) s ( t ) dx 
0 


j(  0(t  - ) ' k r-r  ) 


e u> 


o Jr  I \ 

0 u0 


s ( ) 


8 r-r 

tZ!  " oT 


+ l (G'd)^n^G's(i  ) ]dT  drQ dcoc 


n=0 


. - t)  - kQ|r  - £d ! ) 

J e 

0 8r2 | r - £o ! 


. [(.)  + l (G'd)(r)G‘(.)]  dr  drodu-o 
n=0 


(7.23) 
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so  that 


H(t  - t|r)  = J / 
ro  uo 


jU0(t  - t)  - k0|r  - rp  I ) 
e 


8*2|r  - rj,  | 


. (•)  + l (G'd)(n^G'(  •)  drjdu0  . (7.24) 

n=0 

This  model  does  not  contain  line  spectra,  so  that  where  such  exist, 
they  must  derive  from  the  source  or  from  an  effect  not  modeled  by  Eq. 
(5.1).  The  general  equation,  Eq.  (1.27),  is,  of  course,  non-linear 
even  in  the  simplest  cases  (see  Appendix  A). 

The  second  moment  characterization  of  the  channel  may  be  written 
directly  from  Eq.  (5.75)  as 

<p(t1,«i)p(t2,«2)>  = pUipU2  + pUiG2Q2<p2>  + pU2G1Qi<p1> 


+ Gj (G2B<p1p2>) 


(7.25) 


where 


G. 

i 


-=/  / 


( ti -tn)  - k|r-r 


-n' 


t r 
n -n 


4tt2  | r - r | 
— ~n 


(•)  dt  dr  ; k = — 
• n ^ 1 co 


(7.26) 


so  that  pu  and  G Q<PU>  are  functions  of 

A word  about  channel  capacity,  defined  as  the  maximum  rate  at 
which  information  may  be  passed  through  the  channel  (subject  to  possi- 
ble constraints).  Arguments  based  on  Eq.  (5.1)  may  easily  lead  to 
erroneous  conclusions.  For  Eq.  (5.1),  if  d = 0,  the  channel  capacity, 
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C,  is  infinite  --  that  is,  any  amount. of  information,  H,  at  any  rate, 

* i 

C,  transmitted  by  the  source,  s,  can  be  ideally  decoded.  For  the 
simple  case  of  homogeneous  transmission  we  have  (Cf.  Fig.  7-12), 


->P 


or 


P = 


Fig.  7-12.  Homogeneous  Transmission 


1 j(w0t  - kjr  - rj) 


4r|r  - r£, ! 


st  - 


»0Il  - ijd  t 
Co 


4tt  i H - Id  I 


(7.27) 


for  a harmonic  point  source.  Moreover,  the  channel  has  infinite  band- 
wi dth . 

Suppose  now  that  d / C,  but  deterministic  and  known . Then,  with  p 
known,  we  get  from  Eq.  (5.10) 


s = Lp  - LGrp 


so  that  a decoding  scheme  (shown  in  Fig.  7-13) 


(7.28) 


Gc  H 


■H  k 


->s 


Fig.  7-13. 


Decoding  Scheme  for  Transmission  Through 
Deterministic  Media 
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again  recovers  the  signal.  These  are  no  inherent  bandwidth  limitations, 
and  the  scattering  channel  likewise  has  infinite  capacity. 

The  problem  of  transmitting  information  in  the  context  of  Eq.  (5.1) 
then,  comes  not  from  the  capacity  of  the  channel,  but  from  the  decoding 
scheme.  Even  with  independent  noise,  the  infinite  bandwidth  still 
suggests  a channel  with  infinite  capacity.  If,  as  is  always  the  case, 
our  knowledge  of  £ is  incomplete,  then  our  ability  to  extract  informa- 
tion from  the  channel  will  be  impaired.  Still,  to  speak  of  channel 
capacity  in  this  context  implies  that  the  physical  capacity  of  the 
channel  depends  on  our  knowledge  of  the  scattering  medium. 

We  thus  concentrate  on  the  decoding  problem.  The  source  may  be 
uncovered  from  the  mean  received  statistics,  provided  the  equivalent 
medium  Q is  known.  The  procedure  is  shown  schematically  in  Fig.  7-14. 


Fig.  7-14.  Decoding  Scheme  for  Transmission  Through 
Stochastic  Media 

-f  * 

The  errors,  Q - Q , as  well  as  <p>  - <p>,  thus  inherently  determine  the 
throughput.  Figure  7-11  and  the  B( 2)  approximations  of  Chapter  V1  are 
thus  seen  as  important  elements  in  acoustic  communications. 

Often,  Q may  be  susceptible  to  canonical  decompositons , i_.e. , in 
the  M form,  Q = + + Qg  defining  equivalent  surface,  volume  and 
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bottom  media.  Whenever  one  of  these  is  constant  (e.g.,  Qg)  or  slowly 
changing,  the  dynamic  problem  of  estimation  may  be  reduced. 

We  have  assumed  here  a channel  defined  from  a fixed  transmission 
point  to  a fixed  source  point.  A second  receiver  point  defines  a 
second  channel  with  another  equivalent  medium  which  must  be  estimated 
to  establish  a second  decoder,  etc. 

A realistic  ocean  channel  is,  of  course,  both  noisy  and  frequency 
limited.  In  the  most  general  cases  a variety  of  frequency  limiting 
mechanisms  exists.  We  may  expect  these  to  be  associated  with  losses 
and  relaxation  effects  (see  Sec.  2.5). 

But  the  decoding  problem  remains. 

7.5  Summary 

This  chapter  shows  some  ways  by  which  the  analysis  developed  in 
Chapters  I-VI  connects  with  other  fields.  The  operational  solutions, 
in  particular,  may  be  viewed  as  space-time  filtering  of  an  input 
(source)  signal  (Sec.  7.1).  Alternatively  they  may  be  considered 
space-time  feedback  loops  with  close  analogies  to  control  theory  and 
statistical  estimation  (Sec.  7.2).  This  viewpoint  clarifies  the  series 
approximations  (B(l)  and  B(2))  and  Taylor's  approximation  (Figs.  7-4  to 
7-9).  The  connection  with  control  theory  suggests  existing  methods  of 
"system  identification"  (Fig.  7-17)  for  determining  equivalent  media 
operationally. 

In  Sec.  7.3  we  extend  the  model  described  by  Eq.  (5.1)  by  including 
the  independent  noise  sources  identified  in  the  general  equation,  Eq. 
(1.27).  The  methods  employed  earlier  are  then  used  (1)  to  produce  a 
solution  for  the  noisy  case  (Eq.  7.27)  and  (2)  to  show  how  the 
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transmission  output  differs  significantly  from  the  outputs  of  conven- 
tional detector  theory  (Sec.  7.3).  Lastly,  we  describe  the  trans- 
mission process  based  on  the  model  of  Eq.  (5.1)  in  terms  of  the 
channel's  information  capacity.  We  are  led  to  conclude  that  as  a 
description  of  a communication  channel  the  wave  equation  may  easily 
lead  to  erroneous  results.  For  the  Eq.  (5.1)  model  we  give  the  channel 
explicitly  as  a transform,  (Eq.  (7.22)),  its  impulse  function  (Eq. 
(7.24)),  and  its  second  momert  characterization  (Eq.  (7.25)).  In  the 
context  of  Eq.  (5.1)  we  observe  that  the  problem  of  transmitting  infor- 
mation comes  not  from  the  medium  but  from  our  inability  to  formulate 
suitable  decoding  schemes.  Such  schemes  are  suggested  in  Fig.  7-14 
and  the  following  discussion. 

The  original  contribution  of  this  chapter  stems  naturally  from  the 
entire  exposition  of  the  Thesis.  With  the  important  exception  of  the 
scattering  process  modeled  as  a feedback  loop,  the  various  interdisci- 
plinary connections  cited  in  this  Chapter  have  been  recognized  before, 
e.g  , the  notion  of  the  medium  as  an  acoustic  communications  channel, 
etc.,  but  they  have  not  been  systematically  identified  in  the  context  of 
the  general  approach  developed  in  this  Thesis.  The  new  contributions 
here  are  thus  largely  the  specific  results  obtained.  We  mention: 

1.  The  filter  forms  (Fig.  7-1  to  7-9). 

2.  The  extension  of  the  control  theory  formulations  to  four 
dimensional  communication  channels. 

3.  Estimating  the  first  moment  equivalent  medium,  Q,  as  a type  of 
system  identification  problem  (Fig.  7-11). 

4.  The  specific  form  of  the- transmission  operator,  T (Eq.  (7.22)). 

283 

-* — r/r~  — 1 “ ' ^SETiv.  . - ; 77^7/ 


TR  5871 


5.  The  specific  form  of  the  impulse  response  of  the  transmission 
channel  described  by  the  langevin  equation,  Eq.  (5.1). 

(Eq.  (7.24)) 

6.  The  specific  second  moment  characterization  of  the  channel 
(Eq.  (7.25)) 

7.  An  interpretation  of  the  decoding  problem  (Sec.  7.4). 
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VIII.  SUMMARY 

This  Thesis  develops  an  acoustical  theory  sufficiently  broad  to 
order  the  models  of  the  literature.  By  so  doing,  we  have  gained 
insight  into  conventional  models,  have  obtained  new  methods  of  solu- 
tion, and  have  arrived  at  specific  solutions  beyond  those  currently 
available. 

The  first  stage  (theoretical  development)  is  covered  in  Chapters 
I - IV  which  demonstrate  that  the  wjve-like  solutions  and  formulations 
of  the  literature  are  encompassed  by  a suitably  general  hydrodynamic 
theory.  Chapter  III,  in  particular,  gives  the  general  solution,  un- 
available before,  to  the  adiabatic  hydrodynamic  equations  in  an  arbi- 
trary medium.  Chapters  I and  II  catalog  the  approximations  inherent  in 
the  models  current  in  the  past  thirty  (or  more)  years.  Chapter  II 
describes  the  various  physical  ci rcurr-tances  which  limit  the  validity 
of  the  current  models  and  gives  quantitative  measures  (criteria)  for 
their  applicability.  Thus,  this  stage  may  be  viewed  as  the  completion 
of  a broad  earlier  effort  which  sought  to  expand  the  applicability  of 
the  wave  equation. 

We  have  developed  a theory  (logically  consistent  from  axioms),  but 
harbor  little  illusion  that  we  have  fully  illuminated  its  foundations. 
These  latter,  we  show,  are  based  in  an  extended  divergence  theorem  and 
an  extended  feedback  theorem. 

In  the  second  stage  (Chapters  V-VII),  which  turns  on  the  first, 
we  obtain  new  Insights  and  solutions  to  the  broadband  form  of  the 
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stochastic  wave  equation,  Eq.  (5.1).  "Operational"  solutions,  employ- 
ing feedback  loops  (employed  in  the  general  solution)  give  exact  solu- 
tions. Moreover,  these  latter  show  that  the  multiple  scattering  models 
of  the  literature  are  not  so  much  physical  as  "operational."  In  par- 
ticular the  question  of  convergence  of  these  models  is  thus  given  new 
light  by  distinguishing  the  form  of  a solution  from  its  stability. 

The  approximations  (historically  necessary  for  specific  results) 
to  the  multiple  scattering  models  are  formally  completed  by  means  of 
the  canonical  ordering  of  "B"  approximations  in  Chapter  V.  These 
approximations  may  be  readily  appreciated  using  Feynman  diagrams  or  the 
operational  forms  given  in  Chapter  VII. 

Scattering  from  interfaces,  contained  canonically  in  the  formula- 
tion of  Chapter  V,  is  more  directly  addressed  in  Chapter  VI,  which  in 
addition  to  extending  classical  solutions,  gives  a criterion  for  the 
hitherto  unsolved  surface-volume  scattering  interactions  (S  x V).  The 
finding,  that  for  many  circumstances  this  effect  amounts  to  less  than 
40  dB  of  non-interacting  scattering,  agrees  well  with  experiment. 

Lastly,  in  Chapter  VII,  the  Thesis  shows  how  its  extended  results 
connect  with  other  disciplines:  we  discuss  the  acoustic  medium  as  a 
multi-dimensional  filter,  as  a control  system,  and  as  a communications 
channel . 

While  not  a primary  purpose  of  the  Thesis,  experiments  which  are 
suggested  by  its  formulations  have  been  briefly  and  concisely  stated. 

Classification  of  approximations  is  the  unifying  theme  of  the 
Thesis.  These  approximations  are  found  to  consist  of  four  generic 
types  or  classes.  The  first  and  most  pervasive  class  we  call  hydro- 
dynamic.  This  class  results  from  a confusion  of  the  hydrodynamic 
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derivatives  with  those  of  the  calculus.  The  second  class  we  call  dif- 
ferential meaning  the  approximations  made  in  simplifying  the  governing 
differential  equation.  The  third  class  we  call  truncation/selection 
meaning  the  approximation  made  in  the  (open)  series  solution.  The 
fourth  class  we  call  analytical  meaning  the  approximations  required  to 
obtain  a solution  in  closed  form.  This  latter  often  uses  only  the 
first  term  of  a Taylor's  series. 

Finally,  we  give  the  major  new  results  of  the  Thesis: 

1.  The  general  solution  of  adiabatic  acoustic  propagation. 

2.  Operational  solutions  (FF-BT)  . 

3.  A listing  of  conditions  and  circumstances  for  the  validity  of 
the  usual  propagation  models. 

4.  The  exact  operational  solution  to  the  broadband  scalar  wave. 
Separation  of  the  solution  into  purely  geometrical  and  purely 
medium  operators. 

5.  A canonical  decomposition  of  approximate  solutions  to  the 
broadband  scalar  wave  equations,  a new  category  of  approxima- 
tions B(  21 ) . 

6.  Criteria  (a)  for  the  validity  of  the  first  Born  approximation, 
(b)  for  the  effect  of  surface-volume  interactions. 

7.  Interdisciplinary  connections  between  scattering  theory  and 
statistical  communication  theory  and  control  theory. 

A more  detailed  listing  of  new  results  is  given  in  the  Preface. 
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Appendix  A 

THE  HYDRODYNAMIC  PLANE  WAVE 

Trusdell  mentions  [48]  that  a Navier-Stokes  medium  is  unable  to 
support  a physical  wave.  If  such  be  the  case,  we  should  like  to  know 
to  what  extent  the  physical  "wave"  looks  like  the  classical  wave.  In 
this  appendix  we  answer  the  question:  What  is  the  hydrodynamic  propa- 
gation of  a "plane"  wave  in  a hydrodynamic  medium  which  is  initially 
homogeneous? 

To  achieve  an  answer  we  must  generate  the  hydrodynamic  wave.  In  the 
medium  (infinite  by  assumption)  let  us  assume  an  infinite  piston  source 
moving  spatially  sinusoidally  in  time  in  the  direction  x.  That  is,  if 
we  set  the  rest  position  of  the  piston  at  x=0,  its  subsequent  position 
is  given  by 

r(x=0,t)  = a sin(w  t)  r 
- o 

where  a is  the  piston's  maximum  displacement. 

Now  conceive  another  (inertialess)  piston,  initially  at  rest  at  x, 
which  moves  so  as  to  maintain  the  motion  generated  by  the  first  piston. 
The  second  piston  (which  does  no  work  in  the  ideal,  homogeneous  case), 
has  an  assumed  motion 

r(x,t)  = (x  + a sin(w  t-k  x))  r,  k = — = — (A.l) 

o o ° c0  *0 

for  fixed  initial  rest  position  x.  Notice  that  the  rest  position,  x, 
is  not  the  position  r(x,t=0)  since 
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r(x,t=0)  = (x  + a sin(-kQx))  r f xr 

i n general . ] 

Let  us  denote  by  x the  "rest"  position;  by  "initial"  position  we 
mean  r (x,t=0) . 

This  is  somewhat  cumbersome.  However,  by  agreeing  to  this  conven- 
tion we  avoid  considering  transient  conditions.  We  thus  use  two  epochs: 

(1)  a relaxed  state  (before  any  motion)  during  which  we  tag  each  par- 
ticle with  its  position  x^  (this  being  a 1-1  correspondence)  and  (2)  a 
subsequent  time  when  we  observe  a steady  state  plane  wave  propagating  ; 

as  described. 

By  an  abuse  of  language  we  characterize  all  the  particles  having 
identical  motion  in  one  plane  by  the  single  variable  xjor  r)  which  may 
be  regarded  as  the  distance  between  the  zero  rest  plane  and  the  plane  i 

in  question.  We  thus  write  £ as  r and  drop  the  unit  vector  designation.  • 

The  motion  described  by  Eq.  (A.l)  indicates  that  the  particles  in  the 
rest  plane  x,  at  some  differing  time,  all  have  a motion  identical  to 
the  source  except  for  a translation. 

Having  described  thus  the  motion  of  the  medium,  we  need  to  find  the 
particle  velocity,  dynamic  density,  dilatation  rate,  and  finally  the 
hydrodynamic  pressure. 

Before  so  doing,  however,  it  will  be  important  to  make  two 
observations . 

No  small  confusion  has  resulted  from  the  awkwardness  of  the  usual 
notation.  The  symbol  — is  used  with  two  distinct  (and  sometimes 
contradictory)  meanings: 
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a)  = the  partial  derivative  with  respect  to  a,  all  other 
independent  variables  held  constant  (the  partial  derivative  of  the 
calcul us ) . 

b)  = the  hydrodynamic  derivative  with  respect  to  a,  the 
spatial  position  held  constant  (Eulerian  or  fixed-space  derivative). 

For  a)  ^ = 1 ; 
r r 

for  b)  ^7=0. 

Sirilar  confusion  surrounds  the  material  (Lagrangian)  derivative,  , 

O'i 

and  its  counterpart. 

Clarity  requires  a distinction.  To  avoid  the  confusion  we  introduce 
the  notation 


0 / \ 

dt*'  x) 


the  temporal  derivative,  holding  the  spatial 
coordinate,  r,  fixed  (Eulerian,  fixed  space 
deri vati  ve) . 

the  terporal  derivative,  holding  the  material 
coordinate,  (x),  fixed.  (Lagrargian,  or 
material  derivative). 

the  spatial  derivative  with  tire  fixed.  Sirce 
time  is  ar  (and  usually  the  orly)  independent 
variable,  this  cuartity  is  often  eGual  to 
-rp  h the  spatial  derivative,  holding  all  other 
independent  variables  fixed, 
the  three  dirensicral  spatial  derivatives. 


Euler's  rule  ir  tMs  rotation  becomes 
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A careful  consideration  of  the  above  notation  contrasted  with  the  usage 
in  most  textbooks,  will  give  some  appreciation  of  the  consternation  of 
most  students.1  As  often  as  possible,  in  the  sequel,  we  will  calculate 
all  derivatives,  a procedure  not  only  instructive  but  salutary  for 
analysis. 

Our  second  observation  comments  on  the  facile  expression,  too  often 
found,  that  one  may  alternate  between  spatial,  (r),  and  material,  (x), 
coordinates  by  simply  inverting  the  expression  r(x).  The  reader  is 
invited  to  invert 

r(x)  = x + a sinUQt-kox) 

simply.  He  will  soon  find  that  there  is  no  simple  closed  form.  However 
he  tries,  he  must  solve  a transcendental  equation.  Needing  the  solution, 
however,  we  will  obtain  one  (unfortunately  complicated). 

Put 


G = -a  sin(u0t-k0( •)) , 

and  write 


G an  operator  (A. 2) 


r(x)  = (1-G)[x]. 

Then  by  a powerful  theorem,  (the  feedback  theorem) 

00  . (n) 

x(r)  = l (G)  [r]. 

n=0 


The  operator,  b 


(n) 


denotes  a nested  operator  i.e., 

[r]  = -a  sin  [W(Jt  + k0a(sinU0t-kQr))]. 


(A. 3) 


^ee  [147]  op.  235-239. 
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It  is  easy  to  see  that  while  the  position  of  a particle,  r(x), 
follows  a sinusoidal  motion  (as  it  must  to  follow  the  transducer),  the 
motion  of  particles  passing  through  a given  point,  x(r),  do  not. 

The  fluid  we  describe  thermodynamically  as 


^lilL  C2 

dt  Lo  dt 


c^  constant 


(A. 4) 


We  insist  furthermore  that  mass  be  conserved,1  i.e., 

djfiM  = 


dt 


pV  • v 


(A. 5) 


We  return  now  to  the  calculation  of  the  hydrodynamic  variables. 
First  let  us  determine  the  particle  velocity. 

The  particle  velocity  is  the  velocity  the  particle  undergoes,  i.e., 
d(r|x) 


v = 


dt  -*3t  1 * * a sin<“0t-kox)  1 x) 


v = a oj  cos ( u.  t-k  x)  . 
o o o 


(A. 6) 


The  associated  derivatives  are  the  followi 


ng: 


d(r|r) 
dt 

d( x [ x)  _ 
dt 


= 0 

0 


The  derivative  can  be  easily  calculated: 


^ee  Chapter  I.  Sec.  1.2. 1.1 


A- 5 


• •f'7'  " 


■XT': 
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<!klrl,0  -!j_  (x  ♦ a Sln(„0t-k0x)  | r). 


, dLiirl  + a cos(„ot.koX)  jL  ((«0t-k0x)  I r) 

= d(*}r^  + a cos (u  t-k  x)  cj  -k  dM-r)  » 
dt  o o o o dt 

— _ 


, a oj  cos ( w t-k  x) 

or  d(xjr)  , _ o o o 


1 - kQ  a cos(u0t-k0x) 


(A. 7) 


The  derivatives  v*x  = (for  plane  wave  motion)  can  be  obtained 

<3  r 


I?  = 1 = h (x  + 3 sin(Uot-k0x)), 


= + -k  a cos (w  t-k  x)  , 

dr  o o o 3 r 


3x 1 

3r  1 - k a cos  (go  t-k  x) 
o oo 


(A. 8) 


so  that  for  the  plane  wave,  we  have 


d(xlr) 

dt 


-v  v-x  = 


-d(r  | x)  3X. 

dt  3r 


(A. 9) 


The  conclusion  may  be  reached  immediately  from  Euler's  Rule  since 

= o and  |vxj  = | v -x_|  for  a plane  wave. 

Having  determined  the  particle  velocity,  v^,  and  associated  deriva- 
tives, let  us  now  turn  to  the  calculation  of  the  dynamic  density,  p. 

We  fix  on  the  fact  that  p is  a material  property  of  the  medium. 

In  a homogeneous  fluid,  with  unidirectional  motion,  the  density  can 
be  given  by 
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^ = r(x+Ax)  - r(x) 

p AX 


when  p0  is  the  density  of  the  fluid  at  rest  (not  equal  to  p(t=0)) 


Since 


r( x+ax)  = x + ax  + a sinU0t-kQ(x+Ax)  , 


po  lim  Ax  + a[sin(w  t-k  x)(cos(-k,_Ax)-Ax)  + cos(wnt-k  x)sin(-k  ax)] 

— = AX-*0  9 5 5 2 2 , 

p AX 


By  L'Hopital's  Rule,  this  gives 


po 

— = 1 -k  a cos  (w  t-k  x)  , 
p o oo 


and 


p(t=0)  = p0/(l  -kQ  cos( kQx) ) , 
or 

p = p0/(  1 -k  a cos  (a,  t-k  x))  = p0  . (A. 10) 

Equation  (A. 10)  describes  the  density  of  the  particle  x;  we  may  use 
Eq.  (A. 3)  again  to  obtain  p(£,t).  We  see  that  the  particle  does  not 
undergo  sinusoidal  changes  in  density;  neither  does  the  density  at  a 
point  in  space. 

Next  turn  to  the  dilatation  rate,  v-v^.  We  will  calculate  this 
important  quantity  two  ways.  The  first  from  basic  principles,  derives 


A-7 
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from  the  definition 


1 im 

v-v  = Ar-+0 


v(r+Ar)  - v(r) 
Ar 


(A. 11) 


where  v(r)  is  the  velocity  of  the  particle  which  happens  to  be  at  r. 

This  notion  is  easily  confused  with 

1 im  v(r(xi) ) - v(r(x2)) 
r'*r2  r(xj ) - r(x2)  ' 0 * • 


or  with. 


= k a u sin(w  t-k  x)  ^ v • v 
dx  3x  o o oo  - 


From  first  principles  we  get  (for  a plane  wave) 


V*v  = | - = aw  cos(u  t-k  l G^[r])  , 
- ar  ar  o o o n^0 


= ak  u (sin(tt  t-k  x))  i-  £ G^^r)  , 

oo  oo  »r  n=o 


so  that 


v-v  = 


k oj  a sin(w  t-k  x) 
oo  o o 


- 1 - k. 


COS (w^t- 


. 3_V  3_X 

3x  3r 


(A. 12) 


after  sore  interesting  manipulations. 

Because  the  subtlety  of  these  derivations  ray  leave  the  reader 
unconvinced,  we  give  an  al ternate  .(and  simpler)  proof  of  Eq.  (A. 12). 


Using  the  continuity  equation,  d(pj^  + pv*v  = 0,  we  may  write 


Knowing  p,  we  may  thus  compute  v*v_.  Hence  from  Eq.  (A.  10) 

Inp  = lnpn  - In  (1  -k  a cos(w  t-k  x)) 

o oo 


and 


d_ 

dt 


, , ‘ko“o  a 

1"(P|X)  - , . k a"cos(  t.k  ) , 

n 0 0 


k U)  a sin(u  t-k  x) 

so  that  yv  = ,-2-2 A— f — r 

— 1 - k a cos (u)  t-k  x) 

o oo 


as  before. 

The  derivation  of  p and  v*v  from  first  principles  is  given  here  for 
cogency  of  argument.  For  simplicity  one  may  calculate  v*v^  directly 
from  v_. 

In  this  case,  one  has 


V’V  = = T-  COS (w  t-k  x) 

- 3r  9r  o oo 


k u a sin(u  t-k  x)  — 
oo  o o 3r 


k j a sin(w  t-k  x) 

CO  0 0 

1 - k0  a cosUot-kQx) 


directly.  The  calculation  for  p follows  quickly. 


A k w a sin(w  t-k  x) 

d 1 n( P | x ) = - °° r°°  . = -v-v 

T-  kQ  a cos(u0t-kox) 


dt 


so  that  upon  material  integration. 


In  p - In  p0  = - 1 n( 1 - k^  a cos(wot-kox))  + 1 n( 1 ) , 


or 


p = 


1 - k a cos(  t-k  x) 
0 0 0 . 


as  before. 
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With  the  density  known,  we  may  calculate  the  pressure  directly  from 
the  equation  of  state 


d(p|x)  = c2  d(p|x) 
dt  o dt 


P2(t)  - P2(t=0)  = c2(P(t)  - p(t=0)) 


P2(t)  - P2(t=0)  = p cj  ( — 


o o l 1 - kQ  a cos(Uot-kox)  l 


kQ  a cos(kQx) 


We  have  thus1 


p2(x,t)  = p c2/ ( 1 - k a cos (w  t-k  x))+b,  (A. 13) 

c o 0 0 0 0 


p2(x,t=0)  = p c2/(l  " ko  a cos(kQx))+b, 


(A. 14) 


P2(rest)  = p c2+b. 


(A. 15) 


for  some  constant  b. 

Finally  the  acoustic  pressure  p = p2(x,t)  - p2(rest)  or 


pnc2  k a cos(o)  t-k  x) 

nfy  tl  = 0 00  . 

P ’ 1 - k0  a cos(a)0t-b0x) 


(A. 16) 


All  the  relevant  hydrodynamic  variables  may  now  be  summarized  as 
in  Tables  A-l  to  A-3,  Plane  Wave  Parameters.  We  check  finally  that  the 
fundamental  equation  is  satisfied: 


'For  b=0 , this  solution  gives  p/p  = p0/Po,  so  that  (in  terms  of  an 
ideal  cas),  the  solution  is  exact-for  a fluid  with  parameter  v = 1, 
(c2  = c2). 
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Since  here. 


dt 


-p  c2(d  k a sin(u)  t-k  x) 
oooo  ' o o 

» 

[1  - k a cos (u  t-k  x)]2 
o oo 


P = Pn/O  - k a cos(u  t-k  x)). 


o o 


and 


v-v  = 

the  fundamental  equation  reduces  to 


k a sin(w  t-k  x) 


- 1 - kQ  a cos(a)0t-kox) 


d(pix)  , . v.  -“o^o a ^"(y-kox) 

dt  p [1  - kQ  a cosU0t-kox)’]2 


0 0 


w„k  a sin(u)  t-k  x) 
oo  o o 


[1  - k a cos(u  t-k  x)]  [1  - k T cosTu  t-k  x) J 

0 00  0 00 


= 0 


so  that  these  solutions  indeed  solve  the  hydrodynamic  equations. 

Graphs  for  the  important  variables  are  also  given  The  first  graph, 
(Fig  A-l  , Position  Graph),  gives  a graphical  solution  of  position  at 
t = 0 and  allows  the  transition  between  x and  r coordinates.  The  ether 
graphs  (Figs.  A-2  to  A-5)  are  given  in  material  coordinates.  It  should 
be  noted  that  the  pressure,  density,  and  dilatation  rate  are  not 
sinusoidal,  in  contrast  to  particle  position  and  velocity,  which  are 
(in  material  coordinates  only).  In  spatial  coordinates,  not  one  of 
these  parameters  is  sinusoidal.  Moreover  the  phase  velocity  is  seen  to 
be  a function  of  the  material , rather  than  the  spatial,  coordinates. 


A-l  1 
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The  "error"  of  the  classical  form,  can  be  easily  expressed. 
Supposing  the  classical  form  to  be  written  as 

P?(r,t)  = p0c2  (1  + k a cos(u)  t-k  r))+b 
— u o o o o 

(as  usual  for  the  total  pressure),  then  noting  that 
error  = e2  = p2  - p2 

= poCq  f (kQa)n  cosn(u>0t-kQx)  + kQa  (cosUot-kQx) 

= P - P . (A. 17) 

Thus  the  approximation 
p0c2 

: r — r-i — r = Pf»c2(l  + k a cos(w  t-k  r)) 

1 - kQ  a cos(ojot-kox)  0 ' o o o 

depends  on  the  value  of  kQa , and  may  be  suspect  for  large  kQ  (high 
frequency)  or  large  a^  (high  power). 


- cosUot-kor) ) 


A- 12 
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position 


veloci ty 


acceleration 


density 


pressure 


TABLE  A- 


r(x)  = x + a sin(w  t-k  x) 
oo 


dlrirl.O 

d(xlr)  _ -a  *0  cosjw  t-kQx) 
dt  1 - k a cos  (u)  t-k  x) 


d(v|r) 

dt 


aw2  sin(u)  t-k  x) 
o oo 

1 - kQ  a cosUQt-k^x7 


p = P0/(l  - kQ  a cos (a>0 t-kQx ( r ) ) ) 

d(p  1 r)  _ -poi'1okG  a sin(a:0t-kox) 
dt  [1  - kQ  a cos ( ^>0 t-kQx ) ]3 


= pocq 

P2  1 - k a cos (ui  t-k  xj  + b 
o oo 

d(p2|r)  -p0c2o)0k0  a sinU0t-k0x) 

dt  [1  - kQ  a cos(w0t-kox)]3 


P0c2ko  a cos(wQt-kox) 

p ~ 1 - k a cos (oi  t-k  x) 
o oo 


1.  Plane  Wave'  Parameters  (Fixed-Space) 


A- 18 
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position 


velocity 


acceleration 


density 


pressure 


x(r)  = l G^[r],  G = -a  sin(w  t-k  (•)) 

n=0  0 0 

v = iCdx)  = a u cos (ui  t-k  x) 

— dt  ooo 

d(x|xl  _ 0 

dt 

~dt^  = _a  wo  si"(<Vkox) 

p = Pn/(  1 - k a cos ( a:  t-k  x)) 
u o oo 

d( p | x ) = PqVq  a sin(g)ot-kox) 
dt  [1  - kQ  a cos(Wot-kox)]2 

P°Co 

P2  1 - kQ  a cosU0t-kQx)  + b 

p c2k  u a sin(u)  t-k  x) 
d(p [x;  _ oooo o o 

dt  [1  - k a cos(u)  t-k  x)]2 
o oo 


v*I=  -PQaw2  sin(co0t-kox)/(l  - kQ  a cos(U(Jt-k0x) ) 


p c2  k a cos  (go  t-k  x) 
n _ oo  o o o 

P " LI  - k0  a cos(Wot-k0x)] 


TABLE  A-2.  Plane  Wave  Parameters  (Material) 


A- 1 9 
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velocity 


d(xjt)  = 


dr  1 - k a cos(w  t-k  x, 
0 0 0 


acceleration 


_ Moko  a sin(u)0t-kQx) 
y'-  1 - k a cos (oj  t-k  x] 


density 


pnk2  a sin(uj  t-k  x) 

0 o o o 

[1  - k a cos ( oj  t-k  x)]3 
o oo 


pressure 


pnc2k2  a sin(w  t-k  x) 
u © o 0 0 

[1  - k a cos ( oj  t-k  x)] 
o oo 


pnw2  a sin(w  t-k  x) 
u o o o 

[1  - k a cos (w  t-k  x)]3 
L o oo 


TABLE  A-3.  Plane  Wave  Parameters  (Variational) 


Appendix  B 
COMPUTABILITY 
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Introduction 

The  exact  solution  to  the  wave  equation, 

(v2  ■ & ft*) p = s’  (B.l) 

in  an  arbitrary  medium  with  boundaries  is  given  by  Eq.  (5.55) 


p = g(s  + d l (G-d) ( n)G-(s))  (B.2) 

' n=0  ' 

where  c2(l  + d)  e c§,  a reference  speed  and  where, 


s - J M (•> 

wo  to  rp 


ej(w0(t  - t0)-k0  | r_-rp  | ) 


8tt2|  r_-rp 


drj)dU0dt0  (B . 3) 


and  G'  = -k§G,  k2  = u>2/c2  . 

O 0 0 

Equation  (B.2)  may  be  rewritten  in  operational  form  shown  in 
Fig.  B-l. 


Fig.  B-l.  Operational  Solution  of  Eq.  (5.55) 

Here  the  feed-forward  operators,  G,  G'  are  purely  geometrical,  whereas 
the  feedback  parameter,  d,  is  purely  medium-related. 
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The  ability  to  solve  the  system  of  Fig.  B-l  , being  the  solution  to 
wave  propagation  in  any  arbitrary  medium  with  boundaries  (described  by 
d(r.>t)),  is  necessarily  the  solution  to,  and  generalization  of,  a 
large  body  of  problems  involving  acoustic  propagation. 

For  random  media,  moment  analogues  are  known.  (Cf.  Eq.  (5.26), 
Fig.  5-3.) 

Probl  em 

Though,  in  form,  the  system  of  Fig.  B-l  is  reminiscent  of  control 
theory  formulations,  some  differences  need  noting.  Both  G and  d are 
multidimensional.  The  process  may  be  sequenced  for  each  operation  of 
G: 

pass  no.  p 


1: 

Pi(r,t)  = G(s) 

=The  unscattered  wave. 

2: 

p2(r,t)  = G(s)  + GdG'(s) 

+single  scattering 

3: 

p3(r,t)  = G(s)  + GdG'dG'(s) 

+double  scattering 

+ GdG'(s) 

(m)  pm(r,t)  = G(s)  + Gd  l (G'd)v  yG'(s)  + mth  scattering,  etc. 

n=0 


The  process  thus  gives  us  the  effect  of  the  mth  scattering  directly 
as  pm+i  - pm  . Surfaces  and  other  interfaces  are  given  by  the  dis- 
continuities defined  by  d = (c§/c2)  -1.  For  example,  at  the  air/water 
interface  d = ( 1 500 ) 2/ ( 330 ) 2 -1  = 19.7,  nominally.  When  exact  surface 
conditions  are  known  d = d(r,t)  may  directly  incorporate  the  effects 
(temporal  and  spatial)  of  the  undulations.  When,  as  most  often,  only 
statistical  knowledge  is  available,  probabilistic  measures  must  be  used 


B-2 
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To  compute  the  system  of  Fig.  B-l  the  following  must  be  done: 

(a)  Evaluate  a five  dimensional  integral,  G(*); 

(b)  Store  a four  dimensional  medium  variable,  d. 

Neither  represents  a theoretical  problem.  From  an  analog  viewpoint, 
the  memory  device  for  (b)  may  not  exist. 

From  a digital  viewpoint,  the  requirement  first  to  store  and 
secondly  to  implement  the  integration  brings  problems  of  sampling 
rates,  of  approximations  and  of  capacity.  Of  sampling  rates,  we  must 
expect  some  analogy  to  the  sampling  theorem  to  hold  (l-e. , spatial 
sampling  must  occur  twice  or  more  than  the  spatial  frequency  of 
interest)  with  attendant  "aliasing"  problems.  Of  approximation,  we 
may  expect  errors  to  be  multiplied  in  the  five  fold  integration.  Of 
capacity,  we  should  dearly  love  to  know,  for  the  algorithm  is,  as  yet, 
an  unexplored  calculation. 


B-3/B-4 
Reverse  Blank 
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Appendix  C 
DIMENSIONS 

Appreciation  of  the  hydrodynamic  equations  can  be  aided  materially 
by  an  awareness  of  dimensional  statements.  The  first  order  general 
Eq.  (1.22)  is  a statement  of  power  density.  Its  second  order  com- 
panion, Eq.  (1.27),  is  a statement  about  temporal  change  of  power  density. 
Alternate  forms  using  v2p  are  statements  about  pressure  flux.1 
Table  C-l  is  a table  of  dimensional  relationships. 


!Van  Nostrand's  Scientific  Encyclopedia  (Fourth  Ed.)  gives  three 
meanings  for  "flux." 

"1.  A quantity  proportional  to  the  surface  integral  of  the  normal 
(perpendicular)  for  field  intensity  over  a given  area... 

Flux  = K J FndS, 
s 


where... K is  the  constant  of  proportionality  between  the  field  and  the 
flux  density... 

2.  A term  which  denotes  the  volume  or  mass  of  fluid  or  particles 
transferred  across  a given  area  perpendicular  to  the  direction  of  flow 
in  a given  time. 

3.  An  aid  to  melting." 

Our  meaning  here  is  the  first,  where 
Pressure  Flux  = n-  i 

I Jvp-ndS  = v*p. 


C-l 
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Appendix  D 
INVERTING  (v2  + kjj)p 


We  want  to  solve 


l p(rc »n' ) = O2  + ko^p(ro>n')] 

= T(rD)p(ri  ,r  1 ) + s(r') , 


or  symbolically 


Lp  = TP  + s, 


which  describes  the  situation  at  p(r0)  due  to  radiation  from 
mitted  through  a medium  characterized  by  r.  The  solution  is 
for  some  designated  point,  r. 

Observe  (Chapter  V,  Sec.  5.2.1)  that 


- roi 

[vp  + — 

4 it  | r - rp  | 


= fi(r.  ' D)) . 


where 


7?  = — 3.1(  0 + ?(  •) 

a2li  - rol  In  - rol 

for  the  given  function.  If  we  can  find  and  inverse  G = (L-1) 
solution  is  a straightforward  iteration.  (Cf.  Sec.  5.0.) 
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(D.l) 


_r‘  trar.s- 
p(r.r') 


(0.2) 


then  the 
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From  Eq.  (D.2) , we  have 


/ -Jk0|r  - ro  | \ 

/ p(D;)[v2  + kg]  e dr0 

Ho  y P 4,  | r - rp!  / " 


= I p (ro )*(r. - io)dLo  = p(r)  (d.3) 

Eo 

which  is  inversion  of  sorts,  but  scarcely  useful  in  Eq.  (D.l).  None  of 
the  terms  in  Eq.  (D.3)  is  available  from  Eq.  (D.l).  (Remember  that 
[v2+  kg]p(rX))  is  a function.) 

The  assertion  of  the  literature1  is: 

given 


[v2+  k§]p(  ,r_' ) = £,(rX))p(r£)  + s(r'),  (D.4) 

and 

[v2+  k§]g(r,r')  = 6(r  - r'),  (D.5) 

P 

then 


p(r.r')  = / g(r,rc)s(r,)d^ 


+ / g(r..Ho )^(Ho)p(Ho  >L')dr 
Ho 


= / gtep  + s]  . (D .6) 

Lo 


lSee  [55],  Eq.  (2.3),  p.  128. 


TR  5871 


In  Eq.  (D . 5) 


-jk0|r  - r’ | 

g(r,r' ) = e 

4n | r - r 1 j 


using  the  argument  of  the  text.  The  LHS  of  Eq.  (D.6)  arises  by  multi- 
plying the  LHS  of  Eq.  (D.4)  by  gfr,^)  and  integrating  over  the  field 
points  j2o  • ^or  the  this  means  { gLp.  But,  in  general. 


aLp  + pLg  . 

In  other  words,  the  contention  of  the  literature  is  true  provided 


J (gLp  - pLg)drB  = 0 


D> 


(D.7) 


Now,  for  any  realization  of  p which  is  continuous  and  has  the  proper 
derivatives,  we  have 


/ [g(v2+  kg ) p - p(v2  + kg)g]dr43 


' [ (SV’P  - ^ (9|f-.P  ^dS 


(D.8) 


by  Green's  theorem,  where  s(r0)  is  the  surface  at  infinity  and  3/3n  is 
the  normal  to  that  surface  (=n -v(  • ) ) . On  this  surface,  both  g and 
3g/3n  are  zero.  Even  so,  we  must  postulate  a radiation  condition,  that 
the  surface  integral  does,  indeed,  equal  zero.  (There  obviously  exist 
arbitrary  functions,  p,  which  overpower  3g/3n,  for  example.) 


D-3 


TR  5871 


With  this  radiation  postulate,  we  have 

| gLp  = / pLg  = p(r),  for  L = (v2  + kg)  . (D.9) 

lo  Io 

Again,  to  summarize:  to  invert  L = (v2  + k§)  using  the  function 

-jk0ln-  rJ  . 

e /4n | r - rj  I , we  require  that 

1)  p has  first  and  second  partial  derivatives,  all  single  valued 
and  continuous  in  the  volume  (a  regularity  condition), 

2)  I (g  - P ^ ) dS  = 0 (a  radiation  condition). 

S(oU  ' 

The  restrictions  of  an  unbounded  medium  and  continuity  may  be 
relaxed  if  we  allow  p to  be  a generalized  function  (whose  main  property 
is  that  derivatives  always  exist  in  a generalized  sense).  At  the 
discontinuities,  a residual  will  occur  which  must  be  reflected  in  the 
statistics  of  C- 

Further  restraints  on  the  invertibi lity  of  g are  given  in 
Appendix  H. 


» 
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Appendix  E 

CORRELATION  DECOMPOSITION 

Given  a random  variable,  a,  over  a field,  r,  we  extend  the  usual 
notion  of  a correlation  to  k-space,  ( r j xr2xr  3xr,(  ....  xr^),  as  a 
particular  functional  given  by  c (a)  = <a(r,)a(r,)  ....  a(r  )>. 

Ue  call  c^(a)  the  km  order  correlation  function  of  the  random  vari- 
tion  a.  The  point  of  view  adopted  here  underscores  the  correlation 
structure  as  completely  defining  the  process;  that  is,  for  an  arbitrary 
correlation  structure  of  all  orders,  there  exists  a random  process 
exhibiting  the  structure.  A general  study  of  correlation  structures 
will  then  be  a general  study  of  random  processes. 

It  is  known  that  for  some  distributions  <^(a)  be  decomposed 
into  suborders.  The  even  order  correlations  of  zero-mean  normal  dis- 
tributions, for  instance,  can  be  decomposed  into  sums  of  products  of 
second  order  correlations.1  Again,  the  possible  third  order  correla- 
tion structure  admits  only  five  possibilities.  These  are: 


c3(a)  = 

<a(r1)a(r2)a(r3)> 

- <1,2,3> 

+ 

«-a(r1)><a(r2)  a(r3)> 

<1><2, 3> 

+ 

<a(r] )a(r2)xa(r3)> 

? <1 ,2><3> 

+ 

<a(r1)a(r3)><a(r2)> 

: < 1 , 3 >< 2 > 

+ 

<a(r,)><a(r?)><a(r3)> 

<1  <2  <3> 

‘See  [140],  p.  343. 
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In  terms  of  Feynman  diagrams,  these  are 

rr\ 

♦ • n 

+ r\  . 

♦ 

+ ...  (E.2) 

The  symbol  "+"  in  Eq.  (E.l)  and  Eq.  (E.2)  may  not  refer  to  an 
algebraic  operation.  The  correlation  may  be  any  one,  any  combination  or 
all  of  the  "addends."  Thus,  "+"  represents  something  between  algebraic 
and  logical  summation.  If  <a(r)>  = 0,  then  only  <a( r j )a( r j )a( r? ) > is 
possible. 

We  seek  to  determine  the  number  of  these  possible  correlation 
structures  for  arbitrary  k.  Our  approach  is  to  divide  the  problem  into 
tv/o  parts:  (1)  to  inquire  concerning  the  substructure  in  k,  and 
(2)  to  fix  the  number  of  correlation  possibilities  in  the  substruc- 
ture. In  the  example  of  03(a),  we  see  that  there  are  decompositions 
containing  first  order  correlations;  others  containing  second  order 
correlations  and  one  containing  a third  order  correlation.  Our  two  step 
process  is:  first,  to  find  the  r structure  of  k and  then  to  find  the 
correlation  possibility  in  each  separate  n structure  element.  The  n = 1 
structure  will  contain  all  possible  correlation  structures  containing 
<a(ri)>.  The  n = 2 structure  will  contain  all  correlation  structures 
with  <a(ri)a(r^)>  but  no  n = 1 structure,  and  so  forth.  Returning  to 
the  c3(a)  example,  we  designate  the  n-structure  in  the  following  way: 


E-2 


3 structure  - (3) 

2 structure  - (none) 
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1 structure  - ( 1 ,2) , ( 1 ,1 ,1 ) . 

It  is  clear  that  the  n-structures  of  k are  simply  the  unique  additive 
factors  of  the  number  k.  In  the  example,  3 = 3+0  or  3 = 2+1  or 
3 = 1+1+1.  For  this  condition,  the  order,  then,  is  not  important, 
i.e.,  (1,2)  = (2,1). 

We  seek,  thus,  the  number  of  additive  factors,  b(k),  of  an  integer 
k > 0 where  an  additive  factor  is  a positive  integer  n > 0 such  that 
n+m  = k,  where  m is  also  a positive  integer.  We  sometimes  shorten 
"additive  factor"  to  simply  "factor." 

To  begin,  let  us  define  the  set  S(rum)  as  the  set  of  factorizations 
of  k having  the  form  (r^,S(m))  where  S(m)  is  the  set  of  all  additive  fac- 
tors of  m.  Here,  n is  a vector  notation.  For  example, 

S(l;3)  = (1,3),  (1,2,1),  (1,1,1, 1) 

where 

S(3)  = (3),  (2,1),  (1,1,1) 

Secondly,  define  the  difference  operators  backwardly  as: 

E b(k)  = b ( k -1  ) 

A b(k)  = b ( k ) - b(k-l ) = (1-E)(b(k)) 

^b(k)  = b(k)  - b(k-j)  = (1-Ej)  b(k). 

We  give  the  solution  in  recursive  form  by  showing  that 
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where 


b(k+l) 


l E1  nAb(k), 
1=0  j=0 


H b (k ) = a A A.  . • A b(k-l) 

o 


(E.3) 


k = 1,2,3 

To  be  precise,  we  deal  with  two  different  functions: 

b$:  S ■»  N 
and 

bk:  N - N 

where  the  first  is  a set  function  (actually  a measure),  and  the  secord 
is  a function  over  the  natural  integers,  N.  Both  functions,  except  for 
one  exception,  are  identical  in  their  ranges;  but  they  have  different 
domains.  The  exception  concerns  the  domain  of  b ( 0 ) and  is  reflected  in 
the  problem  of  initializing  the  induction.  In  particular,  we  have 

bs(0)  = 0, 
b$(s(0))  = 0, 
bs(S(k;0))  = 1, 

For  any  n > 0,  b ( s (m) ) = bk(m),  so  that  the  ambiguity  is  trivial 
except  for  k = 0.  In  the  example  given  for  k=6,  b(S(l ,2,;3) )=b(3)=3. 


1 
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Similarly,  b(24,3;3)  = b(3)  = 3 since  S(24,3;3)  = {(24,3;3),  (24,3;2,1) 
(24,3;1 ,1 ,1 )} , where  k = 30.  For  initialization,  we  see  that  b(l)  = 1 
and,  since  zero  is  excluded  as  a factor,  b(0)  = 0. 

Further  note  that  for  a sequence  of  sets  So,  Si,  . . . . Sk 

/ 

So  S1  S2  S3  • • • Sk  = S0  - S0  ( S ! + s2  + . . . Sk) 

+ S0 ( S i S2 » + S ! S3  + S2S3  + all  doubles) 

+ So  (All  triples) 

+ . . . . 

+ S0  (All  n-tuples) 

+ S0s,s2  . . . Sk.  (E.4) 

Here,  the  overbar  denotes  the  complement;  multiplication,  logical  inter- 
section; addition,  logical  union;  and  subtraction,  the  residual  set 
(S0-S^  = So  5^).  The  results  can  be  shown  by  mathematical  induction. 
The  induction  will  be  shown  to  be  valid  for  k >_  1 generating  the  pseudo 
sequence  1,  1,  2,  3,  5,  7,  11,  . . . b(k),  .... 

The  actual  sequence  desired  is  0,  1,  2,  3,  5,  7,  11,  . . . b(k). 

The  difficulty  arises  from  the  ambiguity  between  the  set  and  integer 
functions  noted  earlier.  The  induction  will  thus  be  correct  for  all  k 
except  k = 0 where  we  know  b ( 0 ) = 0.  Our  initialization  is  thus 
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b(0)  = 1, 

b( 1 ) =1, 

b(k)  = 0,  k < 0.  (E.5) 

For  k = 1 , the  proposition  states: 

b(l)  = E°  o b( 1 ) = b(0)  = 1 , 

b(2)  = E°  o b( 1 ) + E1  o b(l) 

= b ( 1 ) + E 1 ( B( 1 ) - b(0) ) = b( 1 ) + b ( 0 ) = 2,  (E.6) 

so  that  the  induction  initializes  the  pseudo  sequence  correctly.  Next, 
assuming  the  proposition 


k-1  ■ i 

b(k)  = V E r j b ( k - 1 ) , 
i=0  j=0 

we  show  that 

k * i 

b(k+l ) =1  EH  j b(k). 
i=0  j=0 

We  first  partition  S(k  + 1),  the  set  of  all  additive  factors  of  k+1 , in 
the  following  way. 

S( k+1 ) = S( 1 ;k)  + S(2;k-1)  S(T;k)  + . . . . 

+ (S( i ;k-l +1 ) S( 1 ;k)  ST^Tk^TT  .... 

....  S( 1-1  . k-i  + 2)  + . . . 

+ (S(k+1  ;0)  (S(i;k)  S( 2;k-T)  . • S( kTH) . 
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where  we  emphasize  that  the  logical  summands  are  disjoint.  For  example, 

S(l;k)  S( 2 ;k-l ) S(  1 ;k)  = (J  since  AA  = 0 for  any  set  A. 

Next,  using  the  logical  identity,  Eq.  (E.4),  we  get 

S(  k+1 ) = S( 1 ;k ) 

+ S( 2 ; k- 1 ) - S( 2 ;k-l ) S(l;k) 

+ S( 3 ; k-2 ) - S( 3;k-2 ) (S(l;k)  + S(2;k-1 )) 

+ S( 3;k-2) (S( 1 ;k)S( 2;k-3) ) 

+ . . . . 

+ S( i ;k-i  +1 ) (1-Ui(l)  + 1^(2)  - 1^.(3)  + . . . + U-(i)) 

+ S(k+1  ;0)  (1-Uk(l)  + Uk(2)  + ....+  Uk(k) ) , 

where 

Uk(j)  = the  union  of  all  combinations,  j,  at  a time  of  the  k 
designated  sets. 

Next,  note  that  S(2;k-1)  S ( 1 ; k ) = S(l,2;k-2);  that  is,  the  set  of 
factors  which  contain  both  a one  and  a two  may  be  written  S(l,2;k-2). 

The  generalization  is  obvious,  so  that  with  our  rule  that  b(S(n;k))  = 
b(k),  we  can  count  each  of  the  partitioned  blocks  of  S(k+1).  We  thus 
have,  relying  on  the  fact  that  S(k+1)  has  finite  cardinality, 

b(S(k+l))  = b(k+l)  = b(k) 

+ b(k-l)  - b ( k -2 ) 
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+ b ( k-2 ) - b(k-3)  - b(k-4)  + b(k-5) 

+ b ( k -3 ) - b(k-4 ) - b(k-5)  - b(k-6)  + b(k-7) 

+ b ( k- 7 ) + b(k-8)  - b(k-9) 

+ b ( k -4 ) -•  b ( k-5 ) - b(k-6)  - b(k-7)  - b(k-8) 

+ b ( k -7 ) + b ( k - 8 ) + b(k-9)  + b(k-10)  + b(k-ll) 

- b(k-10)  - b(k-ll)  - b(k-l 2)  - b(k-13) 

+ b(k-l 4) 


+ b(S(k+l  ;0) ) 

= b(k) 

+ EAb(k) 

+ E2AAb(k) 

+ E3AAAb(k) 

+ . . . . 

+ EkAA  . . . Ab(k).  ( E . 7) 

It  is  worth  noting  that  the  last  term  is  always  b(0)  = 1. 

The  ambiguity  mentioned  previously  between  the  set  function,  b^, 
and  the  integral  function,  b^,  is  seen  to  be  pervasive.  The  set 
S(k+1 ;0)(1-Uk(l))  . . . +Uk(k)  = S(k+1;0)  = {(k+1)},  since  { (k+1 ) } is 
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disjoint  from  any  of  the  combination  sets.  Obviously,  b(S(k+l;0))  = 1. 
Also,  E^  a A . .A  b(k)  = b(k)  = b(0)  = 1,  since  b(k)  = 0,  k < 0. 

The  proposition  is  thus  established. 

The  additive  structure  for  the  first  few  numbers  is  given  in  table 
E-l  where  the  structure  refers  to  all  factors  containing  the  given  num- 
ber but  no  smaller  integers.  For  example,  for  k = 10,  the  factori zation 
(2, 2, 2, 2, 2)  would  be  contained  in  the  two  structure,  but  ( 2,2,2 ,2 ,1 , 1 ) 
would  not  since  it  would  be  included  in  the  one  structure. 

Looking  upon  the  table  as  a matrix,  M,  we  have 

b(k)  = l£M],  where  1_  = (1,1,1,  . . .),  M is  the  extended  table 
and  bjk)  is  the  vector  of  b(k)  values.  It  is  simple  to  see  that 
b(k)  = Ip  + M 1 ] = 1 + ljM'] 
or  that  b(k)  - T_  = l£M‘] 

where  M'  = M - I,  and  I is  the  (matrix)  identity.  While  this  point  of 
view  would  seem  artificial  initially,  it  resolves  the  ambiguity  men- 
tioned above. 
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We  have  thus  completed  the  first  part  of  the  inquiry,  i.e.,  to 
establish  the  n structure  of  k.  The  second  part,  namely  to  determine 
the  number  of  correlation  possibilities  for  a given  element  in  the  n 
structure  is  readily  determined.  Consider  an  example.  One  element  of 
the  1 structure  of  5 is  (2,2,1).  The  possible  correlations  by  simple 
enumeration  are: 


<a(r1)a(r)2a(r3)a(r4)a(r5)>(2j2j)  = 

<1> 

<2 ,3> 

<4 ,5> 

+ 

<1> 

<2,5> 

<3 ,4> 

+ 

<1> 

<2 ,4> 

<3,5> 

+ 

<2> 

<1  ,3> 

<4 ,5> 

+ 

A 

rx> 

V 

A 

V 

<3,5> 

+ 

<2> 

<1 ,5> 

<3 ,4> 

+ 

A 

CO 

V 

<1  ,2> 

<4 ,5> 

+ 

<3> 

A 

-C* 

V 

<2 ,5> 

+ 

A 

CO 

V 

A 

ID 

V 

<2  ,4> 

+ 

<4> 

<1  ,2> 

<3,5> 

+ 

<4> 

<1 ,3> 

<2 ,5> 

+ 

A 

-C* 

V 

<1 ,5> 

<2,3> 

+ 

A 

cn 

V 

<1  ,2> 

A 

CO 

V 

+ 

<5> 

A 

CO 

V 

A 

ro 

-c* 

V 

+ 

<5> 

<1  ,4> 

<2 ,3> 
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Where  the  right  hand  side  is  abbreviated,  i.e.,  <1>  <2,3>  <4,5>  - 
<^(r])><a(rj)(ar2)><a(r4)a(r5)>.  There  are  thus  fifteen  possible  corre- 
lation decompositions  of  this  one  element,  (2,2,1)  in  the  one  structure 
of  5.  In  terms  of  Feynman  diagrams,  this  decomposition  is  given  as 


+ 


+ 


+ 


1 2 


— • • • • » 


E- 
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The  general  case  may  now  simply  be  stated.  The  number  of  possible 
decompositions  of  an  element  (p,q,r,  . . .)  can  be  seen  to  be  a simple 
combinational  problem:  the  number  of  ways,  b^,  of  choosing  categories 
out  of  a k elements.  For  k = mp  + tq  + . . .,  this  is 

m terms  t terms 

/«  ^ \ / ,/s •> 

bk(p,p,  . . . p,  q,q,  . . . q,  . . .) 


m!  ( p ! ) nt ! ( q ! ) 1 

for  k = 5 

bs(2,2,l)  = ? = -*  • 4 • 3 • 2 •_]_  _ ^ as  no|.ec|  previously. 

2!  ( 2! ; 2!  2 ! 2 

We  have  thus  determined  the  potential  correlation  decomposition  for  an 
arbitrary  element,  ck(a). 


E-13/E-14 
Reverse  Blank 
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Appendix  F 

THE  UNSCATTERED  WAVE:  p (r,t) 


Sources  differ  as  being  distributed  or  not  in  space  and  time.  We 
set  down  in  this  appendix,  the  influence  of  the  source  on  the  unscat- 
tered wave  pu . Our  purpose  is  to  generate  the  forms  that  allow  non- 
point sources  in  the  developments  of  Chapters  V - VII.  From  Eq.  (5.50) 
we  write  for  a general  source  s ( , tQ) 


PU(D  = G(s)  = 


/// 

to  £0  wo 


jojoltj-tg  - 


drodtod, 


111  - V 

Co 


WO 


8t2 | n - rpl 


( s ( r o , tc ) ) 


// 


dro 


/ 111  - Iol\  . 

dt06  It  2 -tg  - — J s(  £0  , 


to  ) 


to  Lo 


4tt  I r 1 - £o  | 


■/ 


I . tl  - lot) 

T0,t‘  ■ -TT— ) 


d?lo 


4tt  I r ! - r0  | 


If  s is  a point  source,  i.e., 


Eq.  (F.1)  reduces  to 


s = «(r0)st(t). 


/ _ I Li  I 

St\  1 Co 

p (!)  = 

U 4n|fl | 


(F.l) 


(F.2) 
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If 


s+  = s0e 


>0t 


Eq.  (F.l)  further  reduces  to 


/ LlN 

eJ“°i  1 ' 

P (1)  = So  

U 1 4-rrrj  I 


(F.3) 


Equation  (F.l)  can  be  used  for  distributed  sources  which  vary  in  time 
and  frequency.  This  represents  the  most  general  case  here.  Equation 
(F.2)  is  used  for  point  sources  broadcasting  arbitrary  signals. 
Equation  (F.3)  represents  a harmonic  point  source. 

If  G(ioo)  is  misapplied  to  the  source  frequency,  on,  then  the 
formulation  rectifies  the  error.  Suppose  s = «(r0-  ro ) eJ,Jjto,  oi  ? oio  • 
Then 


G(s) 


Iff 

Id  to  w0 


dlo  du)0dt0 
87,2  IHi  " lo  I 


it,  - r^V 
~ k i (o 


^(  rc 


■// 

to  OJQ 


dtodojo 


8rr2|ri  - r0  | 


e J oj  o 1 1 e j t o ( oj  c 


o>i ) e~ Ji±LQ.  Ila  ■ Id 

co 


/ 


d(x<n 


J'-Otl  t( , ,,  . Jao. 


4 77 1 14  * lo 


6 (oil  - Oi0)  e 4 

Cf 


II4 
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j(“lV  — I Hi  - £o 


Co 


Ij  ^iVMli  - rj) 


4tt Ira  - Ij; 


4wl*j  - loi 


(F.4) 


Thus  G is  self-correcting  for  the  harmonic  case. 

For  broadband  signals  (point  source  at  rp)>  we  have 


G(s)  = 


/// 

wo  to  rp 


L . in-  no  I \ 

e J “°\  tc  Cc  / 6( Ho  - ro)  / s( w ) ejuytd. 


/' 


4,1  In  - ro 


Mr  - ro 


/ 


■ JWQ ( t 


111-  Id  I 

CC  s(  -Wfl  ) dwc 


(F.5) 


wo 


For  a distributed  source 


G(s)  = 


/// 

uc  t0  Ip 


• L , In-  n»l\ 

•JWQ^(t  ~ t0)“  — ) 


4"  |r  - rj 


/ 


s( fj, , w)  dr^dwdwgdtg.  (r.6) 


Our  results  are  surmarized  in  Table  F-l  . 


I? 
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TABLE  F-l 

The  Unscattered  Wave:  = G(s) 


Source  at  rj,  is  s(rj,t0) 
Receiver  is  at  (r,t) 


F-4 
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The  study  of  eigenvalues  (and  associated  eigenvectors)  often  pro- 
vides considerable  insight  into  a system's  structure.  For  linear 
systems  (such  as  those  considered  in  Chap.  V)  they  indicate  whether  or 
not  the  system  is  stable.  For  this  reason,  we  append  a discussion  of 
this  subject  relative  to  the  formulations  of  Chapter  V. 

We  note  first  that  an  eigenvalue.  A,  is  defined  relative  to  some 
operator  A.  For  the  simple  system, 

^ x = Ax  (G.l ) 

the  eigenvectors  are  those  vectors  for  which  the  operator  may  be  re- 
placed by  a scalar 


Axx  = Ax  x . ( G . 2 ) 

For  Eq.  (G.l),  the  non-trivial  solutions  of  Eq.  (G.2)  must  satisfy  the 
equation 

Det  [aI  - A ] = 0 • 

The  vector  field  of  which  x is  an  element  must  likewise  be  specified. 

The  simple  system  Eq.  (G.l)  is  inappropriate  for  the  linear  broadband 
acoustic  case  presented  in  this  Thesis.  In  fact,  more  than  one  class 
of  eigenvalue  may  be  represented.  We  present  two  subsequently. 

For  Eq.  (5.1)  we  may  write 

p = Gs  + G^p  = l (GfJ(n)G(s)  = A(s)  (G.3) 

n=0 


G-l 
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Note  the  difference  in  form  vis-a-vis  Eq.  (G.l):  the  output  p is  not 
the  derivative  of  s;  the  operator  A , while  linear,  is  not  a simple 
matrix  multiplication,  As. 

In  the  context  of  Eq.  (5.1),  p and  s are  complex  numbers.  However, 
the  reference  operator,  A,  may  be  variously  described.  In  the  first 
method  we  reference  A one  dimensionally. 

Method  1 . If  we  can  find  a xs  such  that  p = >$s  , then  let  us  call  A , 
an  eigenvalue  of  A.  In  this  view 

A:  (J  -»  (J  , (p  complex  numbers 

which  is  to  say  the  specified  vector  field  is  the  one  dimensional  field 
of  complex  numbers.  For  the  specific  eigenvectors,  the  operator  A 

A 

may  be  replaced  by  x$  . Then  the  following  hold: 

1.  For  every  non-zero,  bounded  s and  p there  is  a unique  eigenvalue. 

2.  The  eigenvalue  is  a random  process  which  includes  surface, 
volume  and  bottom  effects  ( M formulation). 

3.  Convergence  is  assured  whenever  |a|«*. 

4.  x is  independent  of  |s|  , but  dependent  on 
its  position  and  temporal  character. 

5.  The  eigenspace  space  of  A is  $ , the  whole  space. 

6.  A has  spectral  representation,  A -»  x . 

The  first  conclusion  follows  from  the  fact  that  p and  s are  complex 
numbers,  i.e., 

A(s)  = xs(r,t)s(rp,t0)  = p(r,t),  (G.4) 
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so  that 

P(r,t) 

A$(r,t)  = . (G.5) 

s(  rp ,t0 ) 


The  second  conclusion  follows  from  the  first,  that  is 


Ur.t)  = + ^ = A. +x 


s — 


(G.6) 


G(s)  , GUs+<VG*B)p 


= WXV+XB  (G‘7) 


in  M-form,  where,  since  e;  is  a random  variable,  A=  as+av+ab  is 
also  random. 

Thirdly,  for  a bounded  input,  s,  p must  be  bounded  whenever  |a|<®. 
Fourthly,  if  s=  cs  , c a constant  complex  number,  then  we  have 


l (Ge)^G(cs)  = cp  = os  = a(cs)  , (G.!?) 

n=0 


so  that  a constant  amplitude  or  phase  change  in  the  source  does  not 
change  the  eigenvalue  (as  we  must  expect  of  a linear  system).  However, 
Eq.  (G.6)  shows  x dependent  on  spatial  and  temporal  conditions. 

The  fifth  proposition  follows  from  the  above  argument  also  because 
c being  a complex  number,  s , is  any  complex  number  too. 

The  fifth  proposition  follows  from  the  above  argument  also  because 
£ being  a complex  number,  s , is  any  complex  number  too. 

The  final  proposition  is  the  trivial  breakdown  A(£,t)=(lJ x(£,t) . 


G-3 
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The  results  may  be  considered  mathematically  trivial  since  they 
depend  entirely  on  the  solution,  p.  This  should  not  be  too  surprising 
because  in  starting  with  the  solution  Eq.  (G.3),  the  utility  of  deter- 
mining eigenvalues  must  be  considerably  diminished. 

We  end  the  discussion  of  method  1 with  the  following  observations: 

a)  For  i = 0 and  s harmonic, 


-jk.ln-rn 


A ( r.,  t ) = 


aju)0t . 


b)  If  s is  distributed,  i.e.,  s = J s(rp,to)drp  , - 

IP 

then  s is  still  a complex  number  and  propositions  1-6  still 
hoi  d . 

c)  If  independent  noise  is  added  to  Eq.  (5.1),  then 


A ( s+n)  = p(r,t)  = l (GO  n G(s+n) 


= Gs+7(GO(n)G(s)+Gn+  l (GOmG(n) 

m=l 


A +A  +A  +A 
u s n ns 


(G  .9) 


so  that  each  independent  source,  whether  noise  or  signal, 
contributes  to  the  eigenvalue  a deterministic  and  a random 
part,  (see  also  Eq.  (7.27)). 

d)  Ps  a function  of  time,  we  have  (r.r^  fixed) 


p(r.t+tj) 

A ( t ) = = A (t)  + A (t) 

s(ro  ,t0+t i ) 


(G.10) 
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and 

X (t)  depends  only  on  s,  but  Xc  = £ (G£(t) ) (n)G(s)/s(r0 ,t0+t, ) 

s n=l 

depends  on  both  the  source  and  the  moving  scattering  medium,  f;(r,t). 


The  second  method  references  x to  a different  operator,  which  in 
this  case  has  two  dimensions. 

Method  2.  We  may  attempt  a state  variable  representation  of  Eq.  (5.1) 


0 - C^p  - 0, 


c2  = c2(r,t)  . • (G  .11 ) 


Put 


= P 
x2  = P; 

then  Eq.  (G.ll)  can  be  expressed  as 


“ t “ 

p 

- 

. 

*1 

0 

1 

Xi 

’ 0 ' 

X = 

.X2 

C2V2 

0 

X2 

+ 

1 

P = y ■ [1  0] 

analogous  to 


so  that 


x.  = Ax^  + Bu 
y_  = Cx^  + Du, 

'0  r 

.C272  0.  , 


B = 


(G.12) 


C = [1,0]  , D = 0 . (G .1 3) 
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The  difference  between  this  approach  and  modern  control  theory  lies  in 
A(t),  which  is  more  than  a simple  matrix  (with  operator  c2(r,t)v2). 

We  should  like  to  know 


Det[xl  - A]  = Det 


X -1 

-C2V2  X 


X2 -C  2 V2  = 0 


( G . 1 4 ) 


but  this  is  mostly  meaningless.  If  ho  viewer  v2  -+  -k2  , then 

jcok 


i Kko  = + 


(G.15) 


The  system  then  acts  like  an  oscillator  with  two  poles  on  the  imaginary 
axis,  as  in  the  diagram,  Fig.  G-l  . 


Fig.  G-l.  Eigenvalue  Representation  of  Harmonic  Propagation 
The  randomness  of  c = co/(i+d)  gives  the  x.  a random  displacement 
along  the  imaginary  axis. 

In  the  more  general  case,  the  notion  of  eigenvalues  tends  to  break 
down,  as  may  be  seen  from  the  Laplace  representation  of 
x(t)  = A(t)x(t) 

sX(s)  = A)*x(s)  (G  .16) 


To  the  extent  A has  "memory,"  Det  [sI-A(s)*]  will  be  frustrating.1 


1 


lSee  [222]  Sec.  3.9. 
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We  may  nevertheless  press  the  state  variable  approach  further. 
Suppose  X}(t)  and  x2(t)  are  solutions  to 

x = Ax  (G . 1 7) 


T 

'0“ 

with  A of  Eg.  (G.13)  and  )t.i ( tg ) = 

_0_ 

and  x^lto)  = 

,1_ 

In  general,  closed  solutions  will  not  be  available,  but  operational 
solutions  may  be  obtained  by  setting  the  output  of  the  system  in 
Fig.  G-2. 


xi i ( t) 


x2  i ( t) 


Fig.  G-2.  Operational  Solution  - State  Variable  Form 

Of  course,  czv2  is  a random  feedback  operator,  so  that  x_-  = 
a realization  of  a random  vector. 

Now  construct  the  fundamental  sol ution  matrix , u = [xj , x^] 

Then,  on  any  realization,  we  have 

U(  t)  = A(t)U(t)  (G.18) 

and 

x(t)  = U( t ) x ( t o ) . (G . 1 9 ) 

For  an  input  s(t),  we  can  write, 


*1, 


X2. 


IS 


t 

x ( t ) = U(t)U-i(t0)  x ( tg ) + / U(t)U_1(T)B(x)s(T)dT.  (G . 20) 

To 


The  matrix  U(t)U_1(x)  is  often  called  the  transition  matrix,  0(t,x). 
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It  may  be  shown  that 


t t 

0( t ,t0)  = I.  + / A(t])dti  + / A( 1 1 ) 

t0  to 


ti 

/ A(t2)dt]dt?  + 

to 

( G . 21 ) 


redolent  of  the  series  solutions  in  Chaps  IV  - VI. 

If  an  eigenvector  A exists,  then  from  Eg.  (G.19),  we  may  write 


U(t)  = >.(  t)U(t) 


which  provides  a criterion  for  A(t)  (and  thus  x also). 

A 

These  considerations  illustrate  that  analysis  by  eigenvalues  have 
only  limited  application  and  provide  no  more  information  than  the 
analytical  solutions  of  Chapter  V. 

\ 
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Appendix  H 

CONVERGENCE,  INVERTIBILITY , THE  RADIATION  CONDITION, 
CAUSALITY  AND  TAYLOR'S  APPROXIMATION 
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We  have  used,  as  in  the  literature 


-jk 


(v  + k ) 


OP 


4ttp 


= 6(g_) 


(H.l) 


but  not  without  misgiving.  To  be  generally  useful  we  should  have 

- jk  p 


/ f(P)  (v2  + k2)  ^ dr  = f(0) 

r O 4irp  - 


(H.2) 


We  have  pointed  out1  that 


2 

(V 


+ ko) 


e-jkp 

4ttp 


0 p f 0 

°°  p = 0 


( H . 3) 


There  are,  however,  many  "functions"  that  are  everywhere  zero  except 

dn 

for  an  unbounded  value  at  the  origin,  e.g.,  { — — [8(p_)]}  and  che  sums, 

dp 

differences  and  products  of  such  a set. 

Secondly,  the  conclusions  of  Appendix  D affect  our  use  of  the 
operator.  The  use  of  the  Taylor's  approximation, 


GQ<p>  a <p>  GQ  = <p>GQ[l ] 


(H.4) 


‘Sec.  5.2.1. 
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effectively  replaces  a physically  "correct"  function  by  f(r)  1,  which 
neither  satisfies  the  wave  equation  nor  tends  to  zero  at  infinity.  It 
should  not  be  surprising,  then,  to  find  that  solutions  based  on  this 
approximation  yield  plane  waves,  or  that  the  solutions  do  not  converge 
(are  unstable  at  infinity).  One  may  recover  a "physcial"  solution  by 
insisting  on  convergence.  This  may  be  done  (1)  by  simply  ignoring  the 
activity  at  infinity,  (2)  by  the  use  of  convergence  factors  (which 
essentially  introduces  a bounding  function  to  represent  the  remainder 
term  in  the  Taylor's  series),  or  (3)  by  making  use  of  Eq.  (H.l).  Each 
of  these  methods  is  illustrated  in  the  example  of  Sec.  6.4. 

Beyond  these  considerations,  others  intrude.  Consider,  for  example  j 

the  function 

+jk0P 

f(r)  • , (H.5)  i 

which  obeys  the  wave  equation,  tends  to  zero  at  infinity,  but  which 

unfortunately  is  physically  meaningless.  Equation  (H.5)  represents  ' 

the  wave  with  source  density  zero  at  infinity  which  converges  (focuses) 
on  the  point  rjj . Thus  it  does  not  satisfy  a causality  condition. 

These  functions  may  be  eliminated  by  insisting  on  a "radiation"  con- 
dition, namely 


so  that  only  waves  travelling  toward  infinity  get  considered. 
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The  full  complexity  of  the  contention  in  Eq.  (H.l)  may  be  appre- 
ciated from  Fourier  transforms.  First  consider 


-J'V 


4rrp 


■jk0p 


= I 


op  jk-r 


dr 


4-rrp 


(H.7) 


-jk/fjj  g-jkp  jk/g_ 

= e { 6 d£  • £. = (n  - m) 

p = II  - £d  I -(H.8) 


In  spherical  coordinates  Eq.  (H.7)  becomes, 
-Jk0p 

| d0  [ | s,n  0 


JiL-Ij). 
e F 


-jk  p 
e o 


dp  (H  .9) 


“ -j(k  -k)p 
e 0 dp 


l>° 


-j(k  -k)P 


_ e 


C-j(k0-k)]2 


[-j(k.-k)  p -1] 


+ lim 


r-j(k0-k)]2  p. 


-j(k  -k)p  -j(k  -k)p-| 
-e  0 . ee  0 


[-j(k  -k)]2  j(ko'k)’ 


(H.10) 


Now  by  analogy  with  the  well-known  relation, 

6(t)  = lim  .s-i-n4at) 
a-  nt 


or 


6 1 ( t)  = lim 

' 711  nt2  / 


the  limit  in  Eq.  (H.10)  is 
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-j(kQ-k)p  -j(kQ-k)p 

,,m  (P-j(k  -kr  - 77777^7  l=  4k(k°'k> 

p-oo  \ o [-k ( k -k)]2 


Thus  Eq.  (H.9)  becomes 


(H.ll) 


-jkop 


4irp 


,[-j(k0-k)]2 


+ 6k(ko‘k)  e 


-jk-r0 


(H  .1 2) 


We  obtain  immediately  from  Eq.  (H.12), 


-jk  P 
o 


(-k2+kg)  Fr 


-jk  p' 
o 


4ttp 


-jk ‘Hd 


k2-ko  \ -Jk^Lo 

-2—  + (kg-k2)6/(k  -k)  e ^ 
V(k-k0)2  0 k o / 


(H.13) 


The  component  ( k2-k2)6|J.(  kQ-k) , represents  activity  only  at  k = kQ  in 
k^  space  (p  = °°  in  r^  space)  and  is  not  identically  zero.1  In  fact,  we 
have 

(ko"k2)6k(ko‘k)  = -(ko+k)6(ko‘k)  (H.14) 

where  the  reader  will  note  the  reversal  in  sign  of  k . 

o 

The  first  component  of  Eq.  (H.13),  (k2-k2)/(k-ko)2 , is  plotted  in 
Fig.  H-l  . The  reader  will  note  the  difficulty  in  the  region  k=(0,kQ), 
and  the  selective  applicability  of  this  function  as  an  impulsive  func- 
tion at  k=k  and  as  k-«°. 
o 


1 Th i s may  be  obtained  as  a corollary  to  theorem  9,  p.  21  in  [219]. 
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While  this  analysis  is  original  with  this  Thesis,  the  reader  may 
consult  [51]  p.  510  which  gives  a proof  for  Eq.  (H.l)  based  on  selected 
integration  contours  in  the  complex  plane.  The  problem  has  likewise 
been  treated  by  earlier  scholars  [220]  and  [221]  p.  485,  but  in  the 
context  of  homogeneous  propagation.  In  the  latter  Stratton  gives  four 
conditions  for  the  uniqueness  of  solutions  to  the  wave  equation: 

1 . the  sources  are  located  in  a finite  region  of  space. 

2.  a homogeneous  boundary  condition,  ap  + B = 0. 

c n 

3.  pp<M,  as  p-*»  (regularity  condition). 


4 . 1 i m p 

p-*» 


* *») 


= 0 (radiation  condition). 


In  our  case,  these  notions  need  to  be  extended  to  include  the  results 
of  an  extended  divergence  theorem  (Sec.  1.2. 1.2). 
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